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The purpose of this paper is to investigate some new dynamic inequalities on time scales.
We establish some new dynamic inequalities; the results unify and extend some continuous
inequalities and their corresponding discrete analogues. The inequalities given here can be used as
tools in the qualitative theory of certain dynamic equations. Some examples are given in the end
of this paper.

1. Introduction

The theory of time scales was introduced by Hilger [1] in 1988 in order to contain both
difference and differential calculus in a consistent way. Recently, many authors have extended
some fundamental integral inequalities used in the theory of differential and integral
equations on time scales. For example, we refer the reader to the papers [2-12] and the
references cited there in.

In this paper, we investigate some nonlinear integral inequalities on time scales,
which extend some inequalities established by Liand Sheng [8] and Li [9]. The obtained
inequalities can be used as important tools in the study of dynamic equations on time scales.

Throughout this paper, let us assume that we have already acquired the knowledge
of time scales and time scales notation; for an excellent introduction to the calculus on time
scales, we refer the reader to Bohner and Peterson [4] for general overview.

2. Some Preliminaries on Time Scales

In what follows, R denotes the set of real numbers, Z denotes the set of integers, Ny denotes
the set of nonnegative integers, C denotes the set of complex numbers, and C(M, S) denotes
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the class of all continuous functions defined on set M with range in the set S. T is an arbitrary
time scale. If T has a right-scattered maximum m, then the set Tk = T — {m}; otherwise,
Tk = T. C,q denotes the set of rd-continuous functions; R denotes the set of all regressive and
rd-continuous functions. We define the set of all positively regressive functions by R* = {p €
R:1+pu(t)p(t) >0,t € T}. Obviously, if p € Cyq and p(t) >0 for t € T, thenp € R*.

For f : T — Rand t € TX, we define f2(t) as follows (provided it exists):

FA) =m0 2T, 1)

-t o(t)-s ’

we call f2(t) the delta derivative of f att.
The following lemmas are very useful in our main results.

Lemma 2.1 (see [4]). If p € R and fix ty € T, then the exponential function ey (-, to) is for the unique
solution of the initial value problem

xh = p(t)x, x(tp)=1 onT. (2.2)

Lemma 2.2 (see [4]). Let tg € T and w : T x T¢ — R be continuous at (t,t), where t > t,.
Assume that w* (t,-) is rd-continuous on [to, o(t)]. If for any & > 0, there exists a neighborhood U of
t, independent of T € [ty, o(t)], such that

|w(o*(t),7) —w(s,T) - wA(t,T)(o(t) - s)| <eglo(t)-s|, sel, (2.3)

where w* denotes the derivative of w with respect to the first variable, then
t

gt)y:=| w(t)AT (2.4)

to

implies

gA(t) = t wh(t, T)AT + w(o(t),1). (2.5)

to

The following theorem is a foundational result in dynamic inequalities.

Lemma 2.3 (Comparison Theorem [4]). Suppose u,b € Cyq, a € R*; then
ub(t) < a(tyu(t) +b(t), t>ty, teTk, (2.6)

implies

u(t) <u(to)eq(t, to) + t b(T)eq(t,0(T))AT, t>ty, t €Tk (2.7)
to
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The following lemma is useful in our main results.

Lemma 2.4 (see [7]). Leta >0, p > g >0, then

al’P < Ixanivg . qu/rJ, K >0. (2.8)
p P

3. Main Results

In this section, we study some integral inequalities on time scales. We always assume that
p.q,t,mare constants,p>q>0,p>m>0,p>r>0,and t > ty,t € Tk,

