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For x = (x1,x2,...,x,) € (0,1)" and r € {1,2,...,n}, the symmetric function F,(x,r) is defined as
Fu(x,7) = Fu(x1,X2,. ., Xn; 1) = D1ciy cipocip<n ]_[]r-=l ((1+x1~}.)/(1—x,~].)), where iy, iy, ..., i, are positive
integers. In this paper, the Schur convexity, Schur multiplicative convexity, and Schur harmonic

convexity of F,(x,r) are discussed. As consequences, several inequalities are established by use of
the theory of majorization.

1. Introduction

Throughout this paper, we use the following notation system.
Forx = (x1,x2,...,xn), Y= (Y1,Y2,-..,Yn) €ER", and a € R, let

x+y=(1+YL X2+ Yo, Xn+Yn),

xy = (X1Y1, X2Y2, -, XnlYn),

ax = (axy, axy, ..., axy,),

Ay(x) = %ixi, (1.1)
i=1

n 1/n
Gal) = <H> ,
i=1

a+x=(ax+x,a+x2,...,0+Xxy).
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Ifx;>0,i=1,2,...,n, then we denote by

1_(1 1 1)
x x1 x0T x, (12)

log x = (logx1,log x2, ..., log x,).

Next we introduce some definitions and well-known results.
Definition 1.1. Let E C R" be a set, and a real-valued function F on E is called a Schur convex
function if

F(x1,%1,...,%2) < F(Y1,Y2,-..,Yn) (1.3)

for each pair of n-tuples x = (x1,...,x,) and y = (y1,...,y») in E with x < y, that is,
(1.4)

where x[;; denotes the ith largest component of x. A function F is called Schur concave if —F
is Schur convex.

Definition 1.2. Let E C (0,00)" be a set, and a function F : E — (0,00) is called a Schur
multiplicatively convex function on E if

F(x1,x2,...,%2) < F(y1,Y2,---, Yn) (1.5)
for each pair of n-tuples x = (x1,x2,...,x,) and y = (Y1, Y2, ..., Y¥x) in E withlogx <logy. F
is called Schur multiplicatively concave if 1/F is Schur multiplicatively convex.
Definition 1.3. Let E C (0, 0)" be a set. A function F : E — R is called a Schur harmonic
convex (or Schur harmonic concave, resp.) function on E if

F(x1,%2,...,%,) < (or >,resp.)F(y1,Y2,...,Yn) (1.6)

for each pair of n-tuples x = (x1,x2,...,x,) and vy = (y1, Y2, ..., Yn) in Ewith 1/x < 1/y.

Schur convexity was introduced by Schur [1] in 1923 and it has many applications in
analytic inequalities [2, 3], extended mean values [4, 5], graphs and matrices [6], and other
related fields. Recently, the Schur multiplicative convexity was investigated in [7-9] and the
Schur hamonic convexity was discussed in [10].
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For x = (x1,x2,...,x4) € (0,1)" (n > 2) and r € {1,2,...,n}, the symmetric function
F,(x,r) is defined as

Fo(x,7r) = Fy(x1,%2,...,%X07) = Z H

1<y <ig<ipy <n =1

, (1.7)

where iy, 1y, ..., 1, are positive integers.
The aim of this article is to discuss the Schur convexity, Schur multiplicative convexity,
and Schur harmonic convexity of the symmetric function F,(x, r).

Lemma 1.4 (see [11]). Let f : (0,1)" — R bea continuous symmetric function. If f is differentiable
in (0,1)", then f is Schur convex in (0,1)" if and only if

6x1 a.'sz

(x1 - X2)<af(x) - af(x)> >0 (1.8)
forall x = (x1,x2,...,%x,) € (0,1)".

Lemma 1.5 (see [7]). Let f : (0,1)" — (0,00) be a continuous symmetric function. If f is
differentiable in (0,1)", then f is Schur multiplicatively convex in (0,1)" if and only if

(log x1 —log x») <x1 ag;(cf) —-x 6f(x)) >0 (1.9)

2
axz

forall x = (x1,x2,...,%,) € (0,1)".

Lemma 1.6 (see [10]). Let f : (0,1)" — (0,00) be a continuous symmetric function. If f is
differentiable in (0,1)", then f is Schur harmonic convex in (0,1)" if and only if

(1 = x2) (x% ag‘;j” - X ag;j’ ) >0 (1.10)

forall x = (x1,x2,...,%x,) € (0,1)".

