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We introduce two iterative sequence for finding a common element of the set of solutions of an
equilibrium problem and the set of fixed points of a countable family of strict pseudocontractions
in Hilbert Space. Then we study the weak and strong convergence of the sequences.

1. Introduction

Let C be a nonempty closed convex subset of a Hilbert space H and let T be a self-mapping
of C. Then T is said to be a strict pseudocontraction mappings if for all x,y € C, there exists
a constant 0 < x < 1 such that

ITx = Tyl* < flx = y|I” + ]| (T = T)x = (1 - Ty (L.1)

(if (1.1) holds, we also say that T is a k-strict pseudocontraction). We use F(T) to denote the
set of fixed points of T, — (—) to denote weak(strong) convergence, and W (x,) = {x :
dx,, — x} to denote the W-limit set of {x,}.

Let f : CxC — Rbe abifunction where R is the set of real numbers. Then, we consider
the following equilibrium problem:

Find z € C such that f(z,y) >0, VYyeC (1.2)
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The set of such z € C is denoted by EP(f). Numerous problems in physics, optimization,
and economics can be reduced to find a solution of (1.2). Some methods have been proposed
to solve the equilibrium problem (see [1-3]). Recently, S. Takahashi and W. Takahashi [4]
introduced an iterative scheme by the viscosity approximation method for finding a common
element of the set of solutions of the equilibrium problem and the set of fixed points of a
nonexpansive mapping in Hilbert spaces. They also studied the strong convergence of the
sequences generated by their algorithm for a solution of the EP which is also a fixed point of
a nonexpansive mapping defined on a closed convex subset of a Hilbert space.

In this paper, thanks to the condition introduced by Aoyama et al. [5], We introduce
two iterative sequence for finding a common element of the set of solutions of an equilibrium
problems and the set of fixed points of a countable family of strict pseudocontractions
mappings in Hilbert Space. Then we study the weak and strong convergence of the
sequences. The additional condition is inspired by Marino and Xu [6] and Kim and Xu [7].

2. Preliminaries

For solving the equilibrium problem, let us assume that the bifunction f satisfies the
following conditions (see [3]):

(Al) f(x,x) =0 forall x € C;

(A2) f is monotone, thatis, f(x,y) + f(y,x) <0 for any x,y € C;

(A3) f is upper-hemicontinuous, that is, for each x,y,z € C limsup,_ . f(tz + (1 -
Hx,y) < f(x,y);

(A4) f(x,-) is convex and lower semicontinuous for each x € C.

Let H be a real Hilbert space. Then there hold the following well-known results:

ltx + (1 =tyy|* = tlxl> + A= D||y|* -t -B||x-y|’, V¥x,yeH, vte[0,1];

(2.1)
I = 1P = Iyl - 2(x =), vxy e H.
If {x,} is a sequence in H weakly convergent to z, then
lim sup||x, — y||2 = limsup||x, - z||* + ||z - y||2 Vy € H. (2.2)

n—oo n—oo

Recall that the nearest point projection Pc from H onto C assigns to each x € H its nearest
point denoted by Pcx in C; that is, Pcx is the unique point in C with the property

lx - Pex|| < ||x-y|, VyeC. (2.3)

Given x € H and z € C, then z = Pcx if and only if there holds the following relation:

(x-z,y-2z)<0, VyeC (2.4)



Journal of Inequalities and Applications 3

Lemma 2.1 (see [6]). Let C be a nonempty closed convex subset of a real Hilbert space H. Let T:
C — C be a x-strict pseudocontraction such that F(T) # .

(1) (Demi-closed principle) T is demi-closed on C, that is, if x, — x € C and x, — Tx,, — 0,
then x = Tx.

(2) T satisfies the Lipschitz condition

1+x

ITx =Tyl < Lllx -yl = T—

|x-v| Vx,yeC (2.5)

(3) The fixed point set F(T) of T is closed and convex so that the projection Pr(ry is well defined.
Lemma 2.2 (see [5]). Let C be a nonempty closed convex subset of a Banach space and let {T,,} be a

sequence of mapping of C into itself. Suppose 3,71 sup .|| Tns1X — Tpx|| < 0o. Then, for each y € C,
{T.y} converges strongly to some point of C. Moreover, let T be a mapping of C into itself defined by

Ty = nlim T,y VyeC (2.6)

Then lim,, _, osup . [ITnx — Tx| = 0.