Theorem 3.1. Assume that u,a,b, f,g,h € Ciq;u(t),a(t),b(t), f(t),g(t), and h(t) are nonnega-
tive; then

uP (t) < a(t) + b(t) ’[t I:f(s)uq(s) + g(s)u"(s) + '[S h(T)um(T)AT] As, teTFk, (3.1)
to to

implies

1/p
u(t) < {a(t) +b(t) jt B(T)EA(T)(t,O'(T))AT} , K>0, teTk (3.2)
to

where

A(t) = [gK(q—P)/pf(t) + :;K(r‘p)/f’g(t)] b(t) + %K(m—p)/p t b(e)h() A,

to

B(t) = f(t) [ﬂKW-P)/Pa(t) N qu/P] +g(t) [5K<’-P>/Pa(t) + EK””] (3.3)
P p p P
t —
+ f %K(m_p)/pa(’[) + ;%Km/”] h(t)AT, teTk.
to

Proof. Define z(t) by

s

z(t) = f: I:f(s)u"(s) + g(s)u’(s) +J’ h(T)um(T)AT] As, (3.4)

to
then z(tp) = 0, and (3.1) can be restated as

wP (1) < a(t) + b(H)z(t). (3.5)
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Using Lemma 2.1, for any k > 0, we obtain
W) < [a() + b(t)z(H)]7? < gKW’P)/”[a(t) L b(t)z()] + P%’Kw,

W (0 < [a) + b1 < TKOPPa®) +b0z0] + KT @)

(1) < [a®) +b(O)z(0]"" < ZKPPa(h) + b(1)z(0)] + %KW
It follows from (3.4) and (3.6) that
ZA(t) = F(OuI(t) + g(t)u’ (t) + t h(T)u™(T)AT

to

<f@) [gK(q‘p)/”(a(t) +b(H)z(b) + *% Kq/p]
+g(t) [;K PP (a(t) + b(t)z(t)) + "’% Kr/p] (3.7)

+ f: h(r) [%me/r’(a(n +b(r)z(r)) + =0 ;m Km/p] AT
<B(t) + A(hz(t), teT",

where A(t), and B(t) are defined as in (3.3) and A(t) is regressive obviously.
From Lemma 2.3 and (3.7), noting z(tp) = 0, we obtain

t
z(t) < f B(T)eaw (t,o(T))AT. (3.8)

Therefore, the desired inequality (3.2) follows from (3.5) and (3.8). O

Remark 3.2. Theorem 3.1 extends some known inequalities on time scales. If g = 1,7 = 0, h(t) =
0, then Theorem 3.1 reduces to [7, Theorem 3.1]. If g = p, h(t) = 0, then Theorem 3.1 reduces
to [8, Theorem 3.2].

Remark 3.3. The result of Theorem 3.1 holds for an arbitrary time scale. If T = R, then
Theorem 3.1 becomes the Theorem 1 established by Yuan et al. [13]. If T = Z, we can have the
following Corollary.

Corollary 3.4. Let T = Z and assume that u(t), a(t),b(t), f(t),g(t), and h(t) are nonnegative
functions defined for t € Ny. Then the inequality

uP(t) <a(t)+ b(t)i [f(s)uq(s) + g(s)u’(s) + SZlh("r)um("r)], t € Ny, (3.9)
s=0 7=0



Journal of Inequalities and Applications 5

implies
=1 -1 - Vp
u(t) < {a(t) +b(t) Y B(s) [ [ 1+ A(T))} , K>0,teN, (3.10)
5=0 T=5+1
where

A(t) = [ZKW PP £(t) + pK(r"’)/”g t)] (t) + ;KW WPZb(T)h(T)

7=0
B(t) = f(t)[qK(q ’”)/’”a(t)+ppq1<‘7/’” +g(t)[ KoP /gy + P . K’”/’] (3.11)
t-1
+> pK(’" Pirgry+ EZ 1 ) Km/r’]h(r) t € No.
7=0

Corollary 3.5. Let T = IZ N [0,00), where 1Z = {lk : k € Z,1 > 0}. We assume that
u(t),a(t),b(t), f(t), g(t),and h(t) are nonnegative functions defined for t € T. Then the inequality

/1= s/1-1
uP(t) < a(t) + b(f)tz1 I:f(ls)u"(ls) + g(Is)u’ (Is) + Z h(lT)um(lT)], teT (3.12)
5=0