Lemma 1.7 (see [12]). Let x = (x1,%2,...,%,) € (0,00)" and 3.1 x; = s. If ¢ > s, then

c—x _( c—x1 c— X c—Xxp

= = Xx. 1.11
nc/s—1 nc/s—-1"nc/s-1’ 'nc/s—1)<(x1'x2' $Xn) = X (1L11)

Lemma 1.8 (see [12]). Let x = (x1,%2,...,%x,) € (0,00)" and 3L x; = s. If ¢ > 0, then

c+x ( c+ X1 c+ Xy c+ Xy,

= =X. 1.12
nc/s+1 nc/s+1" nc/s+1’ 'nc/s+1)<(x1'x2' s¥n) =X (1.12)
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Lemma 1.9 (see [13]). Suppose that x = (x1,x2,...,%x,) € (0,00)" and YL x; =s. If0 < A < 1,
then

s—Ax_(s—)Lxl s—Axp s—Ax,

oy Wil e o Ay SRR e ><(x1,x2,...,xn)=x. (1.13)

2. Main Result

Theorem 2.1. The symmetric function F,(x,r) is Schur convex, Schur multiplicatively convex, and
Schur harmonic convex in (0,1)" forallr =1,2,...,n.

Proof. According to Lemmas 1.4-1.6 we only need to prove that

OF,(x,r) OF,(x,r) )
- — > .
(- ) (22 - ST 1)
OF,(x,1) OF,(x,1) )
- - > .
(log x1 —log x») (xl o, v =0, (22)
OF,(x,r) OF,(x,r) )
_ 2 ) S
(- ) (2 2T 5 23)
forall x = (x1,x2,...,x,) € (0,1)"and r € {1,2,...,n}.
We divided the proof into seven cases.
Casel. If r=1and x = (x1,x2,...,x,) € (0,1)", then (1.7) leads to
21+ Xi
Fn(x/]-) - ~ 1 _xi/
(2.4)
OF,(x,1) _ 2 =12,
0x;i (1-xi)
OF, (x,1 OF (x,1 2(x1 — )22 - x1 — x
(x1—x2)< (1) _ OF( ))= (x1 2)2( ! 22)20, (2.5)
0x1 0x (1 - x1) (1 - JCQ)
2(1 -1 - 1-
(log x1 - log x2) <x1 OF,(x,1) _xzaFn(x,1)> _ 2(logx ngZ)z(xl xz)z( ¥1%2) o
0x1 0x2 (1-x1)"(1-2x2)
(2.6)
2
(x; _x2)<x%61-"n(x,1) _xgaFn(x,1)> _2(x1 - x) (x; + X 22x1Xz) S0, @7)
0x1 0x7 (1-x1)*(1-x2)
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Case2. If n=r=2and x = (x1,x2,...,%,) € (0,1)", then (1.7) yields

e (== (2.8)
OF2(x,2)  2F(x,2) 1o '
axi - (1—xi)(1+xi)' T
oy (OF2(x,2) _9F2(x,2)\ _ 2(x1 —x2)*(x1 +x0)
(x1 x2)< 0x1 0x2 ) - (1 —x1)2(1 —x2)2 =0 @9)
B 0F(x,2) ~ 0F(x,2)\ _ 2(log x1 —log x2) (21 — x2) (1 + x1x2)
(log x1 —log x») <x1 o, X s > = Tox ) (-m) >0,
(2.10)
20F2(x,2)  ,0F2(x,2)\ _ 2(x1 - x2)*(x1 + x2) Fa(x,2)
(x1 — x2) <x1 e - X % ) = - x1)2(1 - x2)2 > 0. (2.11)

Case3. If n=3,r =2,and x = (x1,x2,...,%,) € (0,1)", then from (1.7) we clearly see that

F3(x,2): (1+X1)(1+.’)C2) +<1+X1 + 1+.7C2>1+X3

(1—x1)(1—x2) 1—X1 1—x2 1—X3’
(2.12)
6F3(x,2) _ 2(1 + X3,i) + 2(1 + X3)

- 7 l = 1/ 2/
0x; (1-x)*(1-2x32)  (1-2x)*(1—x3)

(1 — 23) <aF3 (x,2) Fs(x, 2)>

6x1 6x2
(2.13)
2(x1 - 362)2

) (1-x1)*(1-x2)*

1+X3
1—.7(.'3

=0,

[(xl +x2) +(2-x1 - x2)

) OFs(x,2) 6F3(x,2))
(log x1 —log x7) <x1 o, X o,

(2.14)
1+ X3

1—.X'3

_ 2(log x1 —log x2) (x1 — x2)
(1-x1)*(1 - x2)°

1+ x120 + (1 —x1x2) >0,

0F3(x,2) 8P3(x,2)>
_ 2003 )
(x1 x2)<x1 e
(2.15)
2(x1 — x7)°

T (1-x)2(1-x)?

