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Let {S;}N, be N strict pseudo-contractions defined on a closed and convex subset C of a real
Hilbert space H. We consider the problem of finding a common element of fixed point set
of these mappings and the solution set of a system of equilibrium problems by parallel and
cyclic algorithms. In this paper, new iterative schemes are proposed for solving this problem.
Furthermore, we prove that these schemes converge strongly by hybrid methods. The results
presented in this paper improve and extend some well-known results in the literature.

1. Introduction

Let H be a real Hilbert space with inner product (-,-) and norm || - ||. Let C be a nonempty,
closed, and convex subset of H.

Let {Fi} be a countable family of bifunctions from C x C to R, where R is the set of
real numbers. Combettes and Hirstoaga [1] considered the following system of equilibrium
problems:

finding x € C such that Fi(x,y) >0, VkeT, VyeC, (1.1)

where I is an arbitrary index set. If I is a singleton, then problem (1.1) becomes the following
equilibrium problem:

finding x € C such that F(x,y) >0, VyeC. (1.2)

The solution set of (1.2) is denoted by EP(F).
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A mapping S of C is said to be a k-strict pseudocontraction if there exists a constant
x € [0,1) such that

15x = SylI” < [lx = yII* + x| T = S)x = (T - S)y|’ (1.3)

for all x,y € C; see [2]. We denote the fixed point set of S by F(S), thatis, F(S) = {x €
C:Sx=x}.

Note that the class of strict pseudocontractions properly includes the class of
nonexpansive mappings which are mapping S on C such that

15x =Syl < l|lx -y (1.4)

for all x,y € C. That is, S is nonexpansive if and only if S is a O-strict
pseudocontraction.

The problem (1.1) is very general in the sense that it includes, as special cases,
optimization problems, variational inequalities, minimax problems, Nash equilibrium
problem in noncooperative games, and others; see, for instance, [1, 3, 4] and the references
therein. Some methods have been proposed to solve the equilibrium problem (1.1); related
work can also be found in [5-8].

Recently, Acedo and Xu [9] considered the problem of finding a common fixed point
of a finite family of strict pseudo-contractive mappings by the parallel and cyclic algorithms.
Very recently, Duan and Zhao [10] considered new hybrid methods for equilibrium problems
and strict pseudocontractions. In this paper, motivated by [5, 8-12], applying parallel and
cyclic algorithms, we obtain strong convergence theorems for finding a common element of
the fixed point set of a finite family of strict pseudocontractions and the solution set of the
system of equilibrium problems (1.1) by the hybrid methods.

We will use the following notations:

(1) — for the weak convergence and — for the strong convergence,

(2) ww(xy) = {x : 3xy; — x} denotes the weak w-limit set of {x,}.

2. Preliminaries
We will use the facts and tools in a real Hilbert space H which are listed below.
Lemma 2.1. Let H be a real Hilbert space. Then the following identities hold:

@) llx = yl? = llxl* = [y - 2(x =y, y), forall x,y € H,
(i) [tx+(1-t)y|* = t||x|>+(1-t)|ly|>-t(1-t)|x—y||> forall t € [0,1], forall x,y € H.

Lemma 2.2 (see [6]). Let H be a real Hilbert space. Given a nonempty, closed, and convex subset
C C H, points x,y,z € H, and a real number a € R, then the set

{veC: ||y—v||2§||x—v||2+(z,v>+a} (2.1)

is convex (and closed).
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Recall that given a nonempty, closed, and convex subset C of a real Hilbert space H,
for any x €, there exists the unique nearest point in C, denoted by Pcx, such that

I - Pexl < |Jx - | (22)

for all y € C. Such a Pc is called the metric (or the nearest point) projection of H onto C. As
we all know y = Pcx if and only if there holds the relation

(x-y,y-z)>0 VzeC (2.3)

Lemma 2.3 (see [13]). Let C be a nonempty, closed, and convex subset of H. Let {x,} be a sequence
in H and u € H. Let q = Pcu. Suppose that {x,} is such that w,(x,) C C and satisfies the following
condition:

o, —u|l < ||u—g| Vn. (2.4)

Then x, — q.
Proposition 2.4 (see [9]). Let C be a nonempty, closed, and convex subset of a real Hilbert space H.

