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The use of twistor methods in the study of Jacobi fields has proved quite fruitful, leading to a series
of results. L. Lemaire and J. C. Wood proved several properties of Jacobi fields along harmonic
maps from the two-sphere to the complex projective plane and to the three- and four-dimensional
spheres, by carefully relating the infinitesimal deformations of the harmonic maps to those of
the holomorphic data describing them. In order to advance this programme, we prove a series
of relations between infinitesimal properties of the map and those of its twistor lift. Namely, we
prove that isotropy and harmonicity to first order of the map correspond to holomorphicity to first
order of its lift into the twistor space, relatively to the standard almost complex structures 2' and
22. This is done by obtaining first-order analogues of classical twistorial constructions.

1. Introduction

Harmonic maps are mappings ¢ between Riemannian manifolds M and N which extremize
the energy functional

1
E(p) =3[ gl (R0

Letting TM denote the tangent bundle of M, one can (locally) characterize harmonic maps
as solutions of the nonlinear second-order differential equation

7(p) =0, (1.2)
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where 7(¢p) denotes the tension field of ¢,

() = traceVdy = > Vdy(X;,X;), {X;} orthonormal (local) frame of TM. (1.3)

A bibliography can be found in [1] and for some useful summaries on this topic, see [2, 3].

The infinitesimal deformations of a harmonic map are called Jacobi fields. More
precisely, let ¢ : M — N be a smooth map and denote by I'(¢'TN) the set of smooth
sections of the pull-back bundle ¢ 'TN. If ¢ is harmonic and v € ['(¢p~'TN) is a vector field
along it, v is said to be a Jacobi field (along ) if it satisfies the linear Jacobi equation J,(v) = 0,
where the Jacobi operator ], is defined by

Jo(v) = Av — trace R™ (do, v) dep. (1.4)

Here, A is the Laplacian on ¢~ 'TN,

Ao =-3 (V% Vx0 - Vo x0) (1.5)

i
and, letting RN denote the curvature tensor of N,

trace RN (dy,v)dyp = ZRN (doX;,v) (deX;). (1.6)

Jacobi fields are characterized as lying in the kernel of the second variation of the energy
functional. Indeed, if ¢; ; is a two-parameter variation of a harmonic map ¢ 0), then, writing
v =0p/ at|(0,0) and w = 0p/ 6s|(0,0), the Hessian H,, of ¢ is the bilinear operator on ['(¢7'TN)
given by

O?E(¢15)
Hy(v,w) := s

=_[ (Jp(v), w)wg (1.7)
M

(0,0)
so that a Jacobi field v (along ¢) is characterized by the condition

Hy(v,w) =0, Vw. (1.8)

AJacobi field is called integrable if it is tangent to a deformation through harmonic maps. In [4,
5], the question of whether all Jacobi fields are integrable is answered for the case where the
domain is the two-sphere and the codomain the two-dimensional complex projective space
or the three- and four-dimensional sphere. This was done by relating the deformations of the
map associated with the Jacobi field and those of the twistor lift of the map. More precisely,
given an oriented even-dimensional manifold N?", we can construct its (positive) twistor
space X*N. This manifold admits two natural almost complex structures 2! and J2. Given
amap ¢ : M> — N?" from a Riemann surface M?, harmonicity is intimately related with
the existence of a 2*-holomorphic lift ¢ : M?> — X*N, whereas isotropy is related with
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the existence of a 2'-holomorphic lift ¢ (see [6]). On the other hand, Jacobi vector fields
induce families of maps which are harmonic to first-order and, in some cases, isotropic to
first order. The translation of these first order properties in terms of twistor lifts plays an
important role on the study of the Jacobi fields and we shall exhibit how this translation can
be established in general.

This work is divided as follows: in the next two sections, we recall some well-known
results concerning twistor lifts of harmonic and isotropic maps. In Section 4, we show how
this constructions generalize to their parametric versions and examine more closely the
construction when the codomain is a four-dimensional manifold. We leave to the last section
some technical proofs.

2. The Setup
2.1. Twistor Spaces

Let E?* be an oriented even-dimensional Euclidean space, equipped with a metric (,). A
Hermitian structure | on E is | € gl(E) with J?> = —-Id and (JX,JY) = (X,Y) forall X,Y € E.
We say that J is positive if there is a positive basis of E of the form {ey, Jei,..., ek, Jexr} and
negative otherwise. The set of all positive Hermitian structures (resp., all negative Hermitian
structures) on E is denoted by X*E (resp., X E). The Lie group SO(E) acts transitively on
S*E by the formula S - ] = SJS™! and the isotropy subgroup at ] is given by

Uj(E) = {S€ SO(E) : S] = JS}. 2.1)

Letting uj(E) = {A € so(E) : A\J = JA} and m;(E) = {A € so(E) : ] = —J 1}, we easily conclude
that

s50(E) = uj(E) @ my(E). (2.2)

In particular, the tangent space of ¥*E = SO(E)/U(E) at J is given by m;(E). In this vector
space, we can introduce a complex structure 2¢ defining

290 =]\ (2.3)

When equipped with 2Y, the manifold =*E is a complex manifold.
Given E with a Hermitian structure J, we can consider on E® = E ® C its (1,0) and
(0,1)-parts given as usual by

EVY = (X -iJ]X,X €E}, E% = (X +iJ]X,X € E}. (2.4)

These are isotropic subspaces, in the sense that (X,Y) = 0 for all X,Y in E'° (or in E™).
Associating an Hermitian structure J on E with its (1,0)-space s gives a 1-1 correspondence
between Hermitian structures and maximal isotropic subspaces. We say that a maximal
isotropic subspace is positive if the corresponding orthogonal complex structure is positive
and we denote the set of all such subspaces by Gr;._(E®).

1S0
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Let (V?*,¢,V) be an oriented even-dimensional vector bundle over a manifold M
equipped with a connection V and a parallel metric g. Then, we may take the bundle

150

SV = SO(V)xso0 SR = Gri, (V‘C> (2.5)

whose fibre at x € M is precisely Z*V,. If M? is Riemann surface, the vector bundle V¢
has vanishing (2,0)-part of its curvature tensor and therefore admits a unique structure as a
holomorphic bundle over M?, by a well-known theorem of Koszul and Malgrange [7]. This
induces a holomorphic structure 2™ on the bundle Gry, 0(V(C) = 3"V for which a section s of
Gri,(V®) is holomorphic if and only if [6] (see [8]).

VxsCs VX eT"M. (2.6)

Let N be an oriented Riemannian manifold with dimension 2n. We call (positive) twistor space
of N the bundle whose fibre at y € N is precisely X'T,, N; that is,

SO (N) XSO(Zn) SO(ZTL)

Z+ — " Z+R2n -
N SO(N)X50(2 ) U(Zn)

(2.7)

The Riemannian connection on N induces a splitting of the tangent space to Z* N into vertical
and horizontal parts, TX*N = U ® H. Namely, if 7 : Z*N — N denotes the canonical
projection defined by o (y, J,,) = y, then

Uy,]y = ker dyry,]y =~ T[VZ+TyN,

Hy,, = {doy(Xy) : X, € TyN, 0 section of X*N with Vx,0=0and o(y) = (v, J,) }
2.8)

With respect to this decomposition, dory,;, maps &#,,j, isomorphically into T, N and allows to
define an almost complex structure 2% on & as the pull-back of J, on T, N. Together with
(2.3), this allows to define two almost complex structures 2! and 2? on =*N by the formulae

2'-

{QJ on X, {Q"’e on X,
2= (2.9)

2Y onv, -2Y onU.