1+X3] >0

+ + +x—-2
[(xl x2) + (1 + X2 xle)l_x3
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Case4. If n > 4,r=2,and x = (x1,x2,...,%x,) € (0,1)", then (1.7) implies that

(1+2x1)(1+x2) <1+x1 1+x2) 1+ x;
F, 2) =
") = T T T T T ) 2T
+ anz(xf.’)/ x4/ cecy xn; 2)/ (216)
aFn(x,2) 2(1+XS_]') 2 n ]-+xi
= + D =1,2,

O (1) (1-xy) (1) B

_ OFu(x,2) aFn(x,2)>
(1 x2)< 0x1 0x;
(2.17)
2(x1 - x2)° 1+
- xX1+x)+2-x X 2 0,
1— 2121 x2)? [( 1+x2) + ( 1- z)z1 Xz:I
OF,(x,2 OF,(x,2
(log x1 — log x7) <x1 ”a(xxl ) _ X ré(xi )>
(2.18)
2(1 -1 -
- Log O2gx2)(X12 %) L + (1~ xlxz)Zl by o 0,
(1=21)7(1 - x7) x;
20Fu(x,2) 5 0F,(x,2)
b x2)< 0x1 ~ % 0x; )
2 (2.19)
2(x1 - x3) 1+ x;
= X1+ x2) + (X1 + X2 = 2x1x > 0.
(1-x1)*(1 - x2)° [( 1+x2)  (ntx ! 2)Zl xl:I
Case 5. If n=r >3,and x = (x1,%2,..., %) € (0,1)", then (1.7) leads to
Fo(x,n) = 1—[1 + X;
1-x;"
(2.20)
OF,(x,m) 2 N
oxi  (1-x)(1+ x,-)F"(x’n)’ i=12
_ aFn(x,Tl) _ aPn(x,n)>
(. x2)< 0x1 0x;
(2.21)

_ 2(x1 = x2)%(x1 + X2)
(1-x7)(1-x3)

Fn(xln) 2 O/
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B OF,(x,n) B OF,(x, n)>
(log x1 —log x») (x1 o, X s
(2.22)
2(1 -1 -
= ( ogx1 —logx) (%1 — x2) (1 + x1x2)Fp(x,n) >0,
(1-x7)(1-x3)
OF,(x,n) OF,(x,n) >
_ 2 )
(.’)C1 XZ) (x] 6x1 2 axz
(2.23)
_ 2(x1 — x2)2(x1 +x2)

a-ai-=) et

Case 6. If n >4, r=n—-1,and x = (x1,x2,...,x,) € (0,1)", then (1.7) yields

_ (1+X1)(1+X2) o
Fo(x,n-1) = an,z(xg,x4,...,xn,n 3)

1+X1 1+XQ 1 1+x,~
+<1—x1+1—xz>n ;’

(2.24)
aFn(x,n—l) _ 2(1+X3_]') F_Z(x3 X4y, X '1’1—3)
0x; (1-x)*(1-2x5)

2 "1 ;
g L= B

~ OFu(x,n-1) aFn(x,n—1)>
(x1 xz)( oxg %2

2(x1 — x2)?
= a ;1)2(1 Z)X 72 [(x1 +x2)Fpo(x3,%4,...,Xp;m—3)
| — A2

(2.25)

n 1 )
+(2-x1—x2) 1+xl:|>0,
i3 - X

OF,(x,n—1 OF, (x,n—-1
(log x1 —log x7) <x1 (gx’: ) —x (ng )>

2(1 -1 -
_ 2(logx 02gx2)(x12 2 (1+ x1x2) Fra(x3, X4, ..., Xp; 1 = 3)
(1-x1)"(1-x2)

L1+ x
+ (1 —x1xz)H1 x,] >0,
i3+ X

(2.26)
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OF,(x,n—-1) aFn(x,n—1)>
_ 2 .2
(X1 Xz) (xl ax1 xz axz

2(x1 - 362)2

T (- x) (1 - x2)?