Lemma 2.3 (see [8]). Let C be a closed convex subset of H. Let {x,} be a sequence in H and u € H.
Let q = Pcu. If {x,} is such that Wy, (x,) C C and satisfies the condition

o, —ull < ||lu—q| Vn, (2.7)

then x, — q.
Lemma 2.4 (see [9]). Let C be a nonempty closed convex subset of H. Let f be a bifunction from

CxC into R satisfying (A1), (A2), (A3), and(A4). Then, for any A > 0 and x € H, there exists z € C
such that

f(z,y>+%<y—z,z—x>zo, vy e C. (2.8)

Further, if T\yx = {z€ C: f(z,y) + (1/N)(y —z,z—-x) >0, Vy € C}, then the following holds:

(1) Tyx is single-valued;

(2) T\x is firmly nonexpansive, that is,

||Tlx—T)Ly||2 <(Tix-Ty,x-y), VYx,y€H; (2.9)

(3) F(Th) = EP(f);
(4) EP(f) is closed and convex.
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3. Weak Convergence Theorems

Theorem 3.1. Let C be a nonempty closed convex subset of a Hilbert space H and let {T,} be a
sequence of k,-strict pseudocontractions mappings on C into itself with 0 < x, < 1. Assume that
x = max{k, : n > 1}. Let f : C x C — R be a bifunction satisfying (A1), (A2), (A3), (A4), and
EP(f) NNy F(T,) #0. Let {x,} and {z,} be sequence generated by x; € C and

f(zuy) + l(y —Zn,Zn—Xn) 20, YyeC,
T 3.1)

Xpi1 = Apzn+ (1 —ay)Tyz,, VYn>1.

Assume that {a,} C [0,1] with k +6 < a, < 1 — 6 for all n, where 6 € (0,1) is a small enough
constant, and {r,} is a sequence in (0, 00) with iminf, o1, > 0 and X7 |rps1 — 1| < co. Let
Sz Sup, gl T x = Tyx|| < oo for any bounded subset B of C and let T be a mapping of C into itself
defined by Tx = lim,,_, ., T,,x for all x € C and suppose that F(T) = (\;—; F(T},). Then the sequences
{xn} and {z,} converge weakly to an element of F(T) NEP(f).

Proof. Pick p € F(T)NEP(f). Then from the definition of Tr in Lemma 2.4, we have z,, = T}, x,,,
and therefore ||z, — p|| = | T, xn — Tr, Pl < llxn — p||- It follows from (3.1) that

||xn+1 - P||2 = ”(1 = an)(Tnzn —P) + oy (2 —P)”Z

= aul|zn = pII* + (1= ) [ Tuzo = pII” = (1~ @) 120 ~ Tzl

< “n”zn _P||2 +(1- an)<||zn _Pllz +x|zy - Tnzn“2>
(32)

= an(1 = an)|zn = Tuzal®
= ||zn - p||2 —(an — k) (1 = ) ||zn — Tpzal*
< Jlxn =PI = (@0 =) (1 = @) 120 = Tuzal
Since k + 6 < a, < 1-6 for all n, we get ||x,+1 — p|| < |lx, — pl|; that is, the sequence {||x, — p||}

is decreasing. Hence lim,, _, o-||x,, — p|| exists. In particular, {x,} is bounded. Since T, is firmly
nonexpensive, {z,} is also bounded. Also (3.2) implies that

|20 = Tazall* < %(”xn - p||2 = |lxn1 - p||2>. (3.3)

Taking the limit as n — oo yields that
lim ||z, - Tz, = 0. (34)

Since {z,} is bounded, it follows that
i sup ||Tpe1x — Tpx|| < oo. (3.5)

n=1x€{zn}
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We apply Lemma 2.2 to get

|zn = Tzull < 120 = Tuzall + |Tuzn — Tzal|
(3.6)
<Nzn = Tnzal|| + sup{||Thz - Tz| : z € {z,}} — 0.

Next, we claim that lim,, ., o, ||z, —x,|| = 0. Indeed, let p be an arbitrary element of F(T)NEP(f).
Then as above

llzn = plI* = 1T = Top |

< <Trxn - TrP,Xn _P>

=(zn —Top, Xu - p) (3.7)
= 2 (0PI + llon =PI = e = 2al),
and hence
Iz = I1* < Il = PI* = 2w = 2l (3.8)
Therefore, from (3.2), we have
%r = pII* < 20 =PI = (@ = ) (1 = )|z — Tuzal?
<lzn-pll” (3.9)
< Jloen = pII* = llxn = zall?,
and hence
1% = zalP* < [J2 = P> = |1 — P (3.10)
So, from the existence of lim,_. . [|x, — pl|, we have
Timn [, - 2] = 0. (3.11)

