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The purpose of this paper is to derive an interested subordination relation which contains the

Srivastava-Attiya integral operator J,;(f) in the open unit disc U = {z € C : |z| < 1}. Some
applications of the main result are also considered.

1. Introduction and Definitions

Let A denote the class of functions f(z) normalized by
f(z)= z+ Zakzk (1.1)
k=2

which are analytic in the open unit disc U = {z € C: |z| < 1}.
A function f(z) in the class A is said to be in the class S*(a) of starlike functions of
order «a if it satisfies

zf'(2)
Re{ 6 } >a (zel), (1.2)

for some a (0 < a <1). Also, we write S(0) = S*, the class of starlike functions in U.
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For f(z) € Aand z € U, let the integral operators A(f), L(f), and L,(f) be defined as

A(f)(z) = @dt,

0

LN@=2 [ o, (1.3

Ly(f)(z) = 1:—YY L fptdt (y>-1).

The operators A(f) and L(f) are Alexander operator and Libera operator which were
introduced earlier by Alexander [1] and Libera [2]. L,(f) is called generalized Bernardi
operator; the operator L (f) wheny € N = {1,2,...} was introduced by Bernardi [3].

Jung et al. [4] introduced the following integral operator:

1°(f)(2) = zrz(ag) fo (1og(§))"71 ftydt (o>0,f(z) € A). (1.4)

The operator I°(f) is closely related to multiplier transformations studied earlier by Flett [5],
see also [6-8].
A general Hurwitz-Lerch Zeta function ¢(z, s,b) defined by (cf.,, e.g., [9, page 121 et

seq.])

=] k
sb)=S— .
P50 = 3Gy (15)

(b € C\Zy,Zy = ZU {0} = {0,-1,-2,...}, s € C when z € U, Re(s) > 1 when |z] =
1). Recently, several properties of ¢(z,s,b) have been studied by Choi and Srivastava [10],
Ferreira and Lopez [11], Lin and Srivastava [12], Luo and Srivastava [13], and others.

For f(z) € A, se C,and b e C\ Z, let

Gsp(z) = (1+b)°[p(z,5,b) -b°] (z€l). (1.6)
Srivastava and Attiya [14] defined the operator [, (f) as
Jsp (f)(2) = Gop(2) * f(z) (z€U;f(z) € A), (17)

where the symbol (*) denotes the Hadamard product (or convolution).
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They showed that if f(z) € A and z € U, then,

s (F)() = £,
ho (NG = [ TPat=a,

R (NG =2 [ foa=L(HE)

(1.8)
1 z
Jiy (f)(2) = Z+YY J‘o frrat=L,(f)(z) (yrealy>-1),
] (f)(z)—z+i<i>oa 2K =17(f)(z) (oreal;0c>0)
ol a “\k+1 k== ¢ ’
Also, for f(z) € A, t1;t2;...;tp; z€U, neN,and b € C\ Z~, we have
(P 1 (" fk)
J20 (f)(Z)—fo T dty dt,
N O L O e O B ()
Jno (f)(Z)_fo f .[o 5] fo th1 Jo ty din din-y -~ dby, 19)

1+b)* (1 (",
Fs () @) = S22 fo - fo £ f (1) dby dby,

C@+b)" F1 (P 1
Jup (f)(2) = b fOEJ‘O EJ‘O.“ -

Now we introduce the following definition.

tn-1
f tzilf(tn)dtn dtp_q1---dt.
0

Definition 1.1. For f(z) € A,s € Cand b € C)\ Z;. Then the function f(z) is said to be a
member of the class Hy, .(A, B) if it satisfies

1 {zus,b(f)(z)) _a}<1+Az (zel), (1.10)

1-a ]S,b(f)(z) 1+ Bz

forsome a, A,B(0 <a <1, -1 <B < A <1). Wenote that Hyp (1, -1) is the class of starlike
functions of order a.

We will also need the following definitions.

Definition 1.2. Let f(z) and F(z) be analytic functions. The function f(z) is said to be
subordinate to F(z), written f(z) < F(z), if there exists a function w(z) analytic in U,
with w(0) = 0 and |w(z)| < 1, and such that f(z) = F(w(z)). If F(z) is univalent, then
f(z) < F(z) ifand only if f(0) = F(0) and f(U) c F(U).
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Definition 1.3. Let ¥ : C2 x U — C be analytic in domain D, and let h(z) be univalent in U.
If p(z) is analytic in U with (p(z), zp'(z); z) € D when z € U, then we say that p(z) satisfies a
first order differential subordination if:

¥ (p(z),zp'(z);z) <h(z) (zel). (1.11)

The univalent function g(z) is called dominant of the differential subordination (1.11), if
p(z) < q(z) for all p(z) satisfies (1.11), if G(z) < g(z) for all dominant of (1.11), then we
say that §(z) is the best dominant of (1.11).

