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By the Leray-Schauder’s degree, the existence of solutions for a weighted p(f)-Laplacian
impulsive integro-differential system with multi-point and integral boundary value conditions
is considered. The sufficient results for the existence are given under the resonance and

nonresonance cases, respectively. Moreover, we get the existence of nonnegative solutions at
nonresonance.

1. Introduction

In this paper, we consider the existence of solutions for the following weighted p(t)-Laplacian
integrodifferential system:

~Appu+ f(Lu, @E)YOVU, Sw), Tw) =0, te(0,1), t#h, (1.1)

with the following impulsive boundary value conditions

limau(t) - Timu(t) = A,~<limu(t), lim (w(t))1/<P<‘>-1>u'(t)>, i=1,...,k (1.2)
—tf t—t; t—t7 t—t;
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limw () [/ [PY720 (t) - limw () [/ P92 ()
t—tf t—t;

(1.3)
- B,-<1imu(t), lim (w(t))1/<P<f>-1>u'(t)>, i=1,...k
t%t; t%t;

m-2 1
lim w(t) [ [P () = Y e limwo(t) [ [P0 (1), u(0) = f gutydt,  (14)
- -1 oM 0

where p € C([0,1],R) and p(t) > 1, —Appu := —(w(t)lu’|’”(t)_2u’)/ is called the weighted
p(t)-Laplacian; 0 < t; < tp < -+ <t <1, 0<m <+ <Mfpa2<Lag >0, (¢ =1,...,
m—2) and 0 < 22”;12 ag < 1; g € L'[0,1] is nonnegative, fé g(t)dt = o with o € [0,1];
A;, B; € C(RN x RN, RN); T and S are linear operators defined by (Tu)(t) = fé k.(t,s)u(s)ds,
(Su)(t) = f& h.(t,s)u(s)ds, t € [0,1], where k,, h. € C([0,1] x [0,1],R).

If ¥2a, < 1and o < 1, we say the problem is nonresonant, but if 35> a, = 1 and
o =1, we say the problem is resonant.

Throughout the paper, o(1) means function which uniformly convergent to 0 (asn —
+00); for any v € RN, v/ will denote the jth component of v; the inner product in RN will be
denoted by (-,-); | - | will denote the absolute value and the Euclidean norm on RN. Denote
J=101], ] =)\ {t,..., &}, Jo = [to, t1], Ji = (ti, tin], i = 1,..., k, where tg = 0, tis1 = 1.
Denote J? the interior of J;,i=0,1,..., k. Let

PC(],]RN> = {x:]—>RN (1.5)

xeC(J,RN), i=0,1,...,k, }

limx(t) exists fori=1,...,k
t—>t‘;r

w € PC(J,R) satisfies 0 < w(t), forall t € (0,1) \ {t1,..., &}, and (w ()" POV ¢ L1(0,1);

x e C( ]f,]RN),tlirr} (w(®))V POV (1),

PC'(J,RN) = { x e PC(J,RN . (1.6)
( > ( > lim (w(t))Y PO D' (t) exists fori = 0,1,...,k
t—t

i+l

For any x = (x!,...,xN) € PC(J,RN), denote |x|y = sup{|xi(t)| | t € J'}. Obviously,
PC(J,RN) is a Banach space with the norm [|x[lp = (3%, [«*[2)!/?, and PC' (J,RN) is a Banach
space with the norm ||x||; = [|xlo + [|(z(£))" "D~V x’||p. Denote L! = L(J,RN) with the norm
Ixll = (SN |%i2,)"2, for all x € L', where |xi|p1 = [, [x(£)]dt.

