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After introducing the definition of Af -weights, we establish the A, (Q)-weighted decomposition

estimates and Af 1 (£2)-weighted Caccioppoli-type estimates for A-harmonic tensors. Furthermore,
by Whitney covering lemma, we obtain the global results in domain Q C R". These results can
be used to study the integrability of differential forms and to estimate the integrals for differential
forms.

1. Introduction

Let ey, es,..., e, denote the standard orthogonal basis of R". Suppose that Al = AI(R") is the
linear space of all I-vectors, spanned by the exterior product e; = e;, Ae;, A- - -Ae;, corresponding
to all ordered I-tuples I = (iy,iz,...,i1), 1 < i1 <ip < -+ < i < n. Throughout this paper, we
always assume that Q is an open subset of R". We use D'(M, A!) to denote the space of all
differential I-forms and L? (M, A!) to denote the I-forms w(x) = 3 Jwrdxy = X wj iy, (X)dxy A
dxy A -+ Adx; on M with the coefficient w; € LP(Q, R) for all ordered I-tuples I, where M is
a manifold. Thus LP(M, A!) is a Banach space with the norm

1/p

M = <IM Iw(x)|pdx>1/p = IM <ZI:|w1(x)|2>p/2dx ) (1.1)

For a differential I-form w € D'(Q,A!), its vector-valued differential form Vw =
(Ow/0x1,0w/0x3,...,0w/0x,) is composed of the differential I-form dw/0x; € D'(Q, Ab,
i =1,2,...,n, here the partial derivatives are with respect to the coefficients of w. Usually,

lw
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suppose that L} (Q, A) is the space consisting of all dw/dx; € LP(Q, A!), the ith one of Vw. We
denote the exterior differential operator of I-forms by d : D'(Q, A') — D'(Q, A™!) and define
the Hodge differential operator d* : D'(Q, A1) — D/(Q,Al) with d* = (-=1)"*!  dx, where
1=0,1,...,n—1, and « is the Hodge star operator. We denote a ball or cube by B and the ball
or cube with the same center as B and diam(pB) = p diam(B) by pB. The following nonlinear
elliptic equation:

d*A(x,dw) = B(x, dw) (1.2)
is called the nonhomogeneous A-harmonic equation of differential forms, where
A:Qx AR — AL(RY), B: Qx A{R") — AFY(RY) (1.3)
are operators satisfying the following conditions for almost all x € Q and ¢ € A/(R"):

|A(x,8)| < algl™,
|B(x,é)| < blgP™, (1.4)
(A(x,8),8) 2 &I,

where a > 0 and b > 0 are two constants, and 1 < p < oo is a fixed exponent dependent on
(1.2).

If the operator B = 0 in (1.2), it degenerates into the homogeneous A-harmonic
equation

d*A(x, dw) = 0. (1.5)

The solutions to (1.5) are called A-harmonic tensors. See [1] for the recent research on A-
harmonic equation.

2. Af ,~Weighted Caccioppoli-Type Inequalities

Caccioppoli-type estimates have been widely studied and frequently used in analysis and
related fields, including partial differential equations and the theory of elasticity. These
inequalities provide upper bounds for the LP-norm of Vu if u is a function or du if u is a
form with the LP-norm of the differential form u. Different versions of the Caccioppoli-type
inequality have been established in [2, 3].

We first introduce the following definition of Af -weights (or the two-weight),

and then establish the local Af \-weighted Caccioppoli-type inequality for solutions to the
homogeneous A-harmonic equation.
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Definition 2.1. Assume that 1 < 7 < A < oo and 0 < f < n. One says a pair of weights

(w1 (x), wy(x)) satisfies the Af : \-condition, writes (w1 (x), w2 (x)) € Af i ,(Q), if for all balls B C
Q, one has that

1 1/)L 1oy 1/7‘, 1 1
_ wy (x)dx wy(x) " dx <C, forl<r<ow, —+—==1,
|B|* P/ \Jp B r -

" (2.1)
(I w1 (x)dx> < wy(x), forr=1almost all x € B,
B

|B|1—[5/n
where C > 0 is a constant.
In [4], Nolder obtains the following local Caccioppoli-type estimate.
Lemma 2.2. Let u be an A-harmonic tensor in Q and let ¢ > 1. Then there exists a constant C,
independent of u and du, such that

ldull, 5 < C diam (B) ™ |[u ~ cll 5 (2.2)

for all balls or cubes B with oB C Q and all closed forms c. Here 1 < s < oo.

