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We obtain the generalized Hyers-Ulam stability of the bi-quadratic functional equation f(x+y, z+

w)+ f(x+y,z-w)+f(x-y,z+w) + f(x-y,z-w) =4[f(x,z) + f(x,w) + f(y,z) + f(y,w)] in
quasinormed spaces.

1. Introduction

In 1940, Ulam [1] gave a talk before the Mathematics Club of the University of Wisconsin
in which he discussed a number of unsolved problems, containing the stability problem of
homomorphisms as follows

Let Gy be a group and let G, be a metric group with the metric d(-,-). Given € > 0, does there
exist a & > 0 such that if a mapping h : G — G satisfies the inequality d(h(xy), h(x)h(y)) < 6 for
all x,y € Gy, then there is a homomorphism H : Gy — Gy with d(h(x), H(x)) < € forall x € G;?

Hyers [2] proved the stability problem of additive mappings in Banach spaces. Rassias
[3] provided a generalization of Hyers theorem which allows the Cauchy difference to be
unbounded: let f : E — E be a mapping from a normed vector space E into a Banach space
E subject to the inequality

[1f Ge+y) = fx) = F()I < e(llxll” + [lx]P) (1.1)

for all x,y € E, where € and p are constants with ¢ > 0 and p < 1. The above inequality
provided a lot of influence in the development of a generalization of the Hyers-Ulam stability
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concept. Gavruta [4] provided a further generalization of Hyers-Ulam theorem. A square
norm on an inner product space satisfies the important parallelogram equality:

-+ I+ flxe =y = 200 + 2]y 12)
The functional equation
fxr+y) +f(x-y) =2f(x) +2f (y) (1.3)

is called the quadratic functional equation whose solution is said to be a quadratic mapping.
A generalized stability problem for the quadratic functional equation was proved by Skof [5]
for mappings f : Ey — E,, where E; is a normed space and E; is a Banach space. Cholewa
[6] noticed that the theorem of Skof is still true if the relevant domain E; is replaced by
an Abelian group. Czerwik [7] proved the generalized stability of the quadratic functional
equation, and Park [8] proved the generalized stability of the quadratic functional equation
in Banach modules over a C*-algebra.
Throughout this paper, let X and Y be vector spaces.

Definition 1.1. A mapping f : X x X — Y is called bi-quadratic if f satisfies the system of the
following equations:

F(x+w,z) + (- y,2) =20 (2) 20 (v,2), "
Py +2)+ f(xy-2) = 2f (x,) +2f (3,2).

When X = Y = R, the function f : R x R — R given by f(x,y) := ax*y? is a solution
of (1.4).
For a mapping f : X x X — Y, consider the functional equation:

flx+yz+w)+ f(x+y,z-w)+f(x-y,z+w) + f(x-y,z-w)

(1.5)
=4[f(x,2) + f(x,w) + f(y,2) + f(y, w)].

Definition 1.2 (see [9, 10]). Let X be a real linear space. A quasinorm is real-valued function
on X satisfying the following

(i) ||lx|| 2 0 for all x € X and ||x|| = 0if and only if x = 0.
(ii) ||Ax|| = |A]||x]| for all A € R and all x € X.
(iii) There is a constant K > 1 such that ||x + y|| < K(||x|| + ||ly||) for all x, y € X.

It follows from the condition (iii) that

2m+1

SK™UY |l (1.6)
i=1

2m+1

2. %
i=1

2m
i
i=1

2m
< K™Y |lxill,
i=1

forallm >1and all x1,x,...,xm+1 € X.



Journal of Inequalities and Applications 3

The pair (X, || - ||) is called a quasinormed space if || - || is a quasinorm on X. The smallest

possible K is called the modulus of concavity of || - ||. A quasi-Banach space is a complete
quasinormed space. A quasinorm || - || is called a p-norm (0 < p < 1) if
I+ yI” < el + [y 11" (17)

for all x, y € X. In this case, a quasi-Banach space is called a p-Banach space.

Given a p-norm, the formula d(x,y) = |x — y||P gives us a translation invariant
metric on X. By the Aoki-Rolewicz theorem [10] (see also [9]), each quasinorm is equivalent
to some p-norm. Since it is much easier to work with p-norms, henceforth we restrict our
attention mainly to p-norms. In [11], Tabor has investigated a version of Hyers-Rassias-Gajda
theorem (see also [3, 12]) in quasi-Banach spaces. Since then, the stability problems have been
investigated by many authors (see [13-18]).

The authors [19] solved the solutions of (1.4) and (1.5) as follows.

