Hindawi Publishing Corporation
Journal of Inequalities and Applications
Volume 2010, Article ID 403101, 16 pages
doi:10.1155/2010/403101

Research Article

Solutions and Stability of
Generalized Mixed Type QC Functional Equations
in Random Normed Spaces

Yeol Je Cho," Madjid Eshaghi Gordji,> and Somaye Zolfaghari?

! Department of Mathematics Education and the RINS, Gyeongsang National University,
Chinju 660-701, Republic of Korea

2 Department of Mathematics, Semnan University, P.O. Box 35195-363, Semnan, Iran

3 Department of Mathematics, Urmia University, Urmia, Iran

Correspondence should be addressed to Madjid Eshaghi Gordji, madjid.eshaghi@gmail.com
Received 29 July 2010; Accepted 31 August 2010
Academic Editor: Vijay Gupta

Copyright © 2010 Yeol Je Cho et al. This is an open access article distributed under the Creative
Commons Attribution License, which permits unrestricted use, distribution, and reproduction in
any medium, provided the original work is properly cited.

We achieve the general solution and the generalized stability result for the following functional
equation in random normed spaces (in the sense of Sherstnev) under arbitrary t-norms: f(x +

ky) + f(x —ky) = K*[f(x +y) + f(x = y)] + 2(k* - 1)/ k> (k - 2)) f (kx) - (> = k2 =k +1)/2(k -
2))f(2x) + f(2y) = 8f(y), where f(y) = f(y) — f(-y) for any fixed integer k with k #0, +1,2.

1. Introduction

In 1940, the stability problem of functional equations originated from a question given by
Ulam [1], that is, the stability of group homomorphisms.

Let (Gy,-) be a group and (G, *,d) be a metric group with the metric d. For any
€ > 0, does there exist 6 > 0, such that, if a mapping h : G; — G, satisfies inequality
d(h(x - y), h(x) * h(y)) < &.

For all x,y € G;j, then there exists a homomorphism H : G; — G, with
d(h(x),H(x)) < eforall x € G;?

In other words, under what condition, does there exists a homomorphism near an
approximate homomorphism? The concept of stability for functional equation arises when
we replace the functional equation by an inequality which acts as a perturbation of the
equation.

In 1941, Hyers [2] gave a first affirmative answer to the question of Ulam for Banach
spaces.
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Let f be a mapping between Banach spaces E and E’ such that, for some 6 > 0,
IfCe+y) =f) - f(W) <6 VxyeE. (1.1)
Then there exists a unique additive mapping T : E — E’ such that

|f(x)-T(x)|| <6, Vx,yeE. (1.2)

Moreover, if f(tx) is continuous in t € R for any fixed x € E, then T is linear.

In 1978, Rassias [3] provided a generalization of Hyers” Theorem which allows the
Cauchy difference to be unbounded. In 1991, Gajda [4] answered the question for the case
p > 1, which was raised by Rassias. This new concept is known as the Hyers-Ulam-Rassias
stability of functional equations (see [5-17]).

The functional equation

flx+y)+ f(x-y) =2f(x) +2f (y) (1.3)

is related to symmetric biadditive mapping. It is natural that this equation is called a quadratic
functional equation. In particular, every solution of the quadratic equation (1.3) is said to be a
quadratic mapping. It is well known that a mapping f between real vector spaces E and E’
is quadratic if and only if there exits a unique symmetric biadditive mapping B such that
f(x) = B(x,x) for all x € E (see [5,18]). The biadditive mapping B is given by

Bxy) = 3 (f(x+y) - f(x-y)), VryeE (14

Hyers-Ulam-Rassias stability problem for the quadratic functional equation (1.3) was proved
by Skof [19] for a mapping f : E — E’, where E is a normed space and E’ is a Banach space.
Cholewa [20] noticed that the theorem of Skof is still true if the relevant domain A is replaced
by an abelian group. In [21], Czerwik proved the Hyers-Ulam-Rassias stability of (1.3) and
Grabiec [22] generalized these results mentioned above.