The next lemma is the generalized Holder inequality which will be widely used in this
paper.
Lemma23. Let 0 < a < o0,0<f < oo, and s™' =a! + . If uand v are measurable functions on

R", then

[uvlls e < [l elllls e (2.3)

for any measurable set E C R".

The following weak reverse Holder inequality plays an important role in founding the
integral estimate of the nonhomogeneous and homogeneous A-harmonic tensor; see [4].

Lemma 2.4. Let u be a solution to (1.2) in Q, 0 > 1 and 0 < s, t < oo. Then there exists a constant
C, depending only on s,t,a,p, o, and n, such that

llull, 5 < CIBI™ lull, o5 (2.4)

for all balls or cubes B with cB C Q.

The following Whitney covering lemma appears in [4].
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Lemma 2.5. Each € has a modified Whitney cover of cubes v = {Q;} such that

U Qi=Q,
l (2.5)
Qz:X\/(SM)Q < Nya
(S

for all x € R™ and some N > 1, where xg is the characteristic function for a set E. Moreover, if
Qi N Q; #0, then there exists a cube R (this cube does not need to be a member of v) in Q; N Q; such
that Q; U Q] C NR.

Now we are ready to prove the local weighted Caccioppoli-type inequality for
homogeneous A-harmonic tensors.

Theorem 2.6. Let u € L5(Q,A),1=0,1,...,n -1, be a solution to the homogeneous A-harmonic

equation (1.5) and (w1 (x), wa(x)) € Af)L(Q) forsome0 < f<nand1l <r <A < oco. Then there
exists a constant C, independent of u and du, such that

1/s 1/s
<f |du|sw§"dx) < C|B|()La/s)(l/r*ﬁ/n)fl/n—a/s (I u— C|swéa/rdx> (2.6)
B oB
for all balls or cubes B with oB C € and all closed forms c.
Specially, if A = r, one has
1/s 1/s
<f |du|sw;*dx) < C|B|afr/ns=1/n <f [u— c|swgdx> . (2.7)
B oB

Here a is any constant with 0 < a < 1.

Proof. Choosing t = s/(1 — a) and by Lemma 2.3, we have

1/s s 1/s
(I |du|5a)i‘dx> = (I (|du|w‘1"/5> dx)
B B
1/t ot/ (t—s (t-s) /st
SU |du|fdx> <f (w;'/S) ( )dx> (2.8)

B B

(t-s) /st

= | dull;p - (J wldx> .

B

Choosing 1 < 01 < 0 and by Lemma 2.2, we know that

ldull, s < C1 diam (B) ™ u = el (2.9)
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where c is a closed form. Putting (2.9) into (2.8), we have

1/s (t-s)/st
<f |du|5wi"dx> <|ldull;p - <I wldx>
B B

) (2.10)
< Cydiam (B) ' flu - ¢l 0, (J wmlx) .
B

Since c is a closed form and u is a solution to (1.5), u — ¢ is still a solution to (1.5).
When r > 1, taking m = s/(1 + (\/r)a(r - 1)) = rs/(r + Xa(r — 1)) and by Lemma 2.4,
we obtain

= clly o5 < Cal Bl ™ ||t = ], - (2.11)

By Lemma 2.3, we have

m 1/m
=l = ([ (ju=clot/rw;/7) ")
o
1/s 1 Xam/r(s—m) (s=m)/sm
< (I |u - c|sw§“’>“dx> (f <—> dx) (2.12)
w
oB oB 2
1\ /(-1 (Aar/s)(1-1/7)
=|lu _C”SD_BW(\/M) LB <a72> dx .