(i) If T : C — Cis a k-strict pseudocontraction, then T satisfies the Lipschitz condition

1+

Irx-Tyl < 1

Z”x—y”, Vx,y € C. (2.5)

(ii) If T : C — C is a k-strict pseudocontraction, then the mapping I — T is demiclosed (at 0).
That is, if {x,,} is a sequence in C such that x,, — x and (I -T)x, — 0, then (I-T)x = 0.

(iii) If T : C — C is a x-strict pseudocontraction, then the fixed point set F(T) of T is closed
and convex. Therefore the projection Pr(ry is well defined.

(iv) Given an integer N > 1, assume that, for each 1 < i < N, T; : C — C is a x;-strict
pseudocontraction for some 0 < x; < 1. Assume that {\;}; is a positive sequence such that
SN A = 1. Then SN, \iT; is a w-strict pseudocontraction, with x = max{x; : 1 < i <
N}.

(V) Let {Ti}f\zj1 and {/\i}f\zjl be given as in item (iv). Suppose that {Ti}f-\zr1 has a common fixed
point. Then

N N
F<ZAiTi> =(F( ). (2.6)
i=1 i=1

Lemma 2.5 (see [2]). Let S : C — H be a k-strict pseudocontraction. Define T : C — H by
Tx = Ax + (1 = A)Sx for any x € C. Then, for any A € [x,1), T is a nonexpansive mapping with
F(T) = F(S).
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For solving the equilibrium problem, let one assume that the bifunction F satisfies the following
conditions:

(Al) F(x,x) =0forall x € C;
(A2) F is monotone, that is, F(x,y) + F(y,x) <0 forany x,y € C;
(A3) foreach x,y,z € C, limsup,_,, F(tz+ (1 -t)x,y) < F(x,y);

(A4) F(x,-) is convex and lower semicontinuous for each x € C.

Lemma 2.6 (see [3]). Let C be a nonempty, closed, and convex subset of H, let F be bifunction from
C x C to R which satisfies conditions (A1)—(A4), and let r > 0 and x € H. Then there exists z € C
such that

P(Z,y)+%(y—z,z—x>20, Yy e C. (2.7)

Lemma 2.7 (see [1]). Forr >0, x € H, define the mapping T, : H — C as follows:
T,(x) ={z€C|F(z,y)+(1/r){y-z,z-x) >0, Yy € C} (2.8)

forall x € H. Then, the following statements hold:

(i) T; is single valued;

(ii) T, is firmly nonexpansive, that is, for any x,y € H,

|| T - Try”2 <(Tyx-T,y,x-y); (2.9)

(iii) F(T,) = EP(F);

(iv) EP(F) is closed and convex.

3. Parallel Algorithm

In this section, we apply the hybrid methods to the parallel algorithm for finding a common
element of the fixed point set of strict pseudocontractions and the solution set of the problem
(1.1) in Hilbert spaces.

Theorem 3.1. Let C be a nonempty, closed, and convex subset of a real Hilbert space H, and let
Fi,k € {1,2,..., M}, be bifunctions from C x C to R which satisfies conditions (A1)-(A4). Let,
foreach1 <i < N,S;: C — C bea kj-strict pseudocontraction for some 0 < x; < 1. Let k =
max{x; : 1 <i < N}. Assume that Q = N, F(S;) N (" EP(Fy)) # 0. Assume also that {111.(") }N s
a finite sequence of positive numbers such that 31, 111.("> =1 forall n € N and inf,;» 111.(") > 0 for all
1<i< N. Let the mapping A, be defined by

N
An= "8 (3.1)
i=1
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Given x1 € C, let {x,}, {un}, and {y,}, be sequences which are generated by the following algorithm:

_ 7Fm pFma F, 1-F1
Un = TTM,n TTMA,n e Trz,n Tr1 nxm

Ay = LI + (1= Ap) Ay,
Yn = @y + (1= ) Ay tty, (3.2)
Co={z€C:|lyn—z| < llxn—2zl},
Qun={zeC:(xp—z,x1—x,) >0},

Xns1 = Pc,n0, X1,

where {a,} C [0, a] for some a € [0,1), {A,} C [«x,b] for some b € [x,1), and {ri,} C (0, 00)
satisfies liminf, _, 7k, > 0 forall k € {1,2,..., M}. Then, {x,} converge strongly to Pox;.