Recently, Jun and Kim [23] introduced the following cubic functional equation:

f@x+y)+f(2x-y) =2f(x+y) +2f (x-y) +12f(x), VYx,yeX, (1.5)

where f is a mapping from a real vector space X into a real vector space Y and they
established the general solution and the generalized Hyers-Ulam-Rassias stability for the
functional equation (1.5). The function f(x) = x° satisfies the functional equation (1.5), which
is thus called a cubic functional equation. Every solution of the cubic functional equation is said
to be a cubic function. Also, Jun and Kim proved that a function f between real vector spaces
X and Y is a solution of (1.5) if and only if there exits a unique function C : X x X x X — Y
such that f(x) = C(x, x, x) for all x € X and C is symmetric for each fixed one variable and is
additive for fixed two variables.

In the sequel, we adopt the usual terminology, notations and conventions of the theory
of random normed spaces as in [24-28]. Throughout this paper, A* is the space of distribution
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functions, that is, the space of all mappings F : RU {-o0, 0} — [0,1] such that F is left-
continuous and nondecreasing on R, [F(0) = 0 and F(+o0) = 1. D* is a subset of A* consisting
of all functions F € A* for which I"F(+o0) = 1, where I f(x) denotes the left limit of the
function f at the point x, that is, I” f (x) = lim;_, .- f(t). The space A" is partially ordered by
the usual pointwise ordering of functions, that is, F < G if and only if F(t) < G(t) forall t € R.
The maximal element for A* in this order is the distribution function &y given by

0, ift<0,
go(t) = (1.6)
1, ift>0.

Definition 1.1 (see [27]). A mapping T : [0,1] x [0,1] — [0,1] is called a continuous triangular
norm (briefly, a continuous t-norm) if T satisfies the following conditions:

(a) T is commutative and associative;

(b) T is continuous;

(¢c) T(a,1) =aforalla e [0,1];

(d) T(a,b) <T(c,d) whenever a < cand b <dforalla,b,c,de [0,1].

Typical examples of continuous f-norms are Tp(a,b) = ab, Tar(a,b) = min(a,b) and
Tr(a,b) = max(a+b-1,0) (the Lukasiewicz t-norm).

Recall (see [29, 30]) that, if T is a t-norm and {x,} is a given sequence of numbers in
[0,1], then T}, x; is defined recurrently by

Tlxi=x,  Thxi=T(Ti'%x,), Vnz2, (1.7)

and T x; is defined as T:2 xp;.
It is known [30] that, for the Lukasiewicz t-norm, the following implication holds:

lim (Tp) 2y =1 &= D (1-x,) < 0. (1.8)

n=1

Definition 1.2 (see [28]). A random normed space (briefly, RN-space) is a triple (X, u, T), where
X is a vector space, T is a continuous t-norm and y is a mapping from X into D* satisfying
the following conditions:

(RN1) px(t) = eo(t) for all t > 0 if and only if x = 0;
(RN2) pax(t) = px(t/|al) for all x € X, and o € R with a £0;
(RN3) prxry(t+5) > T(px(t), py(s)) forall x,y € X and t,s > 0.

Every normed spaces (X, || - ||) defines a random normed space (X, p, Tar), where
(t) = i Vi>0 (1.9)
PO R T /

and T is the minimum ¢t-norm. This space is called the induced random normed space.
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Definition 1.3. Let (X, u, T) be a RN-space.

(1) A sequence {x,} in X is said to be convergent to a point x € X if, for any ¢ > 0 and
A > 0, there exists a positive integer N such that p1,, _x(€) >1 - A foralln > N.

(2) A sequence {x,} in X is called a Cauchy sequence if, for any € > 0 and A > 0, there
exists a positive integer N such that piy,_, (€) >1 - Aforalln >m > N.

(3) A RN-space (X,pu,T) is said to be complete if every Cauchy sequence in X is
convergent to a point in X.

Theorem 1.4 (see [27]). If (X, u, T) is a RN-space and {x,} is a sequence in X such that x, — x,
then limy, —, oo pix, (t) = px(t) almost everywhere.

The stability of different functional equations in fuzzy normed spaces and random
normed spaces has been studied in [13, 31-42].