By the condition (w1 (x), wa(x)) € Af, ,(Q), we obtain
als 1\ VD (\a/s)(1-1/7)
(I w1dx> f <_> dx
B oB \W2
1/4 1/(r-1) 1-1/r
= |B|1—ﬂ/n|B|ﬂ/n-1<f w1dx> ( ( > dx>
Aa/s
1/1 1/(r 1 1-1/r (2.13)
< {|B|1—ﬂ/n| B|ﬂ/n_1< w0 dx < dx> }
1/1 1/7 Aa/s
< — dx> }

Aa/s

= {|B|”’/"|B|ﬁ/“< wldx

< C3|B|(1—ﬂ/n)()»/5)u,
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where 1/r +1/r' = 1. By (2.10), (2.11), (2.12), and (2.13), we conclude that

1/s als
(f |du|5w;'dx> < Cy diam (B) ™' Co|B|"™ "™ |lu ~ |, o5 <f wldx>
B B

a/s
< Cydiam (B) Y| B|™ /™ ||y - cll, op W/ <f w1dx)
0B, 5

(2.14)
1\ /D (Aa/s)(1-1/7)
x j (_> dx
oB \W2
< Cs diam (B) V| B|V/71/™|B|A-P/m @/ )y Clly o5 e/
Since diam(B) = C¢|B|'/", inequality (2.14) can be rewritten as
1/s
<IB |du|sw1adx> < C7|B|—1/n|B|1/t—1/m|B|(1—ﬂ/n)(/\/s)tx”u _ C”s,oB,w;u/r' (215)
By simple computation, we know that
1 1 1- 1+ (A -1 A 1
?__: 0{_ +(0{/r)(7‘ )=_g__a<1__>‘ (2.16)
m s s s s r
Then we can change inequality (2.15) into
1/s
<J'B |du|sw‘1"dx> < C|B|Wa/&A/r=p/m=V/n-als|,, _ Clly 8,00/ (2.17)
When r = 1, taking m < s and by Lemma 2.4, we obtain
1=l < ColBI™ ™|t = cl 0 (218)
By Lemma 2.3, it follows that
1/m
=l = (| (= et/
’ oB
1/s 1 Aam/(s—m) (s=m)/sm
< <J‘ |u—c|5w§“dx) f <—) dx
oB oB \W2
(2.19)

—1/); )1(1/5
- ||u—c||s,oB,w;a{|oB|1-ﬂ/" (] wreoax) } o B|(e-m/om
oB

-a/s
= e~ llpploBI 2P ([ an@dx)  loBe
oB
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By (2.10), (2.18), and (2.19), we conclude that

1/s a/s
< f |du|5w‘1"dx> < Cy diam (B)‘1C8|B|(m‘t)/mt||u—c||m,UB<J‘ wldx>
B B

a/s
< Codiam (B) ™! |B|"™ "™ |u = ¢l o5 e (j wldx>
B

x [oB| /9 0-B/) (J

-a/s
wl(x)dx) |oB|(s~m)/sm
oB

< Cypdiam (B) ™ '|B["/ 1/ ™|gB| /9 0F/m GBI/ M5 |1y — ¢

s,oB,w’zm .

(2.20)

Since diam(B) = Cp|B|"/" and |oB| = 0"|B|, inequality (2.20) can be rewritten as

1/s
([ 1auietdx) " < ColBy /B BP0 B

(2.21)
— Clz|B|—1/n+1/t—1/S+(1—ﬁ/n)()tvl/s) ||u _ C” Bl
S,0Db,w;
Because of t = s/ (1 — a), we have that
1/s
q |du|swq‘dx> < C|B|/DUBMwL oy — ||y e (2.22)
B
The proof of Theorem 2.6 is completed. O

Since there are fore real parameters, a, A, f, and r, in Theorem 2.6, we can obtain some
desired versions of weighted Caccioppoli-type estimates by different choices of them. Let
p = n—1in Theorem 2.6, we obtain the following corollaries.

Corollary 2.7. Let u € L°(Q, A, 1=0,1,...,n—1, be a solution to the homogeneous A-harmonic

equation (1.5) and (w1 (x),wo(x)) € Af;l(Q)for some 0 <a < land1 < r < oo. Then there exists a

constant C, independent of u and du, such that

1/s 1/s
q |du|swg‘dx> < C|B|er/ns=1/n-ar/s (I |u - c|swgdx> (2.23)
B oB

for all closed forms c.