When equipped with 22, * is never a complex manifold; as for 2, it is integrable if and only
if N?" is conformally flat (n > 3) or anti-self-dual (n = 2) (for more details, see [6, 9, 10]; a
discussion on this topic can also be found in [11] and references therein).

Notice that o is a holomorphic map for any of these complex structures; that is, for
a =1or a=2,one has that

dry,;,(9°X) = J,dr,;,(X), VX €T, =*N. (2.10)
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Definition 2.1. Let (M, J) and (Z, 2) be two almost complex manifolds. Let TZ = # & U be
a decomposition of TZ into J-stable subbundles; that is, 2H# C H and JU C U. We shall call
such a decomposition a 2-stable decomposition. Let ¢ : M — Z be a smooth map. We shall say
that ¢s is H-holomorphic if

(dg(JX))* = 2(dgX)¥*, VX eTM. (2.11)

Analogously we define U-holomorphic maps.

A smooth map ¢ : M — Z is holomorphic if and only if it is both J# and U-
holomorphic for some, and so any, stable decomposition TZ = # ® U. Taking Z = X*N,
the decomposition TX*N = # & U is clearly stable for both the almost complex structures 2!
and 2’ on Z*N.

Remark 2.2. We can easily introduce a metric on the twistor space Z*N: let (y, J,) € X*N
and consider the tangent space at this point, T(y,;)Z"N = # & U. We know that we have
the identifications # = T, N and U = m;(T,N). To get a metric on #, transport the metric
from that on T, N; that is, h(X,Y) = (dxX,dxY), for all X,Y € #, where (, ) denotes the
metric on N at y = x(y, J,). For the vertical space U = my, (Ty,N) C gl(TyN), we can
consider the restriction of the metric on the space gl(T, N). Finally, we declare & and U to
be orthogonal under the metric k; that is, h(X, V) =0, for all X € #, V € U. With this metric,
the decomposition # @ U is orthogonal and J%-stable (a = 1,2), (X*N, h,2%) (a = 1,2) are
almost Hermitian manifolds and the projection map s is a Riemannian submersion.

2.2, Conformal and Isotropic Maps

Given a smooth map ¢ : M? — N, ¢ is said to be weakly conformal at x € M if there is A, € R
with

(do.X,dp Y) = Ac(X,Y), VXY € T M. (2.12)

If A, #0, then x is said to be a reqular point (of ) and the map ¢ is called conformal at x.
Moreover, a map which is conformal (resp., weakly conformal) at all points x € M is said to
be a conformal map (resp., a weakly conformal map).

If (N;(,),J) is an almost Hermitian manifold, any holomorphic (resp., antiholomor-
phic) map ¢ : M?> — N is (weakly) conformal as it maps T'°M to T'°N (resp., to T"'N).
A stronger property than conformality is isotropy: if ¢ : M?> — N is a smooth map from a
Riemann surface, ¢ is isotropic if [12]

(0L9,03p) =0, Vr,s>1, (2.13)

where 0L = V,_ (3% '¢p). Actually, the condition (2.13) can be weakened to

(0L, 0L9) =0, Vr>1. (2.14)
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To check this, establish an induction on j = |r - s|: if j = 0 the result is trivial. Assuming now
that (2.14) implies (2.13) for all j < n and taking r,s > 1 with |r — 5| = n + 1, we may assume
without loss of generality thatr > s, r = s + n + 1 and we get

<a;;+n+1(P, ai‘P> — az@?”% 52‘/’) _ <5§+"‘Pr a§+1(P> (2.15)

Since [s+n—s|=nand [s+n—-s—1| = |n—1| < n, both terms in the above expression vanish.
Moreover, letting r = s = 1 in (2.13), it is easy to check that an isotropic map from a
Riemann surface is a (weakly) conformal map.
Let ¢ : M?> — N be a smooth map from a Riemann surface M?. We shall say that z €
M? is an umbilic point (of ¢) if {d.¢(z),0%p(z)} is a C-linearly dependent set. If ¢ : M> — N
is such that all points z € M? are umbilic, we shall say that ¢ is totally umbilic (see [6]).

3. Nonparametric Twistorial Constructions
The following are well-known twistorial constructions [13] (see also [6]).

Theorem 3.1. If ¢ : M?> — (Z*N, 2%) is holomorphic, the projection map ¢ = o o ¢ is isotropic.
Conversely, if ¢ : M? — N is a conformal totally umbilic immersion, there is (locally) a holomorphic
map ¢ : M? — (Z*N, 2Y) such that ¢ = o o .

If ¢ : M> — (Z*N,2?) is holomorphic, the projection map ¢ = o o ¢ is harmonic.
Conversely, if ¢ : M?> — N is a conformal harmonic map, there is (locally) a holomorphic map
¢ M? — (Z*N, 2?%) such that ¢ = o o .

We shall sketch the proof of this result. We start by noticing that given a smooth map
¢ : M — N obtained as the projection of ¢ : M?> — X*N, ¢ = x o ¢, without requiring
further conditions a priori on ¢, nothing guarantees that ¢ is holomorphic relatively to the
induced almost Hermitian structure ], on TN; if it is, we shall say that the structure J, is
strictly compatible with ¢ (or that the map ¢ is a strictly compatible twistor lift of ¢). Such a
structure J,, can exist if and only if do(T''M) C T}EN is isotropic: in other words, if and
only if ¢ is (weakly) conformal. If J, preserves d¢(T M) but does not necessarily render ¢
holomorphic, we shall say that J, (or the map ¢) is compatible with ¢.

If ¢ is given as the projection ¢ = 7 o ¢ of an H-holomorphic map ¢ : (M, JM) —
(Z*N, 2% (a =1 or 2), then ¢ is holomorphic with respect to the induced almost Hermitian
structure J, on TN:

JydpX

= dpJMX = dor (2% (dgX)™) = dor ((dy (JMX))™) = 2% (dgX)™ = (dy (J¥X))™.
(3.1)

In particular, ¢ is (weakly) conformal. Moreover, the above equivalence shows that any
strictly compatible lift of ¢ is H-holomorphic. On the opposite direction, let ¢ : M> — N be
a conformal map. Let V := TM* C ¢ 'TN denote the normal bundle of TM in TN. We may
decompose the connection on ¢ 'TN into its tangent and normal parts, V = V' + V+. Hence,
on TM* we have a metric (, ) and connection V* inherited from those on ¢~'TN. Moreover,
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we may take the bundle ="V over M which has the 2*M-holomorphic structure. Since ¢ is
conformal, we may transfer the Hermitian structure J™ of M? into d¢(T M). Hence, we have
a natural map

n:X'V— XN,

g J  onTM?, (3.2)
B JM  on do(TM).