Proof. Denote ©F = Tri’fn '--TerfnTrFl}n for every k € {1,2,...,M} and ©) = I for all n € N.
Therefore u, = ©Mx,,. The proof is divided into six steps.

Step 1. The sequence {x,} is well defined.
It is obvious that C, is closed and Q, is closed and convex for every n € N. From
Lemma 2.2, we also get that C,, is convex.

Take p € Q, since for each k € {1,2,..., M}, T,kan is nonexpansive, p = TrFk’fnp, and
u, = OMx,, we have

0, = pll = [|©2x, —©Mp]| < flxa —pl 63

for all n € N. From Proposition 2.4, Lemma 2.5, and (3.3), we get

Al =p| < [l - pll
(3.4)

=PIl = [|ancn + (0 = ) v, = p|| < @al = ]| + (1 - @)

Sop € C, forall n € N. Thus Q C C,. Next we will show by induction that Q ¢ Q, for
alln € N. For n = 1, we have Q € C = Q. Assume that Q C Q, for some n > 1. Since
Xn+1 = Pc,ng, X1, we obtain

(Xni1 —2,X1 = Xp1) 20, VzeC,NQy. (3.5)

As Q c C, N Q, by induction assumption, the inequality holds, in particular, for all z € Q.
This together with the definition of Q,.; implies that Q C Q,.1. Hence Q C Q, holds for all
n > 1. Thus Q ¢ C, N Q,, and therefore the sequence {x,} is well defined.

Step 2.

If g=Pox;, then |[x,—x| <|x1—q] (3.6)
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From the definition of Q, we imply that x,, = Py, x;. This together with the fact that
Q C Qy, further implies that

o, —x1]l < ||lxi —p|| Vpe Q. (3.7)
Then {x,} is bounded and (3.6) holds. From (3.3), (3.4), and Proposition 2.4 (i), we also obtain
that {u,}, {yn},and {Six,} are bounded.

Step 3. The following limit holds:

Jim [l2cs1 = x| = 0. (3.8)

From x,, = Pg,x1 and x,11 € Qp, we get (X1 — X, X, —x1) > 0. This together with Lemma 2.1
(i) implies that
2 _ 2
lxne1 = 2™ = [[Xne1 = 21 = (30 — x1) ||
= Jlxne1 — x1ll® = lloen = x1]|* = 2201 = X, X — X1) (3.9)
2 2
< xna = xall” = llxn = x|
Then [|x,—x1|| < ||x4+1—x1]|, that s, the sequence {||x,—x1||} is nondecreasing. Since {||x,—x1]| }
is bounded, lim,, _, || x;, — x1]| exists. Then (3.8) holds.

Step 4. The following limit holds:

Jim [|Apx = x| = 0. (3.10)
From x,,1 € C,, we have
[l = xall < llnr = 2all + [y = s || < 2101 = 2]l (3.11)
By (3.6), we obtain
Tim [|y = x| = 0. (3.12)

Next we will show that

: k k-1
lim (|©,x, - ©; x,

n— oo

=0, k=1,2,...,M. (3.13)
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Indeed, for p € Q, it follows from the firm nonexpansivity of Tri,kn that for each k €
{1,2,..., M}, we have

2

2
k _ Fr k-1 Fi
@nxn - P” - Trk,ne'ﬂ Xn — Trk,np

< (©kx, — p, 05 1, - p) (3.14)

)

= %(”G)ﬁxn - p“2 + ”@ﬁ‘lxn _ ,g”2 _ “@ﬁxn _0Fx,

Thus we get
@’an—p”zs eﬁ‘lxn—p”z— x|, k=1,2...,M, (3.15)
which implies that, for each k € {1,2,..., M},
Ok, —p||” < &% - p| - [Ohxa - Ok x| - @k, - 02|
T S RACYRN [ [y P CC (3.16)
< floew=pl” - | @ - 05
Therefore, by the convexity of || - ||> and Lemma 2.5, we get
1y =l < anlla - plI* + (0 - )| At - p|
< aal|x = pl|* + (1= ) [} - |
< auflen = pl* + (1~ a) @,’ixn—pHZ (3.17)

k k-1
O,x, — O, xy

2
<l =pll*+ =) (1o =l - )
2

= ||xn—p||2—(1—an) Ok x, -0k 1x, || .