Furthermore, choosing a = 1/r in Corollary 2.7, we get the following result.
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Corollary 2.8. Let u € L°(Q, A, 1=0,1,...,n—1, be a solution to the homogeneous A-harmonic
equation (1.5) and (w1 (x), w2 (x)) € A’;;l(Q) for some 1 < r < oo. Then there exists a constant C,
independent of u and du, such that

1/s

1/s
(f |dul*w)’ rdx) < C|B|/ns-t/mt/s (f [u— c|5w;/rdx> (2.24)
B oB
for all closed forms c.

3. The Local Weighted Estimates for the Decomposition

The Hodge decomposition theorem has been playing an important part in partial differential
equation, the operator theory, and so on. In the recent years, there are some interesting
conclusions on the Hodge decomposition of differential forms; see [5, 6]. In [7], there is the
following decomposition theorem for differential form u € LP (R", Al).

Lemma 3.1. Let u € LP(R", A}, 1 < p<oo,l=1,2,...,n—1 Then, there exist differential forms
Q € LY(R", A1) and R € LT (R", A1), such that
u=dQ+d'R, d*Q=dR =0, (3.1)

IVQIl, + IVRIl, < Cllull,, (3.2)

here C is a positive constant.

Definition 3.2. The weight w(x) satisfies the A,-condition on the set E C R", write w € A,(E),
if w(x) > 0, a.e., and for all balls B C E, one has that

1 4 1 1 1/<r—1>d r-1 33)
sup( — | wdx )| — — x < oo, .
Bp<|B|fB ) |B|L<w> *

where r > 1.
The next lemma states the reverse Holder inequality for A, (E)-weight; see [8].
Lemma 3.3. Assume that w € A,(E). Then, there exists a constant C, independent of w, for all balls

B C E, such that

lwllg s < CIBIT PPl g, (3.4)

where p > 1 is a real number.

In this section, we will extend (3.2) to the weighted form.
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Theorem 3.4. Let u € LP(Q, Al) be the solution to the nonhomogeneous A-harmonic equation (1.2),
1<p<ool=12..n-1 Then, there exist differential forms Q € LP(Q,A"!) and R €
LP(Q, A1), such that

u=dQ+d'R, d*Q=dR=0, (3.5)
IVQIl,Bwe + IVRIL, peoe < Clltally o e, (3.6)

herew € A, (Q), r>1,0>1,0<a<1,and C > 0is a constant.

Proof. From (3.2), it follows that

IVQIls < Cillulls, (3.7)
VRl < Coflulls (3.8)

for any s > 1.
WhenO<a <1, takes=p/(1-a)>p>1. By Lemma23withl/p=1/s+ (s—p)/sp
and (3.7), we have

19l 5= (| IVQI’”W“dX>1/p
() ey’
< (fB (IVQl)dx 1/S(fB<w“/”>5”/<5"”dx) o (3.9)
= 19l [ wix) ™"
<Cutuls ([ wdx)a/p-

Similarly, using Lemma 2.3 and (3.8), we have

1/p
VRl = ([ [VRPwrdx)
B

1/p
= <f (|VR|w“/P)’”dx>
B
1/s J(s— (s=p)/sp
< (f (|VR|)de> (f ()" p)dx> (3.10)
B B
alp
~ IRl [ o)
B
a/p
< Callll ([ wtx) .
B
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Combining (3.9) with (3.10), we have

alp a/p
19Qly e+ IRl e < il (| o)+ Calllly ([ )

a/p
< Callalp (| wtx)
B

Taket =p/(1+a(r-1)),thent <p <sand (p-t)/pt = a(r —1)/p. By Lemma 2.4, it follows
that

(3.11)

llull, 5 < Cal Bl lull, o5, (3.12)

here o > 1is a constant. Putting (3.11) into (3.12), we get

a/p
I¥Qly e+ IRl e < ol (| i)

t /st a/p
< Co|B|* Snunmg(f wdx) .
B

By Lemma 2.3, the following inequality holds:

t 1/t
o = [ 1at'd)
oB
1/t

:<f (|u|w“/”w‘“/’”)tdx>

oB

1/p R (p-t)/pt

< |u|”’w“dx> (I (™ PyPHP™ dx)
(L., . an

1/p 1\ /0D a(r=1)/p
:<f |u|”’w“dx> f <—> dx
oB oB \W
1\ /D a(r-1)/p
e[ (5) )