=0

implies
Y-l 11 _ Vp
u(t) < {a(t) +b(t) > B(ls) [T a+ A(T))} , K>0,teT, (3.13)
s=0 T=s/1+1
where
— t/1-1
A(t) = [gK(""’)/” £t + %K(r"’)/’”g(t)] b(t) + %K(’”‘W” 3 b(ir)h(iT),
7=0

B() = f() ["KW PIPa(t) + pp P~ 4 garr

+ (t)[ KrP/raey + P . K’”/’] (3.14)

t/1-1
+Z[ Km=p)/p g ( lT)+ ; K’”/”]h(h-) teT.
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Theorem 3.6. Assume that u,a,b, f, h are defined as in Theorem 3.1, L(t,y), M(t,y) : Tk xR —
R, are continuous functions, and L(t,y) is nondecreasing about the second variable and satisfies

0<L(t,x) - L(ty) < M(ty)(x—y)

fort € TX and x > y > 0; then

t

uP(t) < a(t) +b(t) I:f(s)uq(s) + L(s,u"(s)) +

to to

implies

t

1/p
u(t) < {a(t) +b(t) | Bi(r)ea, (t,O'(T))AT} , K>0, teTk

to

where

t
Ay(t) = ZK@PVPF(Db(t) + — 1<<m-P>/Pj h(t)b(T)AT
P P to
+ ZK(V—P)/PM< T ko P/Pa(t) + K”P)p,(f)
P p P
Bi(t) = (1) < K- P)/”a(t)+ppq1<‘7/’”>

+I h(T)( K™ /ra(ry + L2101 ) Km/P)AT
to

+ L<t —KTP/Pg(t) +P K”F’>, te Tk,
p p
Proof. Define z(t) by

t s
z(t) = L I:f(s)uq(s) + L(s,u"(s)) +J’

fo

h(T)um(T)AT] As

then z(ty) = 0, and (3.16) can be written as (3.5).

h(T)um(T)AT] As, teTk

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)
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Therefore, from (3.6) and (3.19), we have

22 () = F(OuI(t) + L(t u' (1) + f: h(r)u™ (1) AT
< £ [ 2K a + bz + Ao
+L<t,£KT’”/P(a(t L b(t)z) + P : 1<”P>
- L<t, £K<f-P>/Pa(t) + %K”P)
J h(T)[mK<m P/P(a(r) + b(r)z(r)) + = ; K’”/"’]AT
+L<t,;K(”’/”a(t)+ . K””)

<f() [gK("_p)/”a(t) n ?KW] I

h(T)< Km/pa(r) + P
to

t h(T)b(T)AT] z(t)

fo

+ I:gK(q—P)/Pf(t)b(t) + %K(m—P)/P

+ M( TRe-plrgy + P 1<”P> LR /Pp(t)2(h)
p p p

+ L<t,£K(r PIPact) + F . K””) = Ai(Hz(t) + Bi(t), teTk,

Km/F’>A

(3.20)

where A;(t), and B (t) are defined as in (3.18) and A (t) is regressive obviously.

From Lemma 2.3 and (3.20), noting z(f) = 0, we obtain

t
z(t) SJ Bi(T)ea, ) (t, o(T))AT.

to

Therefore, the desired inequality (3.17) follows from (3.5) and (3.21).

(3.21)
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Remark 3.7. If T = R, then Theorem 3.6 becomes [13, Theorem 3]. If T = Z, we can have the
following Corollary.