It follows that
(1 - )| O - O x| < =PI~ 1y =PI < Il = yall e = Pl + [l pI)-
(3.18)
Since {a,} C [0, a], we get from (3.12) that (3.13) holds; then we have
llin = x| < ||1tn — OM oy || + [|©OM1x, —OM 2, || + - + ||©OLx, — x,|| — 0. (3.19)
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Observe that ||y, — un|| < |[yn — xnl| + ||xn — unll; we also have ||y, —u,|| = 0asn — oo. On
the other hand, from y,, = a,,x, + (1 - an)Afl" u,, we observe that

(1-ay) Aﬁ"un - U,

= || = a) (Anraen - 1)

= ||y — tn = ot (o0 — wn) || (3.20)

< Nl yn = ]| + @nllxn — wall-

From {a,} C [0,a], (3.19), and ||y, — u,|| — 0, we obtain ||A£‘,"un —uy|| - 0asn — oo.Itis
easy to see that

”Aﬁ"xn — x|l < | Abix, — Abu, || + ”A;\;‘u,1 — U || + l|lun — x| < 2]Juy — x| + ' Ay, — u,|.
(3.21)
Combining the above arguments and (3.2), we have
[ At = | = I + (1 = 1) Ay = xall = (1= 1) [ Ant = 2l (3.22)
Now, it follows from {1, } C [k, b] that || A, x, — x,|]| — 0asn — co.
Step 5. The following implication holds:
Wy (x,) C Q. (3.23)

We first show that w,, (x;,) C nf\:’ 1F(5i). To this end, we take wé€,, (x,,) and assume that x,; — w
as j — oo for some subsequence {x, } of x,.Without loss of generality, we may assume that

" = (as j— ), VI<i<N. (3.24)
It is easily seen that each 7, > 0 and YN, 7; = 1. We also have

Apx — Ax (as j — o) Vx€C, (3.25)

where A = 3N #;S;. Note that, by Proposition 2.4, A is a x-strict pseudocontraction and
F(A) =N, F(S;). Since

”Axnj — X, || < | An;Xn; — AXp, || + | Ap;Xn; — Xn;
N ) (3.26)
e
< Z " _;11.” Sixy, || + | Ap;Xn; = X ||,
i=1
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we obtain by virtue of (3.10) and (3.24) that

lim ”Axn]. = X,

n—oo

= 0. (3.27)

So by the demiclosedness principle (Proposition 2.4 (ii)), it follows that w € F(A) = ﬂf\:’ 1F(Si),
and hence wy, (x,) C NY, F(S)).

Next we will show that w € ﬁﬁﬁlEP(F ). Indeed, by Lemma 2.6, we have that, for each
k=1,2,..., M,

Fe(©hxy) + rl<y - Ofx,, Ofx, - 05 'x, ) 20, VyeC. (3.28)

From (A2), we get

1 _
- (y - Okxn, Ok, — O, ) 2 Fi(y,05x,), Wy eC. (3.29)
Hence,
@’,‘,_xn]. - @’,ﬁ_‘lxnj
y - Ok, T S (v.0kxy), WyeC (3.30)
n;

From (3.13), we obtain that @ﬁjxn], — wasj — oo foreach k = 1,2,..., M (especially,
Up; = @ﬁ;{xnj). Together with (3.13) and (A4) we have, foreachk =1,2,..., M, that

0> Fi(y,w), VyeC. (3.31)

Forany0 <t<landy € C,lety; = ty + (1 - t)w. Since y € C and w € C, we obtain that
y; € C, and hence Fi (v, w) < 0. So, we have