Theorem A. A mapping f : X x X — Y satisfies (1.4) if and only if there exist a multi-additive
mapping M : X x X x X x X — Y such that f(x,y) = M(x,x,y,y) and M(x,y,z,w) =
My, x,z,w) = M(x,y,w,z) forall x,y,z,w € X.

Theorem B. A mapping f : X x X — Y satisfies (1.4) if and only if it satisfies (1.5).

In this paper, we investigate the generalized Hyers-Ulam stability of (1.4) and (1.5) in
quasi-Banach spaces.

2. Stability of (1.4) and (1.5) in Quasi-normed Spaces

Throughout this section, assume that X is a quasinormed space with quasinorm || - ||x and
that Y is a p-Banach space with p-norm || - ||y. Let K be the modulus of concavity of || - ||y.
Letgp: X xXxX — [0,00)and ¢ : X x X x X — [0, 00) be two functions such that

lim 4ln(p(2"x, 2"y,z) =0, lim %qr@"x, y,z) =0, lim 4ln(p(x, y,2"z) =0,

e . 2.1)
lim 4—nq;(x, 2"y,2"z) =0
forall x,y,z € X.
Leto, ¢ : X x X x X — [0, 00) be two functions satisfying
1 . P
=N (2, 2
M(x,y,z): ]_204;;]'(/)(2 x,2 y,z) < oo, (2.2)
=1 . S \P
=3 iy 2
N(x,y,z): Z4pj<p<x,2 y,2 z> <o (2.3)

—
Il
o

forall x,y,z € X.
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Theorem 2.1. Let f : X x X — Y be a mapping such that

lf(x+y,2)+ fx-y,z)-2f(x,2) -2f(y,2) ||y < p(x,y,2), (2.4)
| fx,y+2)+ flo,y-2) -2f(x,y) - 2f(x, 2) ||y < ¢p(x,y,2), (2.5)

and let f(x,0) = 0 and f(0,y) = O for all x,y,z € X. Then there exist two bi-quadratic mappings
F,F, : X x X — Y such that

16w - Bl < pMGxx )", @6)
Gy = Eaelly < gN G @7)

forallx,y € X.

Proof. Letting y = x in (2.4), we get

|7 - 3752

< 1t,o(x, X, z) (2.8)
Y 4

for all x, z € X. Thus we have

1 1 .
Zf(ZJx,z)—Wf(Z” x,z) YS

4j1+1 (p<2jx, 2y, z) (2.9)

for all x, z € X. Replacing z by y in the above inequality, we obtain

1
o @xy) - ]+1f( f”x, “ < 4]+1(p(2 x,20x, y> (2.10)

for all x, y € X. Since Y is a p-Banach space, for given integers [, m (0 <[ < m), we see that

o @) - s ()|

17l S P
— I ] ]
4P = 4P](P<2 X, 2 x,y)

m—

|57 - e,

- (2.11)

for all x,y € X. By (2.2) and (2.11), the sequence {(1/4/)f(2/x,vy)} is a Cauchy sequence for
all x,y € X. Since Y is complete, the sequence {(1/4/)f(2/x,y)} converges for all x,y € X.
Define F; : X x X — Y by

1
Fi(x,y) = jlggﬁf@]x,y) (2.12)
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for all x, y € X. Putting [ = 0 and taking m — oo in (2.11), one can obtain the inequality (2.6).
By (2.4) and (2.5), we get

%f(x+y,2jz> + %f(x—y,2j2> —2%f<x,2jz> —2%f(y,272>

y < %(p(:t,y,zjz),

1 . 1 . 1 . 1 )
Zf(21x,y+z) + Zf(ZJx,y—z) —25f<2]x,y> —25f<2]x,z>

1 4
—w(2
(2.13)
forall x,y,z € X and all j. Letting j — oo in the above two inequalities and using (2.1), F; is

bi-quadratic.
Next, setting z = y in (2.5),

[reew-gr@aw)| <oy 2.14)

for all x,y € X. By the same method as above, define F, : X x X — Y by Fa(x,y) =
limj_ o (1/47) f(x,2/y) for all x,y € X. By the same argument as above, F, is a bi-quadratic
mapping satisfying (2.7). O

Corollary 2.2. Let f : X x X — Y be a mapping such that

| fx+y,2)+ fx-y,2) -2f(x,2) - 2f (v, 2) ||, <6,

(2.15)
e,y +2)+ flx,y—2)-2f(x,y) - 2f (x,2)||, <&,

and let f(x,0) = 0and f(0,y) = 0 for all x,y,z € X. Then there exist two bi-quadratic mappings
Fi,F, : X x X — Y such that

o
7 - F 7 = Ty
”f(x y) 1(JC y)”Y < m (216)

£
— < —
1) - Fa(emlly < s

forall x,y € X.