In this paper, we deal with the following functional equation for fixed integers k with
k#0, £1,2:

Flawky) + £ k) =R G o0) + (9] + ) 0
(1.10)

KBok2—k+1 = z
_ z(k—_z)+f(zx) +f(2y) - 8f (v),

where f (y) = f(y) — f(-y) on random normed spaces. It is easy to see that the mapping
f(x) = ax® +bx® + ¢ is a solution of the functional equation (1.10). In Section 2, we investigate
the general solution of functional equation (1.10) when f is a mapping between vector spaces
and, in Section 3, we establish the stability of the functional equation (1.10) in RN-spaces.

2. General Solutions

Before proceeding to the proof of Theorem 2.3 which is the main result in this section, we
need the following two lemmas.

Lemma 2.1. If an even function f : X — Y with f(0) = 0 satisfies (1.10), then f is quadratic.

Proof. Setting x = 0 in (1.10), by the evenness of f, we obtain
fky) =k2f(y), VyeX (21)
Interchanging x with v in (2.1), we have

fkx) = sz(x) Vx € X. (2.2)

Letting y = 0 in (1.10), we have

f(x) = 5—=f(kx) + —<f(2x), VxeX. (2.3)

k2(k 2) 4(k 2)
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It follows from (2.2) and (2.3) that

f(2x) =4f(x), VxeX.

According to (2.2), (2.4) and using the evenness of f, (1.10) can be written as

f(x+ky)+ f(x—ky) =k2f(x+y)+k2f(x—y)+2<1—k2>f(x), Vx,y € X.

Replacing x by kx in (2.5) and then using (2.2), we obtain
flkx+y)+ f(kx-y) = f(x+y) + f(x—y) +2(k2—1>f(x), Vx,y € X.

Interchanging x with y in (2.5), by the evenness of f, we have

flkx+y)+ f(kx-y) :sz(x+y)+k2f(x—y)+2<1—k2>f(y), Vx,y € X.

But, since k #0, £1,2, it follows from (2.6) and (2.7) that
fle+y)+ f(x-y) =2f(x) +2f(y), VxyeX,

which shows that f is quadratic. This completes the proof.
Lemma 2.2. If an odd function f : X — Y satisfies (1.10), then f is cubic.

Proof. Letting x = 0 in (1.10), by the oddness of f, we have
fQy)=8f(y), YyeX
Setting v = 0 in (1.10) and then using (2.9), we obtain

f(kx) =K’ f(x), YxeX.
According to (2.9), (2.10) and using the oddness of f, (1.10) can be written as
fx+ky)+ f(x—ky) =2 f (x+y) + K f (x-y) +2(1- k) f(x), VxyeX.
Letting y = x in (2.11) and using (2.9), by the oddness of f, it follows that

F((k+1)x) = f((k=-1)x) + 2(1 + 3k2>f(x), Vx € X.

(2.4)

(2.5)

(2.6)

(2.7)

(2.8)

(2.9)

(2.10)

(2.11)

(2.12)
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Replacing x by (k - 1)x in (2.11), we have

F((k=1)x +ky) + f((k-1)x - ky)
=K f((k=Dx+y) +Kf((k-Dx-y)

+ 2(1 - k2>f((k ~1)x), VYx,yeX

Now, replacing x by (k + 1)x in (2.11) and using (2.12), we have

F((k+Dx +ky) + f((k+1)x - ky)
=K f((k+Dx+y) + K f((k+1)x-y)

+ 2(1 - k2>f((k ~1)x) + 4(1 - k2) (3k2 + 1)f(x), Vx,y € X.
Substituting x + y with x in (2.11) and then x — y with x in (2.11), we obtain

fx+(k+1y) + f(x - (k-1)y)
= 2 f(x+2y) +2(1- k) f(x +y) + K*f(x), Vxy€eX,
fx=(k+Dy) + f(x+(k-1)y)

= K2 f(x-2y) +2(1- k) f(x - y) + K*f(x), VxyeX.
If we subtract (2.16) from (2.15), we have

fx+(k+Dy) - f(x—(k+1)y)
=K f(x+2y) - K f(x-2y) + f(x + (k=1)y) - f(x = (k= 1)y)

+2<1—k2>f(x+y) —2(1—k2>f(x—y), Vx,y e X.
Interchanging x with y in (2.17) and using the oddness of f, we get

fl(k+Dx+y)+ f((k+1)x-vy)
=k f(2x+y) + kK f(2x-y) + f((k=Dx+y) + f(k-Dx-y)

+2<1—k2>f(x+y)+2<1—k2>f(x—y), Vx,y € X.