Taking any holomorphic section of (£*V, 2*M) and composing with 7, we obtain a strictly
compatible twistor lift ¢ of ¢. Since any such lift is #-holomorphic, we have just proved the
following result.

Proposition 3.2. Given ¢ : M? — N, ¢ is conformal if and only if ¢ is (locally) the projection of an
H-holomorphic map ¢ : M?* — Z*N.

To proceed, we need the following result [13].

Proposition 3.3. Let ¢ : M — X*N and let ¢ = o o . Take s the section of Gri, (TNT)
corresponding to g. Then, the map ¢ is 2*-holomorphic if and only if ¢ is holomorphic with respect to
Jy and

VxsCs forany X € T'M. (3.3)

The map g is 2*-holomorphic if and only if ¢ is holomorphic with respect to J, and

Vgs Cs forany X € TM. (3.4)

Let ¢ : M?> — 3*N be a 2'-holomorphic map and let s be the corresponding section
of Gr{, (TN®).If ¢ = o o ¢ is the projection map, we have that ¢ is J,-holomorphic. In
particular, 9.¢ € s. Since ¢ is 2'-holomorphic, we can write

Vo.0.0 Cs (35)

and, inductively, it follows that dL¢ C s for all » > 1 so that ¢ is isotropic. Conversely, let
¢ : M?> — N be a conformal totally umbilic map. In this case, we consider the manifold M?
equipped with the opposite holomorphic structure-J™ and again construct the holomorphic
bundle (2*V, 2*M). For this structure, a section § is holomorphic if and only if V3§ C &.
Since ¢ is conformal, we may define the map 7 as in (3.2). On the other hand, because p is
totally umbilic, we know that d2¢ lies in the span of aztp, in other words, if | is any almost
Hermitian structure on TN strictly compatible with ¢, 8%¢ lies in TlON We may therefore
conclude that 7 is 2!-holomorphic. As a matter of fact, given a holomorphic section s of X"V
and considering s = 77 0 5, we have that s = 5§ ® d(T'°M). We may write

<ng§, do <T10M> > - —<§, Vazd<p<T1°M>> =0, (3.6)
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since § and 02 lie in s. In particular,V} § C s and so
Va.s C <ng + V$Z>§+ Vaqu)(TlOM) Cs+5+ span{az(p, 6§(p} Cs (3.7)

and therefore we conclude that 77 is 2'-holomorphic.

With a similar argument, let ¢ : M?> — "N be a 2*-holomorphic map and let s be
the section of Gr}, (TN®) corresponding to ¢. Then, taking the projection map ¢ = 7 o ¢, we
get

(r(p))" = (Jytrace,VJ¥)"' = (4V4.dep(d.))"". (3.8)

Since ¢ is J,-holomorphic, dg(0;) lies in s. From (iv) in Proposition 3.3, we conclude that
V5.dep(0;) lies in s and therefore has vanishing (0, 1)-part. From the reality of 7(¢), we have
that 7(¢) = 0 and so ¢ is harmonic. Conversely, if ¢ : M? — N is conformal and harmonic, we
may take the bundle (£*V, 2M) and the map 7 in (3.2). Since ¢ is harmonic, 77 is holomorphic
with respect to the 2% and 2? structures [6, 8]: letting 5 denote a holomorphic section of =*V
and s the composition 77 0 5, then, s = dp(T'°M) @ 5 and

Vos = (V3. + V] )5+ Vodg(T"M). (3.9)

Since ¢ is harmonic, Vo dp(T"M) C de(T'’M) C s. On the other hand, since § is
holomorphic, V3 5 C 5 C s. Finally,

<vg€§, d(p(az)> = —(5,Va.dp(d:)) = 0 (3.10)

shows that V5_s C s and so that 77 is holomorphic. Therefore, taking any holomorphic section
of 2"V and composing with 7 give a 2?-holomorphic lift of ¢.

Remark 3.4. Notice that to guarantee the existence of the 2'-holomorphic lift for ¢, the
important fact was that d2¢ belongs to the (1,0)-part of TN for any almost Hermitian
structure strictly compatible with ¢. This is guaranteed if ¢ is a totally umbilic map, but it
is not strictly necessary. For instance, if ¢ : M? — N* is an isotropic map, the vectors 0.¢,
92y span an isotropic subspace. If this vectors are linearly independent, taking this space as
the (1,0)-space of ¢, then ¢ is a 2'-holomorphic lift of ¢, although ¢ may be a map into "Nj;
on the other hand, if ¢ is totally umbilic, then we may take ¢ either as the unique strictly
compatible map into Z*N or into £~N and both these maps are 2'-holomorphic.
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4. First-Order Twistorial Constructions
4.1. Harmonicity and Isotropy to First Order

Let I denote an interval of the real line containing 0. Given a (family of) map(s) ¢ : I x M —
N, (t,x) — @i(x), we say that ¢ is harmonic to first order if

o is harmonic and 0,7 (¢;) =0, (4.1)

where O;[yT(¢;) = Vg[_l:TNT((pt) and 7(¢p;) = traceVdg; € p"'TN.
Let oo : M — N be a harmonic map, v € I'(p,'TN) a vector field along ¢y, and

¢ :IxM — N aone-parameter variation of (. We say that ¢ is tangent to v if v = 0¢|y¢p;. The
following result is a key ingredient in what follows [4]:

Proposition 4.1. Let ¢g : M — N be a harmonic map between compact manifolds M and N. Let
v € T(¢,'TN) be a vector field along ¢po and ¢ : Ix M — N a one-parameter variation of ¢, tangent
to v. Then,

OloT (1) = =T, (0). (4.2)

In particular, v is Jacobi if and only if any tangent one-parameter variation is harmonic to first order.

We have seen in Theorem 3.1 that harmonicity was not enough to establish a relation
with possible twistor lifts of a map conformality and was also a key ingredient, as maps
obtained as projections of twistorial maps must be holomorphic with respect to some almost
Hermitian structure along the map. On the other hand, when the domain is the 2-sphere,
harmonicity implies (weak) conformality or even isotropy, the last case occurring if the target
manifold is itself also a sphere or the complex projective space [12, 14].

Let M? be a Riemann surface and ¢ : I x M — N a smooth map. The map ¢ is said to
be conformal to first order if [15]

o is conformal and 8|((d-¢, 0-¢;) = 0. (4.3)

Analogously, ¢ is said to be isotropic to first order,

¢o is real isotropic and 9,(0.¢;, 03¢) =0, Vr,s>1. (4.4)

As for the nonparametric case, one can prove [16] that condition (4.4) can be weakened to
the following

¢o is real isotropic and ,(dL¢:, 0L¢) =0, Vr>1. (4.5)

As in the nonparametric case, harmonicity to first order implies conformality to first order
for maps defined on the two-sphere and even isotropy when the codomain is itself a real or
complex space form [15].
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4.2. Twistorial Constructions

As we have seen, Jacobi fields induce variations that are harmonic (and, in some cases,
conformal or even isotropic) to first order. On the other hand, in Section 2 we have seen
that conformality, harmonicity, and isotropy of the map ¢ correspond to #, J* and J'-
holomorphicity of the twistor lift ¢. As we shall see, these results do have a first-order version
as follows. We start with a definition.