Corollary 3.8. Let T = Z and assume that u(t), a(t),b(t), f(t), g(t), and h(t) are nonnegative
functions defined for t € No. L, M € C(R2,R,,) satisfy

0<L(t,x)-L(t,y) <M(ty)(x-y) (3.22)

for x >y > 0and L(t,y) is nondecreasing about the second variable. Then the inequality

uP(t) < a(t) + b(t)i I:f(s)uq(s) + L(s,u”"(s)) + Sz_lh(T)um(T):I, teNp (3.23)
5=0 7=0
implies
t-1 1p
u(t) < {a(t) + b(t)ZBl(T) [Ta+4 (T))} , K>0, teN,, (3.24)
s=0 T=5+1
where

Ailt) = JKOPIF () + KO ”)/”Zh(T)b(T)
+ fK(r—P)/pM< k- P/Pa(t) WP KT/P)b(t)
p p p

§1(t)=f(t)<gK(“"”)/’”a(t)+qr%PK‘W) Zh(T)( KmP/ra(ry + P . K"‘/’”>

+ L<t, TRe-nray + P K’/P>, t e No.
p p
(3.25)

Theorem 3.9. Assume that u(t),a(t),b(t), f(t), g(t), and h(t) are defined as in Theorem 3.1, w(t, s)
is defined as in Lemma 2.2 such that w(o(t),t) > 0,w”(t,s) > 0 for t,s € T with s < t; then

uP (t) < a(t) +b(t) ft w(t, s) [f(s)uq(s) +g(s)u"(s) + js h(T)um(T)AT] As, teTk,
to to
(3.26)
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implies
t 1/p
u(t) < {a(t) + b(t)f Bz(T)eAz(t,G(T))AT} , K>0, teTk (3.27)
to

where

t
A (t) = w(o(t),t) [(gK(”)/’”f(t) + ;K(’P)/”g(t)>b(t) + %K(’"P)/PI

to

b(T)h(T)AT]
: tow (0,9)| (L7 f(s) + LK rg() Jois)

+%K(’””’)/” b(T)h(T)AT]As,

to

By(t) = w(o(t), 1) [f(t)(%[((q—r’)/?a(t) N ?KW’) +g(t)<£ KD/ oty + P . 1<P/r>
F——
+ J;: wA(t, S) [f(s) (gK(q_”)/”a(s) + ;%Kq/p>
+g(s)< KP/Pg(s) s - KP/7>

f h(T)< K(m‘P)/”a(T)+ ; Km/P>AT]A s, teTk,
to
(3.28)

Proof. Define z(t) by

t

z(t) = | w(t,s) [f(s)uq(s) +g(s)u"(s) + f h(T)um(T)AT] As, (3.29)

to

then z(ty) = 0, and (3.26) can be written as (3.5).
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Therefore, from (3.6) and (3.29) we have

z8(t) = w(o(b), 1) [f(f)u”(f) +g(Bu'(t) + Lt h(T)um(T)AT]

t

+| wi(t,s) I:f(s)u‘?(s) +g(s)u'(s) + fs h(T)um(T)AT] As
to

to

<w(@(t, ) |£6 (TKP(a) + bz + K
+g(t)< KPP (a(t) + b(Hz(t)) + "’; K”P)
LO h(T)< K™)/P(a(r) + b(1)z(7)) + = ; K’"/P>] AT (3.30)

+ wA(t s) [f(s ( K- P)/p(a(s)+b(s)z(s))+PPqK‘7/”>

to

+ g(s)<pK(r ”)/’”(a(s) +b(s)z(s)) + » K’/P>

Km=p)/p m/p
LO h(r) < v (a(t) + b(1)z(T)) +P ’ P- My >AT] As
<Bo(t) + Ar(B)z(t), teTk,

where A;(t), and B;(t) are defined by (3.28) and A;(t) is regressive obviously.
From Lemma 2.3 and (3.30), noting z(tp) = 0, we obtain

¢
z(t) < J By(T)eay ) (t, o(T))AT. (3.31)

to
Therefore, the desired inequality (3.27) follows from (3.5) and (3.31). O
Remark 3.10. If g = p, h(t) = 0, then Theorem 3.9 reduces to [8, Theorem 3.8].
Using our results, we can also obtain many dynamic inequalities for some peculiar

time scales; here, we omit them.