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)
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Thus it follows from (2.14) and (2.18) that
fl(k+1)x+ky) + f((k+1)x - ky)
=Kf((k-Dx+y) +kKf((k-Dx-y) +k*f2x+y) +k* f(2x - y)
+2k2(1- 1) f (x +y) + 2k (1-K2) f (x - )

+ 2(1 - k2>f((k ~1)x) + 4(1 - k2> <3k2 + 1)f(x), Vx,y € X.

(2.19)

Again, substituting x + y with y in (2.11) and then x — y with y in (2.11), we get, by the
oddness of f,

f((k+1Dx+ky) - f((k-1)x +ky)
=Kf(x+y) + K f(-y) +2(1-F)f(x), VayeX,
f((k+Dx -ky) - f((k -1)x - ky)

=2 f(2x-y) + Kf(y) +2(1-K2) f(x), Vx,ye€X.

(2.20)

(2.21)

Then, by adding (2.20) to (2.21) and then using (2.13), we have

fl(k+1)x+ky) + f((k+1)x - ky)
=2 f((k=Dx+y) + K f((k-Dx-y) +2(1- k) f(k-1x) (222

+IEf(2x +y) + K2f(2x-y) +4(1-K2) f(x), VxyeX.
Finally, if we compare (2.19) with (2.22), then we conclude that
f@x+y)+f(2x-y) =2f(x+y) +2f (x-y) +12f(x), Vx,yeX. (2.23)

Therefore, f is a cubic function. This completes the proof. O

Theorem 2.3. A function f : X — Y with f(0) = 0 satisfies (1.10) for all x,y € X if and only if
there exist functions Q : X xX — Yand C : X x X xX — Y such that f(x) = Q(x, x)+C(x, x, x)
forall x € X, where the function C is symmetric for each fixed one variable and is additive for fixed
two variables and Q is symmetric biadditive.

Proof. Let f be a mapping with f(0) = 0 satisfies (1.10). We decompose f into the even part
and odd part by putting

felx) = %(f(x) +f(=x)), fo(x)= %(f(x) - f(x)), VxeX. (2.24)



8 Journal of Inequalities and Applications

It is clear that f(x) = f.(x) + fo(x) for all x € X and it is easy to show that the functions
fe and f, satisfy (1.10). Hence, by Lemmas 2.1 and 2.2, we know that the functions f, and
fo are quadratic and cubic, respectively. Thus there exist a symmetric biadditive function
Q: X xX — Y such that f,(x) = Q(x, x) for all x € X and the functionC : X x X x X — Y
such that f,(x) = C(x, x, x) for all x € X, where the function C is symmetric for each fixed one
variable and is additive for fixed two variables. Therefore, we get f(x) = C(x, x, x) + Q(x, x)
for all x € X.

Conversely, let f(x) = C(x,x,x) + Q(x,x) for all x € X, where the function C is
symmetric for each fixed one variable and is additive for fixed two variables and Q is
biadditive. By a simple computation, one can show that the functions x — C(x,x,x) and
x — Q(x, x) satisfy the functional equation (1.10). Thus the function f satisfies (1.10). This
completes the proof. O

3. Stability Problems

From now on, we suppose that X is a real linear space, (Y, y, T) is a complete RN-space and
f X — Yis a function with f(0) = 0 for which there exists a mapping p : X x X — D*
(p(x,y) is denoted by py,,,) with the property:

H £ (eaky)+ £ (x-ky)-R2[f (x+9)+f (x-)] - Q(k2-1) /K2 (k=2)) f (kx)+ (K3 -k2~k+1) /2(k~2)) f (22) - F (2)+8f (v) ()