0= Fi(yr,ye) < tFe(yny) + (1 - HF(y, w) < tFe(y ). (332)
Dividing by t, we get, foreach k = 1,2,..., M, that
Fe(y,y) 20, VyeC. (3.33)
Letting t — 0 and from (A3), we get
Fr(w,y) 20 (3.34)

forall y € C and w € EP(Fi) foreach k = 1,2,..., M, thatis, w € ﬂkleEP(Fk). Hence (3.23)
holds.
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Step 6. From (3.6) and Lemma 2.3, we conclude that x,, — g, where g = Pox;. m

Remark 3.2. In 2007, Acedo and Xu studied the following CQ method [9]:

xo € C chosen arbitrarily,

Yn = XXy + (1 - an)Anxnr
Cn= {Z ecC: ”y" - Z”2 < lxen = 2”2 = (1= ay)(an —x)[|xn — Anxn||2}/ (3.35)
Qn=1{zeC:{x,—z,x0—x,) >0},

Xn+1 = Pc,ng, Xo-

In this paper, we first turn the strict pseudocontraction A, into nonexpansive mapping
Ay then replace C,, with a more simple form in the iterative algorithm.

Remark 3.3. 1If Fi(x,y) =0, N =1, and 1, = 6, we can obtain [14, Theorem 1].

Remark 3.4. f M =1, N =1,x =0,and A, = 0 and we use 1 — a, to replace a,, we can get
the result that has been studied by Tada and Takahashi in [8] for nonexpansive mappings. If
Fr(x,y)=0,N =1,k =0, and A, = 0, we can get [7, Theorem 3.1].

Theorem 3.5. Let C be a nonempty, closed, and convex subset of a real Hilbert space H, and let
Fi, k € {1,2,...}, be bifunctions from C x C to R which satisfies conditions (A1)—(A4). Let, for each
1<i<N,S;:C — C bea x;-strict pseudocontraction for some 0 < x; < 1. Let x = max{x; :
1 <i < NJ}. Assume that Q = N, F(S;) 0 ("M EP(Fy)) # 0. Assume also that {qf") VN, is a finite
sequence of positive numbers such that 3, 115") =1 for all n and infnzlqi(") >0foralll1<i<N.
Let the mapping A,, be defined by

N
An= Y14, (3.36)

i=1
Given x1 € C = Cy, let xy,, uy, and y,, be sequences which are generated by the following algorithm:

_ mFym Py Fy mFy
Un = TfM,n TTM—l,n e Trz,n Th,n Xns

Al = LI+ (1= ) A,
Yn = anXy + (1= ) Ay' ity (3.37)
Cpi1 = {Z eC,: ”yn - z|| < ||xn — z||}/

Xns1 = Pc,, X1,

n+l

where {a,} C [0,a] for some a € [0,1), {A,} C [k, b] for some b € [«,1), and, {ri,} C (0, 00)
satisfies liminf, 7k, > 0 forall k € {1,2,..., M}. Then, {x,} converge strongly to Pox;.
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Proof. The proof of this theorem is similar to that of Theorem 3.1.

Step 1. The sequence {x,} is well defined. We will show by induction that C,, is closed and
convex for all n. For n = 1, we have C = C; which is closed and convex. Assume that C,,
for some n > 1 is closed and convex; from Lemma 2.2, we have that C,,,; is also closed and
convex; The proof of Q C C,, is similar to the one in Step 1 of Theorem 3.1.

Step 2. ||xn, — x1]| < ||g — x1|| for all n, where g = Pgx;.
Step 3. ||xps1 — xul| = Oasn — co.
Step 4. ||Anxy —x4]| = Oasn — oo.
Step 5. wyy(x,) C Q.
Step 6. x, — q.
The proof of Step 2-Step 6 is similar to that of Theorem 3.1. O

Remark 3.6. If M =1, we can obtain the two corresponding theorems in [10].