Definition 4.2. Let (M, J) be an almost complex manifold and (Z, h, ) an almost Hermitian
manifold. Given a smooth map ¢ : I x M — Z, we say that ¢ is holomorphic to first order if
o : M — Zis holomorphic and

Vo, (dgiJX - 2dgX) =0 VX €TM, (4.6)

where V is the Levi-Civita connection on Z induced by the metric h. Moreover, if TZ = £ & U
is a J-stable decomposition of TZ, orthogonal with respect to h, we shall say that ¢ is H#-
holomorphic to first order if ¢ is H-holomorphic and

Vo, ((dgn(JX))™ = 2% (dgX)*) =0 ¥X € TM, (4.7)
where 2% is the restriction of 2 to H#. Changing J to U gives the definition of U-
holomorphicity to first order.

In contrast with the nonparametric case, it is not obvious that 2-holomorphicity to first
order implies #-holomorphicity to first order. As a matter of fact, from (4.6), it only follows
that (Vy,, (dy:(JX) — 2dg:X))” = 0. However, we do have the following.

Lemma 4.3. Let ¢ : (M, ]) — (Z,h,2) be a smooth map and let TZ = H & U be a J-stable
decomposition of Z, orthogonal with respect to h. Then, g is holomorphic to first order if and only if ¢
is both H and V-holomorphic to first order.

Proof. Assume that ¢ is holomorphic to first order. Then, ¢ is H#-holomorphic. As for (4.7),
letting Y denote an arbitrary section of TZ and Y+ its projection into <, we have

(47) = (Vay, (g X)™ = 2% (dgX)*),Y ) =0
= Ao ((dgX)™ = 2% (dgX)™, Y ) = ((dgo ) X)™ = 2% (dgnoX)™, V3, Y ) = 0
& (since g is H-holomorphic) at|0<d<pt JX - 2dyX, Y”’e> =0

& (¢ is holomorphic) (Va,, (dgJX - 2dgX))* =0,
(4.8)

which is true since ¢ is 2-holomorphic to first order. Hence, ¢ is #-holomorphic to first order.
Changing # to U shows that ¢ is U-holomorphic to first order. The converse also follows
using analogous arguments. O
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Remark 4.4. The importance of choosing the Levi-Civita connection on Z is illusory. In
particular, we can define the concept of holomorphicity to first order (or H, U-holomorphicity
to first order) for maps defined between almost complex manifolds, not necessarily equipped
with any metric.

Indeed, let ¢ : I x (M, J) — (Z, h, 2) be a holomorphic to first-order map with respect
to V, so that (4.6) holds. Let {Y;} denote a (local) frame for TZ. Then,

Vo, (dgJX = 2dg X) =0

= > 3o((dg] X - 2dgsX),Y;) = 0
7 (4.9)

= > (8l ((dgi]X ~ 2dgX),) - Y + (dgpo]X = 2dgoX) - VY, ¥;) = 0.
]

Since ¢ is holomorphic to first order, ¢ is holomorphic, the above equation is equivalent to
oy ((dgJX = 2d@iX) ;) =0, ¥j. (4.10)

Now, since ¢y holomorphicity does not depend on the chosen connection, we can deduce
that holomorphicity with respect to ¥V reduces to the same condition (4.10). Thus, ¢ being
holomorphic to first order does not depend on the chosen connection. For # (resp., U)
holomorphicity to first order, we use similar arguments, replacing {Y;} for a horizontal (resp.,
vertical) frame.

4.3. The H-Holomorphic Case

In the nonparametric case, given a conformal map ¢ : M?> — N, we can always find a lift ¢s :
M? — 3*N such that ¢ is holomorphic with respect to J,,.. In other words, (locally defined)
strictly compatible lifts always exist. In general, this lift may not be 2! or 2?-holomorphic but
it is #-holomorphic. Let ¢; be a variation of ¢, conformal to first order. Then, if a lift ¢ to the
twistor space that makes ¢; holomorphic for all small t exists, ¢; is necessarily conformal for
all small t, which may not be the case. So, even if conformality is preserved to first order, there
might be no strictly compatible twistor lift for all t; hence, we should relax the condition on
conformality. We shall say that a twistor lift ¢ of a conformal to first order map ¢ is compatible
to first order (with o) if

o is strictly compatible with ¢y, ¢ is compatible with ¢;, Vt. (4.11)

We start with a technical lemma, whose proof the reader can find in Section 5.

Lemma4.5. Let ¢ : [ x M?> — N be a conformal to first-order map. Let ¢ be a twistor lift compatible
to first order with ¢. Then for all X € T(T M) there is a function aX and a vector field v € ¢ (TN)
with al =1, v = 0and d|yay =0, Vg, , 05 = 0 such that

JpdpX = adp JX + vy (4.12)
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In particular, ¢ is J~holomorphic to first order in the sense that

(o is holomorphic with respect to Jy,, Vo, (Ao JX = Jy,dp:X) = 0. (4.13)

Lemma 4.6. Let ¢ : I x M?> — X*N be JH-holomorphic to first order. Then, ¢ = o ¢ is J,-
holomorphic to first order.

Proof. Since ¢ is H-holomorphic to first order, V) ((dy:] X)¥ - Qde(d(th)"@) = 0. Therefore,
forall Y € #, since o is H-holomorphic,

0= (Vo { (dgnyX)™ = 2% (dgX)* |, Y* ) = aulo (g X)* - 2% (depX) ™, Y ).
(4.14)

Since i is a J,-holomorphic Riemannian submersion, the above equation can be written as
0= 6t|0<d7r(d(pt JX) - ]%dyr(dq;tx),dyr(yﬂ) > (4.15)
Hence, for all Y € TN, using the fact that ¢y is ], holomorphic,
0= 0lo(dpJX — Jpudp X, Y) = (Vo (A JX = Jor dpiX), Y'), (4.16)

showing that Vy,,dg:JX = Va,, ], dpX and concluding our proof. O

Proposition 4.7. Let ¢ : [ x M? — XN be H-holomorphic to first order map. Then, the projected
map ¢ = wog : I x M*> — N is conformal to first order. Conversely, let ¢ : I x M> — N bea
conformal to first order map. Then there is a (local) H-holomorphic to first order map ¢ : I x M?* —
2* N which is compatible to first order with ¢.

Proof. Take ¢ : I x M?> — X*N an J-holomorphic to first order map and let ¢ = 7 o ¢.
We know that ¢ is conformal (Proposition 3.2). As for the first-order variation, using the
preceding Lemma 4.6,

oulolldpTX|I* = 2(Vay,dpi X, dgo]X) = 2(Va JdpiX, Ty dgoX)

(4.17)
= 0tlo(Jyudp: X, Jyu dp:X) = Oilo(depe X, depi X).
Using similar arguments, we can show that
6t|0<d(pt]X, d(PtX> = O, (418)

concluding the first part of the proof.
Conversely, let ¢ be any twistor lift of ¢ compatible to first order. Then, there is a
function aX and a vector field v} verifying the conditions on Lemma 4.5 with

JpdpX = afde JX + vy (4.19)
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Now, ¢ is H-holomorphic to first order if and only if ¢ is H#-holomorphic (which follows

from Proposition 3.2) and (4.6) holds. Using the same argument as in Lemma 4.3, (4.6) is
equivalent to

Alo{dpiJX = Jpdp:X,Y) =0, VY €TN. (4.20)

But
Otlo(dpJX = Jy dp: X, Y')
= (Vou, (dge]X - a¥dgu X - oY), ¥ ) = (dgo] X - a¥dgo] X - 0, Va,,Y ) =0,
(4.21)

from the given conditions on aX and v and thus concluding the proof. O

4.4. The 2,-Holomorphic Case

Next, we give a useful characterization for maps to be 2?-holomorphic to first order (a = 1
or 2), whose proof is in Section 5 (compare with Proposition 3.3).