[(x1 +x2)Fpo(x3, X4, ..., Xp; 1 —3) (2.27)

n 1 .
+ (x1 + Xp — ZX1X2)H1 * XI:| > 0.
i3+ X

Case7. Ifn>53<r<n-2,and x = (x1,x2,...,x,) € (0,1)", then (1.7) implies

(1+X1)(1+XZ)
F.(x,1) = —————F,_ X4, Xy — 2
w(x, 1) Az " 2(3, x4 Xp; 7 —2)
1+x; 1+x .
+ <1—x1 + 1_x2>Fn_2(x3,x4,...,xn,r 1)
+ Fno(x3, X4, ..., Xn;7), (2.28)
OoF, (x, 2(1 i
(1) _ ( ;—x3 i) Fuo(x3,Xa,. .., Xu; 7 —2)
0x; (1=2xi)"(1 = x3-4)
2 .
+ —an_z(X3,X4,...,xn,'T -1, i=1,2,
(1-x;)
OF,(x,1) 6Fn(x,r)>
(1 xz)( o -
2(x1 - x2)? 2.29
(x1 — x2) [(x1+x2)Fp2(x3, X4, ..., Xu; 7 = 2) 2:29)

(1= x1)%(1 - x)?
+ (2 - X1 — xz)Fn—Z(x3/x4/- s X, T — 1)] 2 0/

OF,(x,7) - OF,(x, r))

(log x1 —log x,) <x1 o, o5

_ 2(log x1 —log x2) (x1 — x2)
(1-x1)*(1 - xp)?

[(1+ x1x2) Frn (X3, X4, . .., Xpi; 7 = 2)

+ (1 =x1x0)Fpo(x3, x4, ..., x5 —=1)] >0,
(2.30)

OF,(x,7) OF,(x,1)
_ 2 2
(x1 — x2) (x1 o, x5 % )

 2(n-x)°
C(1-x1)?(1 - x2)?

[(x1 +x2)Frn(x3, X4, ..., Xp;7 = 2)

+ (x1 + Xy — 2x1x2)Fn,2(x3, X4,eoo, Xy ¥ — 1)] > 0.
(2.31)
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Therefore, inequality (2.1) follows from inequalities (2.5), (2.9), (2.13), (2.17), (2.21),
(2.25), and (2.29), inequality (2.2) follows from inequalities (2.6), (2.10), (2.14),(2.18), (2.22),
(2.26), and (2.30), and inequality (2.3) follows from inequalities (2.7), (2.11), (2.15), (2.19),
(2.23), (2.27), and (2.31). O

3. Applications

In this section, we establish several inequalities by use of Theorem 2.1 and the theory of
majorization.
It follows from Lemmas 1.7, 1.8, 1.9, and Theorem 2.1 that Theorem 3.1 is obvious.

Theorem 3.1. If x = (x1,x2,...,%x,) € (0,1)", s = 3", xj,and r € {1,2,...,n}, then

c—x
1) Fu(x,r) 2 Fy( ——, =S,
(1) (x,1) (nc/s—l r) forc>s
c+x
2) Fu(x,r) > F( ————, =0, -
(2) (x,1) (nc/s+1 r) forc>0 (3.1)

(3) Fu(x,r) > Fn<sn__)tf;r> for 0 <A <1,

Theorem 3.2. If x = (x1,x2,...,%,) €(0,1)", s =3 x;, v €{1,2,...,n},and 0 < A < 1, then

s+ Ax
Fn(x,r) >Fn<m,r>. (32)

Proof. Theorem 3.2 follows from Theorem 2.1 and the fact that

s+)tx_<s+)tx1 s+ Ax, s+ Ax,

Py winll Wy w Ay R ey )<(x1,x2,...,xn):x. (3.3)

If we take r = 1 and s = 1 in Theorem 3.1(3) and Theorem 3.2, respectively, then we
get the following. O

Corollary 3.3. If x = (x1,x2,...,x,) € (0,1)" with 3 x; = 1and 0 < A < 1, then

n-1-11-x)’

A

(3.4)

Zn+1+)t(1+x,-)

n-1+A1-x)

1+ x; >in+l—)u(l+xi)
i=1
1 i L
2 Z +x,- >
i=1

If we take r = nand s = 1 in Theorem 3.1(3) and Theorem 3.2, respectively, then one gets the
following.
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Corollary 3.4. If x = (x1,x2,...