Next, we claim that Wy, (x,,) € F(T) NEP(f). since {x,} is bounded and H is reflexive,
W (x,) is nonempty. Let w € Wy, (x,) be an arbitrary element. Then a subsequence x,, of
{x,} converges weakly to w. Hence, from (3.11) we know that z,, = w. As ||z, — Tz,|| — O,
we obtain that Tz,, — w. Let us show Wy, (x,) C EP(f). Since z, = T}, x,, we have

f(zny) + %(y —Zn,Zn—Xn) 20, VyeC. (3.12)
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By (A2), we have

1
—(Yy=zn 20— xn) 2 f(y,20), (3.13)
and hence
Zn, — X,
(=2 ) 2 £ 20) (3.14)

From (A4), we have
0> f(y,w) VyeC. (3.15)
Then, for t € (0,1] and y € C, from (Al), and (A4), we also have

0=f(ty+ (1 -tHw, ty+(1-tHw)
<tf(ty+ (A -Hw,y)+ A -t)f(ty + (1 - Hw,w) (3.16)
Stf(ty+ (1-Hw,y),
Taking t — 0" and using (A3), we get

f(w,y) >0 VyeC, (3.17)

and hence w € EP(f). Since T is a strict pseudocontraction mapping, by Lemma 2.1(1) we
know that the mapping T is demiclosed at zero. Note that ||z, — Tz,| — 0 and z,, — w.
Thus, w € F(T). Consequently, we deduce that w C F(T) N EP(f). Since w is an arbitrary
element, we conclude that Wy, (x,) C F(T) NEP(f).
To see that {x,} and {z,} are actually weakly convergent, we take X,X €
Wi (xn) (X0, = X, Xm; — X). Since lim, o ||x» — p|| exist for every p € F(T), by (2.2), we
have
lim ||x, - X||* = lim | (x5, - 9)°
n— oo 1— 00
= lim ||, - X" + |7 - %
1— 00
. —|1? —  ~2
= jllngo”xm]. - x” + ||x - X|| (3.18)
. ~11? —  ~2
= jlgrolo”xm], - x” +2|x - X||

= lim ||x, - X|* + 2||x - X|*.
n—oo

Hence X = X and proof is completed. O
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4. Strong Convergence Theorems

Theorem 4.1. Let C be a closed convex subset of a real Hilbert space H. Let {T,,} be a sequence of -
strict pseudocontractions mappings on C into itself with 0 < x,, < 1. Assume that x = max{x, : n >
1}. Let f : CxC — R be a bifunction satisfying (A1), (A2), (A3), (A4) and EP(f) N, F(T,) #0.
For C1 = C and x1 = Pc,x, let {x,} and {z,} be sequence generated by xo € C and

Yn = XXy + (1 - an)Tnxn/

zn € C such that f(z,,y) + rl(y—zn,zn -yn) >0, VyeC,
" 4.1)

Cra ={veC:lzy —vf <|lxu - 0ll},

Xn1 = Pe,yx0, n2>1.

n+l

Assume that {a,} C [0,1] with k +6 < a, < 1 -6 for all n, where & € (0,1) is a small enough
constant, and {r,} is a sequence in (0,00) with Uminf,_ .1, > 0 and 352, [rus1 — 1n| < co. Let
St SUP, gl Tui1x = Tx|| < oo for any bounded subset B of C and let T be a mapping of C into itself
defined by Tx = lim,,_, ,,T,,x for all x € C Suppose that F(T) = ;2 F(T,). Then, {x,} converges
strongly to Pr(r)ngp(f)Xo-

Proof. First, we show that C, is closed and convex. It is obvious that C; = C is closed and
convex. Suppose that Cy is closed and convex for some k > 1. For z € Ci, we know that
llzk — z|| < ||xk — z|| is equivalent to

||zk—xk||2+2(zk—xk,xk—z) <0. (4.2)

S0 Cg,1 is closed and convex. Then, C,, is closed and convex.

Next, we show by induction that F(T) N EP(f) c C,, foralln > 1. F(T) NEP(f) C C; is
obvious. Suppose that F(T) N EP(f) C Cy for some k > 1. Let p € F(T) NEP(f) C Ck. Putting
zy = Ty, yn for all n, we know from (4.1) that

Iz =plI* = 1Ty - pII°
<yl
= (1 = ) (Tuxa = p) + auocn = p) |
= @a|n = p|* + (1 = @) | T = p|” = atn (1 = ) [1x0 — Tl
< |0 = pII* + (1= @) ([l = pII* + wlln = Toal?)