4. Cyclic Algorithm

Let C be a closed, and convex subset of a Hilbert space H, and let {S;}2;! be Nx;-strict
pseudocontractions on C such that the common fixed point set

N-1
F(S;) #0. (4.1)

i=0

Let xo € C, and let {a,},- be a sequence in (0,1). The cyclic algorithm generates a sequence

{x4}52 in the following way:

x1 = apxo + (1 — a9)Soxo,

X2 =a1x1 + (1 —a1)S1x1,

(4.2)
xN = an-1XN-1 + (1 —an-1)SN-1XN-1,
xn+1 = anxn + (1 - an)Soxn,
In general, x,., is defined by
Xpi1 = AnXy + (1 = ) S[n)Xn, (4.3)

where 5j,) = S;, withi=n (mod) N, 0<i< N -1.
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Theorem 4.1. Let C be a nonempty, closed, and convex subset of a real Hilbert space H, and let
Fi,k € {1,2,..., M}, be bifunctions from C x C to R which satisfies conditions (A1)-(A4). Let,
foreach0 <i < N-1,S;: C — C be a x;-strict pseudocontraction for some 0 < x; < 1. Let
x = max{x; : 0 <i < N —1}. Assume that Q = NY; F(S;) n (MY, EP(Fy)) #0. Given xo € C, let
Xn, Un, and y, be sequences which are generated by the following algorithm:

Uy = TN T - TR TH
Spy =l + (1= 1,)Sp),

Yn = Anxy + (1 - an)S?;] Uy, (4.4)
Cn= {Z eC: ”yn - Z” < Alxn — Z”}/
Qu=1{z€C:(xy—2z,x0—xn) 20},

Xn41 = Pc,no, X0,
where {a,} C [0, a] for some a € [0,1), {A,} C [x,b] for some b € [x,1), and {rr,} C (0,00)
satisfies liminf, 7k, > 0 forall k € {1,2,..., M}. Then, {x,} converge strongly to Prxy.

Proof. The proof of this theorem is similar to that of Theorem 3.1. The main points are the
following.

Step 1. The sequence {x,} is well defined.
Step 2. ||xn, — x0l| < |lg — xo|| for all n, where g = Poxy.
Step 3. ||xps1 — x4]| — O.

Step 4. ||Siujxn — x4|| — 0. To prove the above steps, one simply replaces A, with Sp,) in the
proof of Theorem 3.1.

Step 5. wy(x,) C Q. Indeed, let w € wy(x,) and x,, — w for some subsequence {x,, } of
{x,}. We may assume that ! = n,, (mod N) for all m. Since, by ||x,+1 — x| — 0, we also
have x,,,.j — w for all j > 0, we deduce that

lIn4 = StisjtXnmill = [1%mtj = St 1Xmsil| = 0- (4.5)

Then the demiclosedness principle implies that w € F(Sy;;j)) for all j. This ensures that w €
nglF(Si).The Proof of w € ﬂkleEP(Fk) is similar to that of Theorem 3.1.

Step 6. The sequence x, converges strongly to g.
The strong convergence to g of {x,} is a consequence of Step 2, Step 5, and Lemma 2.3.

O

Theorem 4.2. Let C be a nonempty, closed, and convex subset of a real Hilbert space H, and let
Fi,k € {1,2,..., M}, be bifunctions from C x C to R which satisfies conditions (A1)-(A4). Let,
foreach 0 <i < N-1,5;: C — C be a x;-strict pseudocontraction for some 0 < x; < 1. Let
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x = max{x; : 0 <i < N —1}. Assume that Q = NY;1F(S;) N (N EP(Fi)) # 0. Given x € C = Cy,
let x,, u,, and y, be sequences whic are generated by the following algorithm:

_ mFm pFva F, 7F,
un - TrM,n TrM—l,n T TrZ,n Trl,n Xn,

sf;] = Aud + (1= 1)Sp,
Yn =Xy + (1 - an)S“[\;] Uy, (4.6)
Cu = {Z €Cy: ”yn - Z” < ”xn - Z”}/

Xus1 = Pc,,, X0,

n+l

where {a,} C [0, a] for some a € [0,1), {A,} C [x,b] for some b € [x,1), and {ri,} C (0, 00)
satisfies liminf, _, 7k, > 0 forall k € {1,2,...}. Then, {x,} converge strongly to Poxy.

Proof. The proof of this theorem is similar to that of Step 1 in Theorem 3.5 and Step 2-Step 6
in Theorem 4.1. O

Remark 4.3. If M =1, we can obtain the two corresponding theorems in [10].
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