4. Some Applications

In this section, we present some applications of Theorem 3.9 to investigate certain properties
of solution u(t) of the following dynamic equation:

[uP ()] = F<t,U(t,u(t)),jt H(s,u(s))As>, uP(ty) =C, teTk, (4.1)
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where C is a constant, F : TF xR x R — R is a continuous function, and U : T xR — R, H :
Tk x R — R are also continuous functions.

Example 4.1. Assume that

|E(t, U, V)| < U] +|V],
Ut w)| < f(B)lul®+ gB)ul, (4.2)

|[H(t,u)| < h(t)|u|™, teT,

where p,q,r, and m are constants,p >q>0, and p>m>0,p>r>0. f,g,h € Cyq, f(t),g(t)
and h(t) are nonnegative. Then every solution u(t) of (4.1) satisfies

¢ 1/p
[u(t)| < {|C| + L B(T)eA(T)(t,O'(T))AT} , K>0, teTk (4.3)

where A, B are defined as in (3.3) with a(t) = |C|,b(t) = 1.
Indeed, the solution u(t) of (4.1) satisfies the following equivalent equation

uP(t) =C+ ft F<T,U(T,u(7')), ’ H(s,u(s))As> At, teTk. (4.4)

to to

It follows from (4.2) and (4.4) that

t T
[uP ()] < |C| +f F<T,U(T,u(’l‘)),f H(s,u(s))As> AT
t() tO
(4.5)
t T
<[Cl+ f [f(T)Iu(T)Iq +g(T)u(r)[" + f h(S)Iu(S)ImAS] At
to to
Using Theorem 3.1, the inequality (4.3) is obtained from (4.5).
Example 4.2. Assume that
|F(t, ullvl) - F(tr Uy, V2)| < |u1 - u2| + |V1 - V2|/
Ut ) = Ut )| < (O]l =18, (4.6)

|H@m%%MMMSMMﬂ—JLtEW,

p, f,and h are defined as in Example 4.1. If p = (m/n) (m,n € N) and m is odd, then (4.1) has

at most one solution; otherwise, the two solutions u1(t), and uy(t) of (4.1) have the relation
p p

wy () = u, (t).
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Proof. Let uy(t), and u(t) be two solutions of (4.1). Then we have

Wb (t) —ub(t) = f [F <T,U(T, ul(T)),fT H(s, ul(s))As>
g ‘ 4.7)

-F (T,U(T, uy (7)), ’ H{(s, u2(s))As>] AT, teTk

to

It follows from (4.6) and (4.7) that
t T
uf(t) - uZ(t)' < L [f(T)'uf(T) - u5(7)| + J‘t h(s)'uf(s) - u§(s)|As:| At, teTk.  (4.8)

By Theorem 3.1, we have uf(t) - ug(t) =0, t € T*. The results are obtained. O
Example 4.3. Consider the equation

u? = a(t) + b(t) t F<t, s, U(s,u), ) H(r, u)AT> As, teTk (4.9)

to to

If
[E(t,s, U, V)| <w(t,s)(JU| +[V]),
LL(t, w)| < f(O)ulT+ gB)lul’, (4.10)

[H(t,u)| < h(t)|u|™, teTk,

where p,q,r,m are constants, p > g > 0,p > m > 0,p > r > 0.a,b,f,gh €
Cra,a(t), b(t), f(t), g(t) and h(t) are nonnegative, w(t, s) is defined as in Lemma 2.2 such that
w(o(t),t) >0, wh(t,s) >0fort,s € Twiths <t

Then we have the estimate of the solution u(t) of (4.9) that

1/p
lu(t)| < {a(t) +b(t) f: BZ(T)eAZ(t,O'(T))AT} , K>0,teTk, (4.11)

where A,, B, are defined as in (3.28).

Proof. From (4.10) and (4.9), we have

()P < a(t) +b(t) t w(t,s) I:f(S)Iu(S)lq +8(s)lu(s)l" + s h(T)Iu(T)ImAT] As, teT-
to to

(4.12)

By Theorem 3.9 and (4.12), we have that (4.11) holds. O
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