(3.1)
> pey(t), Yx,yeX, t>0,
where f(y) = f(y) - f(-y) forall y € X.
Theorem 3.1. Let
Him T (power (771)) =1
(3.2)
- 2
= M prone oy <k mt), Vx,y € X, t>0.
Suppose that an even function f : X — Y with f(0) = 0 satisfies inequality
Hf Gerky)+ £ (e-ky) K2 f (o) f (=) 1= QUk2=1) /2 (k=2)) f (ko) +((k3-k2—k+1) /2(k=2))  (20)~ F (2)+8F () () (3.3)

> px,y(t), Vx,yeX, t>0,

where f(y) = f(y) - f(~y) forall y € X. Then there exists a unique quadratic mapping Q : X — Y
such that

HQ(x)-f(x) (t) > T]-ojl <p0,kj—1x<kjt>>, VxeX, t>0. (3.4)
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Proof. It follows from (3.3) and the evenness of f that

Kf (x+ky)+f (x—ky)—K2[ f (x+y)+ f (x-y)]-(2(k2=1) / k2 (k=2)) f (kx)+((k3—k2~k+1) /2(k-2)) f (2x) (t)

(3.5)
> pryt), Vx,yeX, t>0.
Setting x = 0 in (3.5), we get
Hofky)-2k2f(y) () 2 poy(t), Yy eX, t>0. (3.6)
If we replace y by x in (3.6) and divide both sides of (3.6) by 2, we get
Hrto)-k2f(x)(£) > pox(2t) 2 pox(t), VxeX, t>0. (3.7)
In other words, we have
Hf(kx) /K2~ f(x) (t) > Po,x <k2t>, Vx € X, t>0. (38)
Therefore, it follows that
t 2
Hf (ki x) /20D — f (knx) /k2n ﬁ > P0,knx <k t>, VxeX, t>0, neN. (39)
Hence we have
,uf(k"”x)/kz("”)ff(k”x)/kz" (t) > P0,kmx <k2(n+1)t>, Vx € X, t> 0, n € N. (310)
This means that
t (n+1)
.“f(k"”x)/k2<"+1>—f(k"x)/k2" W > P0,knx (k t>, Vx € X, t> 0, n € N. (311)

Since1>1/2+1/2%+---+1/2™, by the triangle inequality, it follows that

m-1
) t
H(fm) ko) - o (8) = Tt <#f<k"+1x>/k2<n+l>—f(k"x>/k2n <§;) P >>
=
. 3.12
> T <P0,knx <k("+1)t>> G12)
=17 (pos e (Kt)), VxeX, t>0.

In order to prove the convergence of the sequence { f (k"x)/k>"}, we replace x with k" x in
(3.12) to find that

/xlf(kmml’x)/kz(m+m’)_f(km’x)/k2m’ (t) > Tjrzl (PO,kf*m,’1x<kj+2m,t>>’ Vx e X, t>0. (313)
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Since the right hand side of inequality (3.13) tends to 1 as m',m — oo, the sequence
{f(k™x)/k*"} is a Cauchy sequence. Therefore, we may define

f(k™x)
K2m 7

Qx) = liin Vx € X. (3.14)

Now, we show that Q is a quadratic mapping. In fact, replacing x, y with k"x and
k™y, respectively, in (3.3) and then taking the limit as m — oo, we find that Q satisfies (1.10)
for all x, y € X. Therefore, the mapping Q : X — Y is quadratic.

To prove (3.4), taking the limit as m — oo in (3.12), we get (3.4).

Finally, to prove the uniqueness of the quadratic function Q subject to (3.4), assume
that there exists a quadratic function Q' which satisfies (3.4). Since Q(k™x) = k*"Q(x) and
Q'(k™x) = k*"Q'(x) for all x € X and m € N, it follows from (3.4) that

HQ)-Q () (£) = PQ(km)-Q (k) <k2mt>
2 T(#Q(kmx)—f(kmx) <k2m_1t)/ﬂf<k'"x>—@(kmx> (kzm_lf» (3.15)

o (1 (s (7). T (s (7))

for all x € X and t > 0. Therefore, by letting m — oo in inequality (3.15), we find that Q = Q'.
This completes the proof. O

Theorem 3.2. Let f : X — Y be an odd mapping with f(0) = 0 satisfies inequality

P f ey (x—k) K2 ey )+ (x-) |- 0R-1) /R (k-2)) £ () (K2 1) /2(k-2) @) F 248 F ) (E) (3.16)