Combining (3.13) with (3.14), we obtain the following estimate:

(3.13)

alp
I19Ql e+ 7Rl < ColBI o [ o)
B

al/p 1\ /D a(r-1)/p
< c5|B|<t-5>/5f||u||p,03,wa(I wdx) - f <—> dx .
B oB \W

(3.15)
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Since w € A,(Q), we have

alp 1\ /D) a(r=1)/p
(Joee)" (LG o)
B oB \W
alp 1\ V-1 a(r=D/p
([ o) ([LG) )
oB oB \W

(3.16)
(o) (o [, () ")}
< ColB|*"'P.
Putting (3.16) into (3.15), we get
IVQIl e + IVRI, e < C7BIBI™ /Pt o - (3.17)
Recall thats =p/(1-a),t =p/(1 + a(r — 1)), then we have
t—s:p(l—a)—p[1+a(r—1)] :_ﬂ' (3.18)
ts p p
So (3.17) can be rewritten as
IVQIlp5 e + IVRIlpp e < Crlltall, op - (3.19)
When a = 1, by Lemma 3.3, we know that
leoll5 < Cs|BI" PPl g, (3.20)

where > 1.
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Lets = pp/(p—1),thenl < p < sand f = s/(s — p). By Lemma 2.3 with 1/p =
1/s+ (s —p)/sp and (3.20), we have that

1/p
19Ql, 50 = (fB IVQI”de>

= vQlw!?) dx 1/p
(/, (mawryax)
< (J’B (IVQI)de)l/sUB (wl/p>sp/(5—P)dx>(s_p)/sp (3.21)

1/pp
_ ||VQ||S,B(fB wﬂdx>

_ 1/
< Co|B|"P/PP|uw|| IV QI -

Similarly, by Lemma 2.3 and (3.20), we have that

1/p
IVRI, 5.0 =(j |VR|"wdx)
B
1/p
- ([, (o))
B
1/s /(s—p) (s=p)/sp
< (I (lVRl)sdx> <J‘ <w1/p>SP Sde> (322)
B B
1/pp
=||VR||S,B(f wﬂdx)
B

_ 1/
< CiolB|" PP llwlly f IV Rl -

Putting (3.7) into (3.21), we have

_ 1/
IVQIl, 5.0 < ColBIP/PPleo]| 'FIIVQIl, 5

(3.23)
< CulB* PP o]y Fllul, 5
Putting (3.8) into (3.22), we conclude that
_ 1/
IVRIL, 5,0 < CrolBI* PP llcolly FIVRIl 5
(3.24)

1- 1/
< Coal B P PPl el -
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Combining (3.23) with (3.24), we obtain

IVQIl, 5.0+ IVRI, 5.0
_ 1/ _ 1/
< Cul B PP |lwlly Fllull, g + Cral B P PP llolly el

< Cus[ B PP el Nl -
Lett =p/r, thent < p. By Lemma 2.4, we have
lully 5 < Cual Bl ully 5,
where ¢ > 1. Putting (3.26) into (3.25), we get

1- 1/
IVQll,, 5.0 + IV Rl 50 < CislBIY P PPl Il g

1- —s)/st L/
< Cys|B|PPPIBI D ), sl -

By Lemma 2.3, we get

1/t
||u||t,oB=(f |u|tdx)
oB
! 1/t
=<j (o717 dx)
oB
1/p 1\ Pt/ (P~1) (p=)/pt
() (2
oB oB w

1\ /D (r=1)/p
= — d .
4o <fB (%) x>

Putting (3.28) into (3.27), it follows that

IVQIlp5w + IVRI, 5w

1- —s)/st 1/
< Cys|B| PP |, pplleoll

1\ V-1 (r=1/p 1/p
< C15|B|(1_ﬂ)/pﬂ|B|(t—S)/St||u||p,GB,w<J‘ <_> dx) <J‘ wdx) .
oB \W B

13

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)
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Since w € A,(Q), we have

1/p 1\ /D (r-1)/p
(few) (1L (&) =)
B oB \W
1/p 1\ VD P
S(I wdx) <I <—) dx>
oB oB \W (330)

1 1 1\ V0-D) r-1) /P
= |GB|r<—f wdx> —I <—) dx
loB| Jop lo0B| J o \w

< CiglB|"P.