Lemma 4.8. Let ¢ : [ x M? — 3N be a smooth map and let ¢ = 7 o ¢ be its projection. Then, ¢
is 2%-holomorphic to first order (a = 1 or 2) if and only if

¢ is J,-holomorphic to first order, (4.22)

vYY e ;! <T}f N ) 3z1% € ;! <T]1f N > such that
f ' (a=1) (4.23)

Vo, Vo. Y0 = Vo, Z°,  Va.Y," =Z3°,
or
10 o -1 (710 10 ~ -1 (710

V[0 e g (TION) 32/ € ¢;'(TI°N) such that

f ‘ (a=2) (4.24)

Vo, Vo Y[ = Vo, 2% VoY, = Z".

From the preceding lemma, we can also deduce the following.

Lemma 4.9. Let ¢ : I x M* — X*N be a map 2'-holomorphic to first order and consider the
projected map ¢ = o o ¢. Then for all r > 1 there is Z}° € (pt‘l(T}f N) with

O =2, oyl = Vo ZL (4.25)

Proof. Forr =1, we have 0.¢; = dg;X —idp,J X so that using (4.22) we have

Vat‘oaz(pt = Va[|0 {d(th - id(pt]X} = VaAO {d(th - i]qnd(PtX}- (4.26)
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Taking Z/° = dg,;X - i],dp:X € (p{l(T]lqO N), we obtain the result. To establish an induction,
't
assume now that the result is valid for r = k; that is, there is Zt1 0K such that
Vou, 050t = Vo, 2", 0%po = 2% (4.27)

Taking r = k + 1 and noticing that [0]q¢:, 0z¢¢] = dep[0z, 0tlg] =0,

Vo, 059 = Vo, Vo051 = RN (8lopr, 02001) 051 + Vo Vi, 0501 + V(o1,01,0.01105 1
= RN (3ot 0:200) Zy " + V5, V), 2,
= RN (0tlogr, 0:00) Zo™* + Vi, Vo Z" + RN (82000, 01l ) Zg™* = Vo, Vo. 2.,
(4.28)

as RN is antisymmetric on the first two arguments. Now, since ¢ is 2'-holomorphic, (4.23)
holds so that there is Z; 0+ such that

Vou, Vo. 2K = Vo, 20%, vy, 200F = Z)0F (4.29)

But the second condition gives a’;+1<p0 = aza’;q;o =V, Zéo’k = Z(l)o’k+1, whereas the first holds
precisely that V5, 05 ¢, = Vo, Vo, Z,%* = V5, 27", as we wanted to show. O

Proposition 4.10 (projections of maps 2'-holomorphic to first order). Let ¢ : [ x M?> — X*N
be a map 2'-holomorphic to first order, where M? is any Riemann surface. Then, the projection map
@ = v o ¢ is isotropic to first order.

Notice that we could replace X* N with X~ N, as real isotropy (to first order) does not
depend on the fixed orientation on N.

Proof. That ¢ is isotropic follows from the nonparametric case. Therefore, we are left with
proving that

Bilo(0hp, 8L =0, Vr>1. (4.30)

Using Lemma 4.9, for fixed r > 1, choose Z}° € (pt‘l(T}f N) with 0%gy = Z}° and V,,,0L¢; =
Vo, Zi . Then, the conclusion follows from

3o 0Lp, B2p) = 2(Va, Do, Do) = 2(Vay, Z1°, 20 ) = 81y (2%, Z°) =0. (431)
O
We now turn our attention to the existence of lifts 2'-holomorphic to first order for a

given isotropic to first-order map ¢ : I x M?> — N*. Recall that in the nonparametric case
such lift exists (see Remark 3.4).
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Theorem 4.11. Let ¢ : I x M?> — N* be an isotropic to first order with 3.4y and 6%y linearly
independent. Then, there is either a (local) map ¢* : Ix M? — S*N*oramap ¢~ : IxM? — S N*
which is 2*-holomorphic to first order and compatible to first order with ¢.

Before proving Theorem 4.11, we give the following lemma, which we prove in
Section 5

Lemma 4.12. Let ¢ be as in the preceding Theorem 4.11.
(i) Suppose that the 2'-holomorphic lift of ¢q is ¢5 € Z*N (resp., ¢, € Z~N). Take J,, the

unique positive (resp., negative) almost Hermitian structure on T, N compatible with .
Then, taking

u’ = Vxdp:X - VixdeJ X, o} = -Vxdp;JX - V xde:X, (4.32)
we have that

Vol Jutt = =Va, 05 (4.33)

(ii) There are ay, by such that

Vo, 0200 = Vo, (d:01 + bidZer ). (4.34)

We are now ready to prove Theorem 4.11.

Proof of Theorem 4.11. As before, take ¢ or ¢y the 2'-holomorphic lift of ¢,. Assume, without
loss of generality, that it is ¢5;. Then, at each t take J,, the unique positive almost Hermitian
structure compatible with ¢; and let us prove that this map ¢ is 2'-holomorphic to first order.
Using Lemma 4.5, ¢ is J,-holomorphic to first order and we are left with proving that (4.23)
holds. It is enough to prove that there is a basis {Y{°, Y;°} of q)t‘l(T}i N) for which (4.23)

holds. Now, take Y1 = dgyX — iy, dgp;X and Y3 = u —iJ,,u} where 1% is as in (4.32). Then,

Vo, Vo. Y1 = R(:logr, 0:01) Y,° + V.V, (dpX = i],, i X)

= Vo, Vo. (dp:X — idp] X) = Va, <utX + ivtx> = Va, (uf( - i]qautx> = Vo, Yy,
(4.35)
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Analogously,

Vat|o VazY21t0 = R(at|0(Pt/ aZ(PO)Y + Vo, Vat\o <ut l]({’rut >

= R(0tlo¢r, 0200) 02400 + R(:=4p0, Otlopr) (”0 + 10y ) + Vo, Vo, <”t +1v; )
(4.36)
= Vo, (ad- + bd2g1) = BiloaY, + BlobY;" + aVa,,d-01 + Va,, 02

= ao@Yy" + AilobY,0 + aVa,, Y17 + Vo, Y30 = Vo, (a¥y? +5Y,"),

where we have used Ylo 0200, Vo, Ju ity = Vo, 01, uy +ivy = 020, and Vo (u* +iv]) =

t

d2¢;. Hence, YlO and Y210 satisfy equation (4.23), concluding our proof. O

4.5. The 2, Holomorphic Case

We prove the following.