Proof. In Theorem 2.1, putting ¢(x,y, z) := 6 and ¢(x,y, z) := € for all x,y,z € X, we get the
desired result. O

From now on, let ¢ : X x X x X x X — [0, o0) be a function such that

. 1
nlgroloﬁtp(Z"x, 2"y,2"z,2"w) =0, (2.17)
L(x,y,z,w) = ii (27x 2y, 2z 2fw>p < o0 2.18
/y/ 7 . ],:0 16P](P 7 y, 7 ( . )

forall x,y,z,w € X.
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We will use the following lemma in order to prove Theorem 2.4.

Lemma 2.3 (see [20]). Let O < p < 1and let x1,x3, ..., X, be nonnegative real numbers. Then

P
<Zx,-> < b (2.19)

Theorem 2.4. Let f : X x X — Y be a mapping such that

lf(x+y,z+w)+ f(x+y,z-w) + f(x-y,z+w) + f(x -y, z-w)

(2.20)
—4[f(x,2) - f(x,w) - f(y,2) - f(y, W]y <o(xy,zw),

and let f(x,0) = 0and f(0,y) = 0 for all x,y,z,w € X. Then there exists a unique bi-quadratic
mapping F : X x X — Y such that

1£ o) - Fxy)lly < e L(xx )" (221)

forallx,y € X.

Proof. Letting y = x and w = z in (2.20), we have

1 1
- < —
Hf(xlz) 16f(2x’22) = 16<P(X/X,Z,Z) (2.22)
for all x,z € X. Thus we obtain
£ (2. D] j+14 0j+1 Joe DIy 2i> 2J
H o f(@x,22) - f(2 x2"2)| < 16].+1(p<2 x,2/x,2/2,2/z) (2.23)

for all x, z € X and all j. Replacing z by y in the above inequality, we see that

o(2/x,2/x,27y, 2y (2.24)

1 ) ) 1 ) . 1
—F(x Diy) — —— £ (i1, i+l <
|5 @2 - s | <

for all x, y € X and all j. By Lemma 2.3, for given integers [,m (0 <1 < m), we get

m-—

Z

Y =

1 I 1 m m 1 j+1 j+1 P
Hl—élf(z x,2y) - 16mf(2 x,2 (ZJx 2y) - 16].+1f<2’+ x,2"y) .

(2.25)

m-1

%Z% (2]x 2/x, 2]]/,2]]/)
=1
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for all x, y € X. By (2.18) and (2.25), the sequence {(1/16f)f(2jx, 2/y)} is a Cauchy sequence
for all x,y € X. Since Y is complete, the sequence {(1/16/)f(2/x,2/y)} converges for all
x,y € X. Define F: X x X — Y by

F(xy) = lim 1%1' f(27x,27y) (2.26)

forall x,y € X.
By (2.20), we have

|67 @G 2erw)+ o @y - w)

A 1 . A
+ Ef(ZJ(x—y),27(2+w)> + ﬁf<27(x—y),27(z—w)>
(2.27)

—1—6]f<2’x,2’z> - —f<27x, w) - 1i6]_f<zfy,2fz) _ %f(ziylziw) HY

1 o
R ] ] ] ]
< 16].(p<2 x,2/y,2/z,2 w)

forall x,y,z,w € X and all j. Letting j — oo and using (2.17), we see that F satisfies (1.5). By
Theorem B, we obtain that F is bi-quadratic. Setting | = 0 and taking m — oo in (2.25), one
can obtain the inequality (2.21). If G : X x X — Y is another bi-quadratic mapping satisfying
(2.21), we obtain

| F(x,y) - G(x,y)ll’i

|F(2"x,2"y) - G(2"x,2"y) ||},

6P”
(2.28)
||F(2"x 2'y) = f@"x, 2"yl + 6rm |l f@2"x,2"y) - GQ2"x,2"y) ||}
1 n n n n
< 16P"L(2 x,2"x,2"y,2"y) — 0 asn— oo
for all x, y € X. Hence the mapping F is the unique bi-quadratic mapping, as desired. O

Corollary 2.5. Let € be a nonnegative real number. Let f : X x X — Y be a mapping such that

lf(x+y,z+w)+ f(x+y,z-w) + f(x—y,z+w) + f(x -y, z-w)

(2.29)
~4[f(x,2) - f(x,w) - f(y,2) - f(y,w)] |y <e
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and let f(x,0) = 0and f(0,y) = 0 for all x,y,z,w € X. Then there exists a unique bi-quadratic
mapping F : X x X — Y such that

If(xy) = Flx,ylly < (2.30)

€
Vier -1
forallx,y € X.

Proof. In Theorem 2.4, putting ¢(x,y, z,w) = e forall x, y, z, w € X, we get the desired result.
O
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