2. Some Preliminary Lemmas

To prove our main results, we need the following lemmas.

Lemma 2.1 (Srivastava and Attiya [14]). If the function f(z) belongs to A, then
21 (f)(2) = 1+ D) Jsp () (2) = blsin (f) (2), (2.1)

forseC,beC\Zjand z € U.

Lemma 2.2 (Wilken and Feng [15], see also [16]). Let u be a positive measure on [0,1] and let g
be a complex-valued function defined on U x [0, 1] such that g(-, t) is analytic in U for each t € [0,1],
and g(z,-) is p-integrable on [0,1] for all z € U. In addition, suppose that Re{g(z,t)} > 0, g(-r,t)
is real and

1 1
Re{g(z, t>} 25y 22)
for|z| <r <landt e [0,1].If
1
8= [ g 0du), 23)
0
then
1 1

Lemma 2.3. For real or complex parameters a,b, and c (c ¢ Zy),

1 —
J'O 1 (1)1 (1= z¢) 9 dt = % 2Fp <a, b;c; %) (Re(c)>Re(b)>0),  (2.5)
_ z
2F1(a,b;c;z) = (1-2) “2F1<a,c—b;c;m>, (2.6)

where ,F1(a, b; c; z) is the Gauss hypergeometric function.
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Each of the identities (2.5) and (2.6) asserted by Lemma 2.3 is well known in the

literature (cf., e.g., [17, Chapter 9]).

Lemma 2.4 (Miller and Mocanu [18]). If -1 < B < A <1, > 0, and the complex number y is

constrained by Rey > (—f(1 — A))/(1 — B), then the differential equation

zq'(z) 1+Az
Bq(z) +v " 1+Bz

q(z) + (zeU)

has a univalent solution in U given by

By (14Bz) APE

Y
- 7 B 0/
B3 tr-1(1+ Bty A B/ Bgr P 7
q(z) =

2P exp(BAz) Y B0

BTt Texp(pADdt P
If the function ¢(z) given by
¢(z) =1+4c1z+0z% + -
is analytic in U and satisfies
4(2) z¢'(z) 1+ Az (zel),

T Bp(z)+y 1+Bz

then
P <a(z) < Toss (z€D)

and q(z) is the best dominant of (2.10).

3. Subordination Result and Starlikeness of J;;(f)

(2.7)

(2.8)

(2.9)

(2.10)

(2.11)

Theorem 3.1. Fors € C,b € C\Z;, 0 <a <1,and -1 < B < A < 1. If the function f(z) belongs

to the class Hy o (A, B) which satisfies Js11,(f)(2z)/z#0. Also, let

[(1-A)+a(A-B)]

Reb > - (1-B) ,
then
1 [ z(Usp(N)(2) 1 1 1+ Az
1—a{ Jorin(f)(2) _“}<q(z)‘m{M(z)_“_b}<1+Bz

(3.1)

(3.2)
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where

1 (1-a)(A-B)/B
1+ Bt
fotb<1:BzZ) dt, B#0

M(z) = 1 (3.3)
f ttexp((1-a)(t-1)Az)dt, B=0,
0

and q(z) is the best dominant of (3.2).
Moreover, if b is real number with -1 < B <0, then

Jsp(f)(2) € S* (1), (3.4)

where

b+1

KRG -@B-A)/Bbr2B/(B-1) &)
The constant factor p cannot be replaced by a larger one.
Proof. Let f(z) € Hspa(A, B), also let
1 [ zUsp(f)(2)
= - 0). 3.6
$(z) = a{ s ()2 a} (zel) (3.6)

Then ¢(z) is analytic in U with ¢(0) = 1. Using the identity in Lemma 2.1 in (3.6), we have

]s,b(f) (Z)

1+b
0 h@

=(1-a)p(z) +a+b. (3.7)

Carrying out logarithmic differentiation in (3.7), we deduce that

1 [zUsp(N)(2) - z¢'(z) 1+ Az
-« { T HGE “} =@ T me@mrars 178z €U GY
Hence, by using (3.1) and Lemma 2.4, we find that
P2 <42 < Toss (zED), 39)

where g(z) given in (3.2) is the best dominant of (3.8). This proves the assertion (3.2) of the
theorem. O



Journal of Inequalities and Applications

Next, in order to prove (3.4), it suffices to show that

Putting

inf{Req(z)} = q(-1).