Theorem 4.13. Let ¢ : I x M?> — Z*N be a map 2*-holomorphic to first order. Then, ¢ = o o
¢ : I x M?> — N is harmonic to first order (and conformal to first order from Lemma 4.3 and
Proposition 4.7).

We first give the following characterization of U-holomorphic to first order maps.

Lemma 4.14. Let ¢ : I x M?> — (Z*N,2%) (a = 1 or a = 2) be a smooth map. Then, ¢ is a
U-holomorphic to first order map if and only if ¢ is U-holomorphic and

Vo (Vix Ty + (=1)"J, VxJy) = 0. (4.37)
Proof. If ¢ : M — X*N is any smooth map, then [17] (dth)v = VxJ,. Hence, from (2.9),
24(dgX)? = (-1)™' ], Vx], (a=1,2). (4.38)
Thus, we can rephrase equation (4.37) as
Vo, (dg (JX) - 2%dgs X)) = 0, (4.39)

which is the condition for U-holomorphicity. O
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Proof of Theorem 4.13. That ¢y is harmonic follows from Theorem 3.1. Hence, we are left with
proving that 9,7 (¢;) = 0. Since ¢ is 2*-holomorphic to first order, we deduce that ¢ is both
H and U-holomorphic to first order (Lemma 4.3). From U-holomorphicity (4.37), we have
Vad, (VJX](P: + ]%VX]%) =0
= (Vau, (VixJy + Jou VxJin)) (dgpoX) = 0
= Vay, (Vyxdp X + VxdpX) = Vay, (Jy (VyxdpeX = Vx (Jyudpi X))
= Var\oT((Pt) = Vath} (]‘Pt (V]Xd(PtX - Vx (]%d‘PtX)))

(4.40)

Using Lemma 4.6 and (4.13) together with symmetry of the second fundamental form of ¢,
the right-hand side of the above identity becomes

(Vo T ) (VyxdpoX = Vx JyodpoX) + Jyo (Vayl, (VyxdpiX = Vx Jy dpi X))
= vaf|o]l[!¢(Vd(P0(]X/X) - Vd‘PO(X/ ]X) + d‘PO(V]XX - VX]X>)

(4.41)
+ Jyu (Vau, (VyxdgiX = Vxdg ] X))
= Joo (Vay, (Vdo: (JX, X) = Vdpy(X, JX) + do;(VxX - VxJX))) =0,
so that 0¢[yT(¢:) = 0, concluding the proof. O

Theorem 4.15. Let ¢ : I x M?> — N be a harmonic and conformal to first order map. Then, there is
(locally) a map ¢ : I x M? — X*N which is 2*-holomorphic to first order and with ¢ = 7 o ¢.

Since harmonicity (to first order) does not depend on the orientation on N, we could
have replaced X*N by 2~ N in both Theorems 4.13 and 4.15

Proof. For each t consider V; = dp(TM )t C (pt‘l (TN), bundle over M?. Since M? is a Riemann
surface, R%/? = 0 and we can conclude that for each t there is a Koszul-Malgrange holomorphic
structure on X*V;. Hence ([16, Theorem 1.5.1.]), there is a smooth section § with §; a Koszul-
Malgrange holomorphic section of X*V;: Vgst C s;. So,

To (Vaigx (@1 = 15 01) ) = iV,ix (00 = iy 1), Vor € dp(TM)", (4.42)
equivalently,

Jo (Vv + Vi Jgvr) = =Vixon+ Vi o
(4.43)

o <V}th - V%Jwﬂ”) = Vivt + V}X]qavt'

Take s = 56T'° where Tt10 is the (1,0)-part on dg;(TM )€ determined by ] = rotation by +r /2
on dg;(T M). (Notice that as ¢; is not conformal we might not get a Hermitian structure by
setting T!° = d¢;(T'° M); on the other hand, positive rotation by ar/2 comes from the natural
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orientation on d¢;(T M) imported from T M via de;.) Then s defines a compatible twistor lift
of . Let us check that ¢ is 2*-holomorphic to first order. That ¢ is holomorphic is immediate.
From the proof of Proposition 4.7, we deduce that ¢ is J#-holomorphic to first order as it is
compatible to first order with ¢ and the latter is conformal to first order. Hence, we are left
with proving that (4.37)

Voo VixJy = =Vou Jyu Vx Ty (4.44)

holds. We shall establish this equation by showing that both sides agree when applied to
any vector v € TN. For that, we consider, in turn, the three cases v = dyyX, dpoJX, and
v €dpy(TM )L. The first two have similar arguments so that we prove only the first.

(i) v = dpoX. From ¢ holomorphicity, we have VjxJy, = —J4 Vx /4 On the other
hand, as ¢ is H#-holomorphic to first order, (4.13) is satisfied. Finally, for all ¢,

Vixdp:X — Vxdp JX = Vde (JX, X) = Vdpy(X, JX) + do:(VjxX - VxJX) =0.  (445)
Since ¢ is harmonic to first order, our condition follows from

(Va, Vix Ty ) dpoX = =(Voyj, Jn Vx Ty ) dpoX
& Vo, Vix (JpndpiX) = Vay, (Jy Vyxdp:X)
= Vo, (Vyxdo JX + Vxdp,X)
= (VouJo) (VxdpoX — VxdepoJX) (4.46)
= Vo, Jpn Vx Uy diX)) = Vo, Vxdp: X
+ Ty Vau, (VxdpeX — Vxdep JX)

= at|OT(lpt) =0.
(i) v € d(pO(TM)l. We now have

(Vo Vix Ty )v = =(Vou, Jyu Vi T )0
S vat|ov]X(]‘Ptv) - vaf\o (LPtV]XU) = _Vat|o (]‘Iffvx(]‘lftv)) - Vat|0vXU

Vol Vix Un®) = Vou, (Jo Vix®) + Vo, Jy Vi Uy 0)) + Vo, V50 = 0,
=

Vat\ov}x (L/ftv) = Va, (L/ftV}ﬂ’) + Vay, (]%V;F( (]q;fV)) + V5t|OV;U =0.
(4.47)

Now, the first condition follows from (4.43) since s is Koszul-Malgrange holomorphic for
each t. As for the second, letting L denote its left-hand side, we shall prove that (L,w) = 0
for all w € TN. We do this by establishing the three cases w = dpoX, w = dpoJX and
w € dipo(TM)* (since the first two cases have similar arguments, we prove only the first).
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(ila) When w = dpoX we have

(L, dpoX) = =0tlo ((Jyuvr, VyxdpeX) + (vr, Vxdpi X))
+ Otlo (—(vr, Vyxdp JX) + (Jyor, VxdgiJ X))

(4.48)
= —8t|o<vt, de(th + ijd(pt]X> + 6t|0<]q,[vt, de(pt]X = ijd(th>
= —(Vay,01, 7(90)) = (vo, Vo, 7 (1)) = 0.
(iip) Let w; € do;(TM)*. Then,
(L,w) = at|0<v}x(]q,[v) o Vix0 + Vi Jy0) + v;v,w>
(4.49)

- <V}X (]%U) - ]‘PUV}XU + ]%V;( (]%U) + V;U’ V5t|oa]>‘

The first term on the right side of the above equation vanishes as wy lies in de; (T M )L, whereas
the second is zero from ¢s-holomorphicity, concluding our proof. O

4.6. The 4-Dimensional Case

Theorem 4.16. Let ¢ : I x M?> — N* be harmonic and isotropic to first-order map and with 9.¢y
and 02 being linearly independent. Then, (locally) there is either a map ¢* : I x M?> — X*N ora
map ¢~ : [ x M?> — 3°N which is simultaneously 2* and 2*-holomorphic to first order and with
¢ = ar o . Conversely, if g : I x M? — Z*N* (or ¢ : I x M?> — =" N*) is 21 and 2*-holomorphic
to first order, the projected map ¢ = o o ¢ : I x M? — N* is harmonic and isotropic to first order.