> pey(t), Vx,yeX, t>0,

where f(y) = f(y) - f(~y) forally € X. If

' " 2 J2i+3m JcBm+2j) (1-k?)
W}l—{nooTj:l T PO,k"”/"lx mt /Pk"”j’lx,() wt = 1, (317)

r&i_r}noopkmx/kmy<k3mt> =1, Vx,yeX, t>0, (3.18)

then there exists a unique cubic mapping C : X — Y such that

27 2j _ 12
He)-fo () 2 T2 | T poriix Lf s Pli-1x,0 Lk)t (3.19)
= K\ o) N\ R2(k-2)

forall x € X and t > 0.



Journal of Inequalities and Applications 11

Proof. It follows from (3.15) and the oddness of f that

Hf (xrky)+f (x—ky)—K2[ f (x+y)+ f (x—y) |- (2(k2=1) / k2 (k=2)) f (kx)+((k3-k2~k+1) /2(k-2)) f (2x)-2f 2y)+16 f () (t)

(3.20)
> pryt), Vx,y€X, t>0.
By putting x = 0 in (3.20) and using (RN2), we obtain
Hary)-16f(y) (E) 2 poy(t), Yy eX, t>0. (3.21)
If we replace y by x in (3.21) and divide both sides of (3.21) by 2, we get
Hrx)-8f(x) () > pox(2t) > pox(t), VxeX, t>0. (3.22)
Letting y = 0 in (3.20), we get
H2(1-K2) f (x)-2(k2-1) /K2 (k-2)) f (kx) +((K3—k2—k+1) /2(k-2)) £ 2x) (£)
/ / ! (3.23)
> pxo(t), VxeX, t>0.
Therefore, we have
2(1-k2)
HI (k=2) £ (x)+ £ (k)- (K2 (k=1) /4) £ 2x0) (£) 2 Pxc0 mt , VxeX, t>0. (3.24)

It follows from (3.22) and (3.24) that
(t) >T ( 2 t> (1_k2)t
Hf (kx)-k3 f (x) Z Po,x m 7Px,0 m (325)
VxeX, t>0,keN.

Let

2 (1-K%)
P (t) = T<P0,x<mt>,,0x,o <mt> >, VxeX, t>0. (3.26)

Then we get
Hf (kx)-k3 f (x) (t) > W(x,x) (t), VxeX, t>0. (327)
It follows that

Hf(kx) /K3—f(x) (t) > (x,x) <k3t>, Vxe X, t>0. (328)
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Hence we have

Gty 00— ) (%) > g (K1), YxeX, t>0, (3.29)
which implies that
ey ey on (£) > @) (k3<"+1>t), VxeX, t>0, neN. (3.30)
Thus we have
P s ) K300+ —f )/ o (knt+1> > @5 o) (k2<"+1>t), VxeX, t>0, neN. (3.31)

Since1>1/2+1/2%+---+1/2™, by the triangle inequality, it follows that

m-1
- t
Hf(kmax) /k3m—f (x) (t) > T;;”:Ol <‘uf(kn+1x)/ks(n+1)_f(knx)/k3n < ] > >
- 3.32
> T2 (o (K201 (3.32)

= T]-'Zl <([ka—1x,kj—1x<k2jt)>, Vxe X, t>0.

In order to prove the convergence of the sequence { f (k"x)/k>"}, we replace x with k™ x in
(3.32) to find that

l/lf(kwﬁm’x)/kS(erm’),f(km’x)/kSm’ (t) Z Tjrzl ((,lfijrlex,ijrlex <k2j+3m t> ) . (333)

Since the right hand side of inequality (3.33) tends to 1 as m',m — oo, the sequence
{f(k™x)/k3"} is a Cauchy sequence. Therefore, we can define

Clx) = 1im 2K

m—ow k3m

, VxeX (3.34)

Now, we show that C is a cubic mapping. In fact, replacing x, y with k"x and k™y in
(3.15), respectively, and then taking the limit m — oo, we find that C satisfies (1.10) for all
x,y € X. Therefore, the mapping C : X — Y is cubic.