Putting (3.30) into (3.29), we get the following inequality:

IVQIl, 50 + IVRI, 5, < C17|BI PP BI B P (3.31)

poBuw:*

Since (1-p)/pp+ (t—s)/st+r/p=-1/s+(t—s)/st+1/t=(t-s)/st+(s—t)/st=0,(3.31)
can be rewritten as

”VQ”p,B,w + ”VR”p,B,w < C17”u||p,aB,w' (332)
So inequality (3.4) is true for 0 < a < 1. O

4. The Global Weighted Estimates

Based on the local weighted estimate for the decomposition and the Whitney covering
lemma, we get the global weighted estimate on domain Q C R™.

Theorem 4.1. Let u € LP(Q, ') be a differential form satisfying the nonhomogeneous A-harmonic
equation (1.2) in a bounded domain Q CR", 1 <p <oo,[=1,2,...,n-1, andw € A, (Q), r > 1.
Then, there exist differential forms Q € L¥(Q, A"1) and R € LY(Q, A™*1), such that

u=dQ+d'R, d*Q=dR=0,
(4.1)
IVQIl, 0w + IVRIl, 0w < Cllully,owe

where 0 < a < 1 and C > 0 is a constant.
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Proof. By Lemma 2.5, Q C R" has a modified Whitney cover of cubes v = ({B;}. Let
5/4.

First, we assume that all cubes B; satisfy oB; C . By Lemma 2.5 and (3.6), we know
that

1/p 1/p
HVQMQMHWVRm@wa=<LJVQVw%&> +<LJVRWw%h>

(], merera) " ([ arerar)”)

1/p
<G < f |u|’”w“dx>
Bev

<o rwrax) et 42)

Bev

< Zcz (L} |u|”w“dx> UPXO'B (x)

Bev

< <J;; Iulpw“dx>1/pZC2XaB(x)

Bev

1/p
§C<f |u|”w"dx> .
Q

In the above proof, if there exists one cube By € v, such that 0Bj can not be contained
in Q completely, the proof is as follows. Set Qi = g, 0B, and define U(x) on € as
follows:

u(x), xe€Q,
U(x) = (4.3)
0 x € Qq—Q.

Then, we know that the following formulas are true:

1/p 1/p

<I |u|pw“dx> = <f |U|pw“dx> ,
oB oB

1/p 1/p

<’[ |U|pw”‘dx> = (f |u|pw“dx) .
ol Q

(4.4)
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Note that (4.4) hold, and then the following formula is true:

1/p 1/p
V0l + VRl = ([ 1VQParax) "+ (| [vRPwrar)

sg[(rerws) " ([ v

1/p
<Sei([ urarax)

Bev

= ZC3 (I U w*dx

Bev

>1/p
<> Cy q |Ll|”w"‘dx>

Bev

1/p
< Zc:s(fg |uv’w“dx> Xo(x)

XoB(x) (4.5)

Bev

1/p
§<I |ll|’”w“dx> ZC5XUB(x)
Q

Bev

1/p
§C<J‘ |U|Pw"‘dx>
Q1
1/p
=C<f |u|”w“dx> .
Q

The proof of Theorem 4.1 is completed. O

In Theorems 3.4 and 4.1, there is a real parameter a, which makes the results more
flexible. By choosing different value of the parameter a, we get the estimates in different
forms. For example, if we take & = 1, we have the following corollary.

Corollary 4.2. Let u € LP(Q, A') be the solution to the nonhomogeneous A-harmonic equation (1.2),
l<p<oo,l=12..n-1a1d w e A(Q), r > 1. Then, there exist differential forms Q €
LP(Q, A1) and R € LY (Q, A1), such that

u=dQ+d*R, d*Q=dR=0,
(4.6)
IVOIl, 0w+ IVRI, 00 < Cllull,o.w

where C > 0 is a constant.
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