,xn) € (0, )" with 37 x; =1and 0 < A <
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1, then

1+x; "n+1-M1+x;)
(1 >
(1) Hl X l;[n—l—)t(l—xi)'
(3.5)
1+x; "n+ 14+ M1+ x;)
(2 > .
@) Hl—x, L_l[n—1+)t(1—x,~)
Remark 3.5. If we take A = 0 in Corollaries 3.3 and 3.4, then we have
1+ x; n(n+1) 1+ x; n+1\"
Z1 X; > n-1 Hl X /<m) (3.6)
forO<x;<land X x; =1
Theorem 3.6. If x = (x1,x2,...,x,) € (0,1)", then
L1+ x; n! An(1+x)]"
> H1 Z A, (3.7)
1<ii<ige<ip<n j=1 +  Xij ri(n—-r)! A1 -x)
Proof. Theorem 3.6 follows from Theorem 2.1 and (1.7) together with the fact that
(An(x), Ap(x),..., Au(x)) < (x1,x2,...,%,) = X. (3.8)
O
If we take r = n in Theorem 3.6, then we have the following.
Corollary 3.7. If x = (x1,x2,...,%,) € (0,1)", then
n n 1-
G(1+x)>G( x)' (39)
A,(1+x) = Au(l-x)

Theorem 3.8. Let A4 = AjAy--- A

n+1 be an n-dimensional simplex in R" and let P be an arbitrary

point in the interior of 4. If B; is the intersection point of straight line A;P and hyperplane >; =

A1Ay - AiqAi - Ann,i= 1,2,

1) > I

1<ii<ip<<i, <n+l j=1

) >

n+1, then
rAiBi + PB; - (n+1)! <n+2>’
PA; “rin-r+'\ n /)’
A B 4 DA (3.10)
r A;Bi+PA;,  (n+1)!
LT }j r
> m+1).
PB; PR IO

1<ii<iz<+<i, <n+l j=1
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Proof. Ttis easy to see that 3 (PB;/A;B;) = 1 and X" (PA;/A;B;) = n, and these identities

imply that
< 1 1 1 ) < < PB, PB, PB,;1 )
n+1'n+1""""n+1 AlBllAszl.“’An_,_an_,_l !
< n n n )< <PA1 PA, PA,1 >
n+l'n+1"""""n+1 AlBllAszl.”’An_,_an_,_l ’

Therefore, Theorem 3.8 follows from Theorem 2.1 and (1.7) together with (3.11). O

(3.11)

Theorem 3.9. Suppose that A € M, (C) (n > 2) is a complex matrix, and Ay, )y, ..., A, are the
eigenvalues of A. If A is a positive definite Hermitian matrix, then

T tr A+ ) n! n+1\"
7
>
(1) Z HtI'A—.)Li/. - r!(n—r)!( ) !

1<ir<iya<ip <n j=1 n-1

" trA+ A\ ! v '
@ Z I_I T s n tr A+ v/det A ’
trA-\; ~ rl(n-r)!\trA-vdetA

1<ii<ip<<i, < j=1
3) )y IL[<1+ >> n! <"det(I+A)+1>r
1< <iy<r<iy <n j=1 r!(n - 7")! \, det(I + A) -1

L 2 n! 2n \"

1<iy<iy<--<iy<n j=1 ij

(3.12)

[~

o~

1j

Proof. We clearly see that A\; >0 (i =1,2,...,n),and

11 1 Mo An
(E,E"”,E><<ﬁ’ﬂ’.n’ﬁ)’ (313)

<<7detA Ydet A <’/c1etA> ()q A An>
log <1 ,

tA oA A B\ A TA A (3.14)

lo ! 1 1 <lo< 1 1 1 )
& {/det(T+ A) /detT + A)"~ {/det(I + A) BT+ 1+ T+ 0, /)
(3.15)

<(T+A, 1+ 4,1+ 4. (3.16)

7 VAR

<n+trA n+trA
n n ’

n+trA)
n

Therefore, Theorem 3.9(1) follows from (1.7), (3.13), and the Schur convexity of
F,(x,r), Theorems 3.9(2) and (3) follow from (3.14) and (3.15) together with the Schur
multiplitively convexity of F,(x,r), and Theorem 3.9(4) follows from (3.16) and the Schur
harmonic convexity of F,(x,r). O
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