Proof. The converse is obvious from Proposition 4.10 and Theorem 4.13. As for the first part,
in Theorem 4.11 we saw that we can lift the map ¢ to a map 2'-holomorphic to first order.
Moreover, this lift could be defined as the unique positive or negative almost complex
structure compatible with ¢. On the other hand, in Theorem 4.15 we have seen that there
is a map 22-holomorphic to first order with ¢ = o o ¢ and for which ¢ is compatible. From
the comment after Theorem 4.15, there is also a twistor lift of ¢ into X~ N. Therefore, from the
dimension of N, we conclude that the lifts constructed in both cited results are the same and,
therefore, simultaneously 2'and Qz—holomorphic to first order. O

We would now like to guarantee the unigueness to first order of our twistor lift. Before
stating such a result, we start with a lemma, proved in Section 5.

Lemma 4.17. Let ¢s : I x M?> — Z*N be a map 2'-holomorphic to first order. Consider the twistor
projection ¢y = ar o ¢ and the vectors uy and vy defined by

O2¢1 = Uy + iy (4.50)
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so that

Uy = de(th - ijd(pt]X, O = —de(pt]X - ijd(th. (451)

Then, for all zq for which d,¢y(zo) and O2¢y(zo) are linearly independent

Vol o] X = Vo, JpdpiX, Vo Jyttt = =V, 01 Vol S0t = Vo, s (4.52)

Notice that in Lemma 4.12, we were given ¢ and defined the twistor lift as the unique
lift compatible with ¢. Now, we are given the twistor map ¢ but nothing guarantees that
projecting the map to ¢; makes ¢ compatible; that is, ], may not preserve do;(T M).

Proposition 4.18. Let ¢', ¢ : I x M?* — Z*N* be two 2'-holomorphic to first-order maps such
that ¢} = ‘Fo and the variational vector fields induced on N* are the same; that is, writing a; :=
Otlo(or o ¢'), i =1,2, we have a; = ay. Then, at all points zq for which 8.y (zo) and d*po(zo) are
linearly independent, writing w; = O|oyl, i = 1,2, we have wy = w,.

Proof. Let (p' = groy; (i = 1,2) denote the projection maps. From our hypothesis, it follows that

wi = w3*. Hence, the only thlng left is to prove that the vertical parts coincide. Now, from

the proof of Lemma 4.14, (at|0q;t) = Va,,J4i so that our result follows if Vo, J,1 = Vo, Jy2.
We prove this identity showing that Q(Y) = 0 for all Y, where

Q) = (VaiJy )Y = (VouJyz)Y. (4.53)

We consider the four possible cases for Y; namely, when Y is equal to d¢oX, deo ] X, ug or vy,
where 1y and vy are as in the preceding lemma (notice that, since ¢ = ¢3, then u} = u3 and

vo = vo)

(i) When Y = dpoX (Y = dyoJ X uses similar arguments), we have

Q(d(POX) = Vat|o (]qftl d#’%) - ](pé (Vat\od(PtX) - Vat\o <]([J,2d(Pt2> + ]tpg <Vat|0d¢%X>

= Vo ,d¢t X = Vo,,d9; ] X — ] (Vxar — Vxao) = Vyxa; — Vyxas = 0,

(4.54)

where we have used Lemma 4.17, as well as the fact that ]qu = ]q,é and Vadod(plt'X = Vxa;.

(ii) Taking Y = ug (Y = vy uses similar arguments), we have

Q(uo) = Vay, (L,,l ut> — Ty <Vat\0u}> = Vay, (]w&z) + ]¢§<Vat|out2>
(4.55)

Var\ovt + Vaf\ovt Ll’o <V3t|out Vat >
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But

va:|ovt1 = —Vat|0VXd(pt1]X - Vat|0V]Xd(P}X

= —RY (oot dp} X ) dop} JX + Vx Vo dip} X
(4.56)
+ RN (8o}, ot JX ) dgp} X + V jx Vo, dgpt X

= —RN(al,d(PQX)d(P()]X + vajxal + RN(al,dq)o]X)dq)oX + V]vaal.

As a; = ay, we deduce Vy,, 0} = Vj,, 0% analogously, Vg, u} = Vg, u? so that Q(ug) =0. O

Hence, the twistor lifts constructed in Theorem 4.16 are unique to first order, in the sense
that the vector field w induced on =*N* (or "N*) by the map ¢, w = 9|y depends
only on the initial projected map ¢y and on the Jacobi field v along ¢,. Moreover, taking
N* the 4-sphere or the complex projective plane, letting ¢ : M?> — N* be a harmonic
map, and v € ¢ '(TN) a Jacobi field, isotropy to first order is immediately guaranteed.
Hence, the previous construction allows a (local) unified proof of the twistor correspondence
between Jacobi fields and twistor vector fields that are tangent to variations on *N* which
are simultaneously 2' and 2?-holomorphic (infinitesimal horizontal holomorphic deformations in
[5]). We can also conclude which different properties (namely, conformality, real isotropy or
harmonicity) are related with those of the twistor lift (resp., #, 2! or 2*-holomorphicity).

5. Additional Proofs

Proof of Lemma 4.5. Since ¢ is compatible to first order, J,, preserves do;(T M) for all t. Hence,
there are aX and by’ such that

Jpdp:X = ado JX + b dpiX. (5.1)

Take v = bdy;X. Since, at t = 0, J,,dpoX = dyoJX we deduce v = 0 and a = 1. Now,
since d¢;X and ], dg; X form an orthogonal basis for d¢;(T M), we have

Ay, X, dp; X A ] X, JodpiX
_ {degX, deX) o {dp X, Ty dor >L,,tdtth

d(Pt]X > t 2
[ldeeX]| g depeX| (5.2)

= (JpdpeX, dpJX)" = [|ldg X || dgeX ||* - (dp T X, dpiX)”.
Differentiating with respect to t at the point ¢ = 0, the above identity yields

6t|0<]q,td(th, d(pt]X> = at|0<d(th, d(th> (53)
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Computing the inner product of (5.1) with J, d¢;X and using the fact that (d¢;X, ], dp;X)
vanishes for all t, we get (dg; X, dg;X) = aX(d:JX, ], dp:X). Hence,

at|o<‘jl‘l’tXr d‘PtX> = at|oatx<d‘l’0]xf Lpod‘POX> + aé( Otlo(dpiT X, ]qf:d‘PtX> (5.4)
and we deduce 6t|0af( =0, as aff =1and (5.3) hold. Using (5.1) again, we can now write
vat|ovtx = Varlo]%d‘PtX - at|0ai(d(P0]X - V5t|od(Pt]X
= (Vo0 dpoX ) = 3ilo{Jydpi X, dpiX) = (JyudpoX, Vo, dipiX) (55)