Letting the limit m — oo in (3.32), we get inequality (3.18) by (3.26).
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Finally, to prove the uniqueness of the cubic function C subject to inequality (3.19),

assume that there exists a cubic function C’ which satisfies inequality (3.19). Since C(k™x) =
k*"C(x) and C'(k™x) = k®"C'(x) for all x € X and m € N, it follows from (3.19) that

HC(x)-C(x) ()

= HC(kmx)-C'(kmx) (kg’ml‘> > T<,“C(k'"x)—f(kmx) <k3m’1t>, £ (k) —C () (k?’m*lt))

» 2k kCm2 (1 - k) (3.35)
Z T [Tj—l <T <p0,k"‘*f1x <mt> ka'"*f’lx,o <T_2)t P
- 2J2i+3m JBm+2j) (1-k?)
T]-:1 (T <P0,k"”j1x <mt> ’ pkmﬂ'—lx,() <Wt

for all x € X and t > 0. By letting m — oo in inequality (3.35), we know that C = C'. This
completes the proof. O

Theorem 3.3. If

lim T, [T <p0,km+]‘—1x <kj+2mt> o ( e t) >]

m— oo

=1

e 2f2/+3m k2i+3m (1 — k2)
= ,&Eanjzl [T (Po,kmﬂ'lx <m t> 7 Pkm+i-1x,0 <Wt , (3.36)

2K2j*3m K2+3m (1 — k?)
T\ po,-kmi-1x mt 7 P—kmi-1x,0 Wt

forall x € X and t > 0 and

m— oo

im T <pk'"x,kmy <k2n_1 t) s Pk kmy <k2n_1 t))
1

(3.37)

= lim T<pkmx,kmy (k3"_1t>,pkmx,kmy (k3"‘1t>>, Vx,yeX, t>0,

nm— oo

then there exist a unique quadratic mapping Q : X — Y and a unique cubic mapping C : X — Y
such that
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Kt (x)-C(x)-Q(x) ()

Al e () ()]
o _ k% NGRS,
" [T <”°"<”’“<k2<k -1 f>” <mt>>
K2 K2 (1 k2)
T\ po-kix mi’ s P-ki1x,0 mt , YxeX, t>0.
(3.38)
Proof. If fo(x) = (1/2)[f(x) + f(-x)] for all x € X. Then f,.(0) =0, f.(-x) = f.(x), and

ﬂfe(x+ky)+fe(x—ky)—k2 [fe Coty)+ fo (x=1) 1= (2(K2=1) /K2 (k=2)) fe (kx)+ (k3 ~k2~k+1) /2(k=2)) fo (2x) - fo (2y)+8 f () (t)
> TPy (21), sy (21))

>T(pey(t), psxy(t), Yx,y€X, t>0,
(3.39)

where f,(y) := f.(y) - f.(~y) for all x,y € X. Hence, in view of Theorem 3.1, there exists a
unique quadratic function Q : X — Y such that

Haw-1.c0(8) 2 T2 T (o (K1), po (K1) )|, Ve X, £ 0, (3.40)
Let fo(x) = (1/2)[f(x) = f(—x)] for all x € X. Then f,(0) =0, fo(—x) = —f,(x) and

#fo(X+ky)+fa(x—ky)-k2 [fo(xty)+ fo (x=1) 1= (2(K2=1) /K2 (k=2)) fo (k) + (K3-K2=k+1) /2(k=2)) fo (22)~ fo 2y) +8 fo () (t)
> TPy (21), posy (21))

> T(Px,y(t)rp—x,—y(t))/ Vx,y € X, t>0,
(3.41)

where f,(y) == fo(y) - fo(~y) for all x, y € X. From Theorem 3.2, it follows that there exists a
unique cubic mapping C : X — Y such that

27 2]' 12
HC()-f. (x)(t) 2 T?‘_’l T Po,ki-1x Zk—]t , Pki1x,0 Mt ,
o ]= 7 kz(k_l) / kz(k—Z)

T - 2k, : sz(l_kz)t VxeX, t>0
Po,~ki1x m 7 P-ki-Lx,0 m ’ X , >0,

(3.42)

Obviously, (3.38) follows from (3.40) and (3.42). This completes the proof. O
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