— 2y (1 = ) |20 — Ttu)?
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= [ln = = (@ = ©) (1 = ) 00 = Tl

< |xn =PI = 8 llxn — Tal?

2
< |lxn -pll°
(4.3)
and hence p € C,1. This implies that F(T) NEP(f) c C, foralln > 1.
This implied that {x,} is well defined.
From x, = Pc,xp, we have
lIxo = x|l < ||x0—y|| Vy € C. (4.4)
Using F(T) NEP(f) c C,,, we have
llo = x|l < |lxo —ul| VYue F(T)NEP(f), n>1. (4.5)
Then, {x,} is bounded. So are {y,} and {z,}. In particular,
llxo = xull < |lxo —p|| where p = Prerynep(s)xo. (4.6)
From x,, = Pc,xo and x,,.1 = Pc,.,x0 € Cps1 C C,, we have
lIxxo = xull < [lx0 = X |- (4.7)
Since {||x, — xo]|} is bounded, lim,, _, o ||x, — xo|| exists. From x,, = Pc,xo and x,+1 = Pc,,, X0 €
C,1 C C,,. we also have
(x0 = X, Xp = Xps1) 2 0. (4.8)
In fact, from (4.8), we have
12 = Xps|| = ||2¢n — X0 + x0 — xn+1||2
= |l2¢0 = a1 I* = [lx0 = Xull* = 220 = X, X — Xs1) (4.9)

< [lxco = et |I* = 120 = x|

Since lim,, _, . ||, — x0|| exists, we have that ||x, — x,41|| — 0. On the other hand x,,,1 € C,,41 C
C, implies that

|z = xns1ll < 2w — %41l — 0. (4.10)
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Further, we have

lim ||z, — x,|| = 0.
n—oo
From (4.3), we have
ot = Tueal < =5 (1% = pIF = l120 - pI)
n nin _62 n—P n— P .

On the other hand, we have

2 = pI% = 120 = PI* = Iall? = zalP* + 2(z0 — X0, p)

< ”xn - Zn”(”xn” + ”Zn”) + 2||p||”xn - Zn”'

Then, we have

lim [l ~ p|* = [|zu - p|* = 0.

n—oco
Therefore, we have

lim ||x;, — Tyx,|| = 0.
n— oo

We apply Lemma 2.2 to get

lcn = Txp|| < lon = T || + | Ty — Txyl|

< lon = Toxn|| + sup{|Tox = Tx|| : x € {xn}} — 0.

(4.11)

(4.12)

(4.13)

(4.14)

(4.15)

(4.16)

Lastly, we show that the sequence {x,} converges to Pr()~p(f)Xo. Since {x,} is
bounded and H is reflexive, Wy, (x,) is nonempty. Let w € Wy, (x,) be an arbitrary element.
Then a subsequence x,, of {x,} converges weakly to w. From Lemma 2.1 and (4.16), we
obtain that wy, (x,) C F(T). Next, we show Wy, (x,) C EP(f). Let p be an arbitrary element of

F(T) nEP(f). From z, = T}, y, and ||y, — p|| < ||x, — pl|, we have

Iz = plI* < I Ty - Top|I®
< <Tr]/n - Trpryn —P>
= <Zn - Trpryn - P>

1 2 2 2
= 5z =PI + 1y =21 = llya = zal)

1 2 2 2
=§(||Zn—P|| #lx=pl* = llyn = zall®),

(4.17)
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and hence
1y = zall® < lla =PI = llza - pII™ (4.18)
Therefore, we have
lim [|y, =z, || = 0. (4.19)

As in the proof of Theorem 3.1, we have

f(zny) + %(y ~ZnZn—Yn) 20, VyeC. (4.20)
By (A2), we have
1
(Y= zZuZn=Yn) 2 f(Y Zn), (4.21)
and hence
Zn,- — Yn;
(=2, =) 2 f (g 20). (4.22)
From (A4), we have
0> f(y,w) VyeC. (4.23)

Then, for t € (0,1] and y € C, from (A1) and (A4), we also have

0=f(ty+(1-bHw, ty+(1-tHw)
<tf(ty+(1-Hw,y)+ (A -t)f(ty + 1 - Hw,w) (4.24)
<tf(ty+ (1-Hw,y).

Taking t — 0* and using (A3), we get

f(w,y) >0 VyeC, (4.25)

and hence w € EP(f). Lemma 2.3 and (4.6) ensure the strong convergence of {x,} to
Pr(1)rEP(f)X0- This completes the proof. ]
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