L _(-@(B-4)

B

7

since B > -1, then from (3.3), by using (2.5) and (2.6), we see that, for B#0

1 (1-a)(A-B)/B
1+ Bt
M(z):f tb< hi Z) dt
0

1+ Bz

1
= (1+ Bz)* j t2(1 + Btz)™dt
0

_T(b+1)
T T(b+2)

To prove (3.10), we need to show that

where

Bz +1

1 1
kel sa > ey €0

By using (2.5) and (3.12), we have

1

M(z) = J‘ h(z, t)dv(t),
0
h(z,t) = % 0<t<,
dv(t) _ r(b + 1) ta—l(l _ t)b—a+1/

“T(@r(b+2-a)

which is a positive measure on [0, 1].

We note that

Reh(z,t) >0,

also, for -1 < B < 0, it implies that

Re{

1
h(z,t)

}

Re{

1+(1-#)Bz

h(-r,t) is real

1+(1-t)Br

2F1<1,a;b+2; Bz )

(re[0,1)),

1

1+ Bz

E

1+ Br

~ h(-nt)

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)
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Therefore by using Lemma 2.4, we have

1 1
Re{ M(z)} > MCD) (lz| £ r<1), (3.18)

which, upon letting r — 17, yields

1 1
Re{ M) } > M) (ze). (3.19)

Since g(z) is the best dominant of (3.2), therefore the constant factor u cannot be
replaced by a larger one.

Corollary 3.2. Let s be a complex number, 0 < a <1,-1 < B < A <1 with -1 < B <0 and the real
number b is constrained by

-[(1-A) +a(A-B)]

>
b= (1-B) (3.20)
Then
Hs,b,tl (A/ B) C Hs+1,b,u(1 - 26, _1), (321)
where
1 b+1
o= 1- “{ JEi(L,(A-a)(B-A)/B,b+2,B/(B-1) b}' (3.22)

The constant factor & is the best possible.

4. Applications
Putting s = 0, in Theorem 3.1, we have the following result for the operator Ly (f).

Corollary 4.1. For 0 < a <1, -1 < B < A < 1 and b constrained by (3.20). If the function f(z)
belongs to the class Hop (A, B) which satisfies Ly (f)(z)/z#0, then

1 Z(Lb(f)(z))/ 1 1 1+ Az
1—a{ Ly(f)(z) —a}<q(z)—1_a{M(z)—a—b}<1+BZ (zel), (4.1)

where M(z) defined by (3.3) and q(z) is the best dominant of (4.1).
Moreover, if =1 < B < 0, then

Lo(f)(2) € 5" (u), 42)

where p defined by (3.5). The constant factor u cannot be replaced by a larger one.
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Setting b = 1, in Theorem 3.1 and s > 0;real, we obtain the following property for the

operator I°(f).

Corollary 4.2. Let s > O;real, 0 < a < 1and -1 < B < A < 1. If the function f(z) belongs to the

class Hs 1 4(A, B) which satisfies I°*(f)(z)/z #0. Then

T-—a| IF(f)(2) 1-a | M(z) 1+ Bz
where
1 /14 Btz\ (1-0(A-B)/B
[r(BBY T
M(z) =
(I-a)Az+exp(-(1-a)Az) -1
5 B =0,
(1-a) A2z2
and q(z) is the best dominant of (4.3).
Moreover, if =1 < B <0, then
() (2) € S (),
where
2

M= R, (0-a)B-A)/B3B/(B-1)

The constant factor p cannot be replaced by a larger one.

1 {Z(IS+1(f)(Z)) _a}<q(z):L{L_a_1}<1+Az (z € ),

(4.3)

(4.4)

(4.5)

(4.6)

By taking f(z) = fo(z) = z/(1 - z), in Theorem 3.1, we readily obtain the following

Hurwitz-Lerch Zeta function property.

Corollary 4.3. Let s be a complex number,0 < a <1, =1 < B < A <1, and b constrained by (3.20),

also, let Gs1p(2) /2 #0. If

(zel),

1 [ 2(Gsp(2) - 1+ Az
1-a| Gsp(z) * 1+ Bz

then

1 | 2(Gss1p(2) 1 1 1+ Az
1—a{ Gorio(2) "“}<q(z)‘ﬂ{M(z)"“"b}<1+Bz (zel)

where M(z) defined by (3.3) and q(z) is the best dominant of (4.7).

(4.7)

(4.8)
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Moreover, if =1 < B < 0, then
Gerp(2) € 5 (1), (4.9)

where p is given by (3.5). The constant factor yu cannot be replaced by a larger one.
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