- at|0<dtpt]X, d‘PtX> + <d(‘00]X, Vb,|0d(PtX>/

which vanishes since ( J, dg: X, dg;X) = 0 for all ¢, the second and last terms cancelling as ¢
is J,,-holomorphic and ¢ is conformal to first order. Analogously, (Vg,, 0}, J4,doX) vanishes
so that (Vy,, 0, dgpo(TM)) = 0. For the orthogonal part, taking r; € (dp, TM)*,

(Vay,05 7o) = arlo (0,71 ) = (00, Voure ) =0, (5.6)

showing that V;,, 0¥ = 0 and concluding the proof. O

Proof of Lemma 4.8. We shall do the proof only for the 2! case, with the 22 case being similar.
Assume that ¢ is 2'-holomorphic to first order. Then, using Lemmas 4.3 and 4.6, ¢ is J,-
holomorphic to first order. On the other hand, ¢ satisfies equation (4.37), which implies that
for all Y;

Vo, (Vix (U Yi) = VxYi) = Vo, (Jyu (VyxYi + Y (Jy Y1) )- (5.7)

Take th in T}KISN. Let Y; be such that Ytlo = (1/2)(Yt - i] Y1) and write 2iZ; = VxY; +
Vx(Jy Yt). Then,

1 .
Vay,Vo. Y = 12 Vol (Fy (VixYe + Vx (Jy V1)) = i(Vx Jp Y2) + Vix V)

(5.8)
1 . 1 .
= Zvaﬂo (_leqf:zt + Zzt) = Vat\oz(zt - ll%zt) = Vat|o‘zt10'
Moreover, since g is holomorphic, Vx Yo — Vx (J4, Y0) = —J4 (V7x Y0 + Vx (J4, Y0)) and
1 . 1, ..
Vo.Yy" = 7(VxYo = Vyx(JpYo) = i(Vx (Jp Yo) + V)xX0)) = 7 (=2i]Z0 +220) = Z,
(5.9)

finishing the first part of our proof.
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Conversely, suppose that (4.22) and (4.23) hold. Take Y° € T]lq?N and Z!° with
Vo.Yy? = Z}% and V4, (V5. Y = Z}°) = 0. Then

1 . .
5 Vol (VxYe = Vyx (Jy Vo) =i (Vx U Vo) + VyxYt) = Zi +)y, Z1) = 0 (510)

and we can now easily conclude that (5.7) holds. Together with the fact that ¢ is J'-
holomorphic (Proposition 3.3), we can conclude that (4.37) is verified. As for the horizontal
part, we have that

Vo, (dg JX - 2dgsX)™ = 0 &= a/|o(dgJX - J,,dpX,Y) =0, VY €TN, (5.11)

as ¢ is holomorphic. Since (4.22) holds, the last condition is trivially satisfied and we can
conclude that our map is 2'-holomorphic to first order, as desired. O
Proof of Lemma 4.12. (i) Since ¢ is isotropic to first order, d¢,(0%¢p:, 0-¢0:) = 0, equivalently,
Atlo(u +iv, dpX —idep;JX). Thus, we have

ouly (e, dgX ) = ~alo(oF, dp ] X ),

(5.12)
at|0<”§/ d(Pt]X> = 5t|o<th,d<PtX>.
Similarly, 0], (02¢y, 02¢;) = 0 is equivalent to 0|y (u + v, uX +ivX) = 0 and implies
at|0<ui(/uf(> = at|0<UtX,UtX>,
(5.13)

at|0<uf(,vx> =0.

As ¢ is compatible with ¢, Lemma 4.5 guarantees that ¢ is J,-holomorphic to first order. On
the other hand, since 0.¢( and a§<p0 are linearly independent, we deduce that dgoX, dgpoJ X,
uy and v} form a basis for T,,, N. Hence, (4.33) will be satisfied if and only on evaluating the
inner product of Vg, Jy, 4y and -V, v with which one of these four vectors one obtains the
same result. We shall only prove for the first and fourth vectors, the other two cases being
similar.

(a) Since ](,,Ouff = —Ué(,
<Va[|0](pfu?<’ d(P0X> = at|0<]4ﬂui{/ d‘/)fX> - <]w0ué(,Vat|0d(th>
= -0, <uf(, d(pt]X> + <v€f, Vat\[)d(PtX>

= (using(5.12)) - 3yl (v, deX ) + (03, Vo, dpiX ) = (Va,,0F, dgoX ).
(5.14)
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(b) Using (5.13),

<Vat\[,]<p,ut s Uy > at|0<]qnut ruf(> - <]qmu3(/ Va,|0utX>

(5.15)
= 3l (o, 1) = (Va0 u ) = =( Vo0, )

(ii) We know that 0-¢y, 6§q)t, 0=y, aﬁq)t span TCN*. Hence, there are a;, by, ¢;, and d;
with

;= 4,801 + b2y + 0 + 12y, (5.16)

where ¢y = dy = 0 since 03¢y € span{0.¢o, %o} = T}f N. Therefore,

X X X X
Vo, & va+aa+bva+abaz+aa+”a2
olpOzPt = AoV o], Ozt ot . =0 0V 0o z(Pt ot z§0 ot . =0 ot z{o-
(5.17)
Now, using the fact that ¢ is isotropic to first order, we have
<Vat\06§<ﬁt, 6ztpo> = —<82<po, V8t|oaz(,0t>- (5.18)
Together with
(Va,,0:01, 0:090) = <<3§<po, 6z<po> = (8240, 020 =
5.19
, e (5.19)
<V6,|062(Pt/az(l’0>— <az(PO/vE),|Oaz(Pt>/
we deduce
E)c 6dX —
10-g0l* + =| (8290, 320 ) = 0. (5.20)
0 0
Similarly, from
( Vo1, 331,820 ) = ~(8390, Va,, 821 ), (5.21)
we have
ok | j— adX
- O<az<p0,az<p0> - 0| (p0|| =0. (5.22)
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Equations (5.20) and (5.22) imply that either ||{0.¢0, 32¢0)|| = ||02¢0|l||02¢0| (Which is absurd
as 0%¢y does not lie in span{d.¢}) or dd; /dt|, = dc;* /0t|, = 0 and consequently (4.34) holds,
as wanted. O

Proof of Lemma 4.17. That Vg, dg:JX = V|, J4,dp: X follows from the proof of Proposition 4.7.
Since 0.¢(zp), and aﬁq)o(zo) are linearly independent vectors, we can deduce that d¢;X,
de;J X, u; and v; form a basis for Ty, ;)N for (t, z) is a neighbourhood of (0, zg). On the other
hand, as ¢ is the projection of a map 2'-holomorphic to first order, we know that it must be
isotropic to first order from Proposition 4.10. Hence,

at|0<a§(/)t/ azl/’t> = at|0<a§(,0t1 aitpt> =0. (5.23)

The argument to establish the second and third identities in (4.52), will now be similar to the
one in Lemma 4.12(i). O
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