For simplicity, we denote PC(J,RN) and PC'(J,RN) by PC and PC', respectively, and
denote

u(th) = lirrtm(t), u(t;) = limu(t),
t— l* t—>tlT
w(0) |« [PV (0) = lim wt)|u PO (1),

w @'V (1) = limw (| [0,
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A; = Ai<limu(t), lim (w(t))l/(’”(t)_l)u’(t)>, i=1,...k
t—»ti’

t—t;

B; = Bi<limu(t), lim (w(t))1/<P<f>-1>u'(t)>, i=1,...,k
t—>ti' t—>ti'
(1.7)

In recent years, there has been an increasing interest in the study of differential
equations with nonstandard p(t)-growth conditions. These problems have many interesting
applications (see [1-4]). Many results have been obtained on these kinds of problems, for
example [5-17]. If p(t) = p (a constant), (1.1)—(1.4) becomes the well known p-Laplacian
problem. If p(t) is a general function, one can see easily that —A ¢ cu #c? (=Appu) in gen-
eral, while ~A,cu = c?(-Apu), so —Ap) represents a non-homogeneity and possesses more
nonlinearity, thus —A ) is more complicated than —A,. For example, we have the following.

(@) In general, the infimum A, of eigenvalues for the p(x)-Laplacian Dirichlet
problems is zero, and A,(x) > 0 only under some special conditions (see [10]). When
Q C R (N = 1) is an interval, the results in [10] show that 1,() > 0 if and only if
p(x) is monotone. But the property of A, > 0 is very important in the study of
p-Laplacian problems, for example, in [18], the authors use this property to deal
with the existence of solutions.

(b) Ifw(t) =1and p(t) = p (a constant) and —A,u > 0, then u is concave, this property is
used extensively in the study of one-dimensional p-Laplacian problems (see [19]),
but it is invalid for —Ap. It is another difference between —A, and —A, ).

Recently, there are many works devoted to the existence of solutions to the Laplacian
impulsive differential equation boundary value problems, for example [20-28]. Many
methods had been applied to deal with these problems, for example sub-super-solution
method, fixed point theorem, monotone iterative method, coincidence degree, variational
principles (see [29]), and so forth. Because of the nonlinearity of —A,, results about
the existence of solutions for p-Laplacian impulsive differential equation boundary value
problems are rare (see [30]). In [31], using coincidence degree method, the present author
investigate the existence of solutions for p(r)-Laplacian impulsive differential equation with
multipoint boundary value conditions. Integral boundary conditions for evolution problems
have various applications in chemical engineering, thermoelasticity, underground water flow
and population dynamics, there are many papers on the differential equations with integral
boundary value problems, for example, [32-35].

In this paper, when p(t) is a general function, we investigate the existence of solutions
and nonnegative solutions for the weighted p(t)-Laplacian impulsive integrodifferential
system with multipoint and integral boundary value conditions. Our results contain both
the cases of resonance and nonresonance, and the method is based upon Leray-Schauder’s
degree. Moreover, this paper will consider the existence of (1.1) with (1.2), (1.4) and the
following impulsive condition:

lim (b)) PODY (t) - lim (o () POV (1)
— ;’ t— t,T

(1.8)
= Di<limu(t), lim (w(t))1/<r’<*>—1>u’(t)>, i=1,...,k
t—>t; t—>t;
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where D; € C(RN xRN, RN), the impulsive condition (1.8) is called linear impulsive condition
(LI for short), and (1.3) is called nonlinear impulsive condition (NLI for short). In generaly,
p-Laplacian impulsive problems have two kinds of impulsive conditions, that is, LI and NLL

Let N > 1, the function f : JxRN xRN xRN xRN — RY is assumed to be Caratheodory,
by this we mean the following:

(i) for almost every t € J the function f(t,-,-,,) is continuous;

(ii) for each (x,y,s,z) € RN x RN x RN x RN the function f(-,x,y,s, z) is measurable

on J;

(iii) for each R > 0 there is a ag € L'(J,R) such that, for almost every t € J and every
(x,9,5,z) € RN x RN x RN x RN with |x| < R, [y| < R, |s| < R, |z| < R, one has

|f(t,x,y,5,2)| < ar(®). (1.9)

We say a function u : | — RY is a solution of (1.1) if u € PC! with w(t)|u’|”(t)_2u’
absolutely continuous on J?,i = 0,1, ..., k, which satisfies (1.1) a.e. on J.

In this paper, we always use C; to denote positive constants, if it cannot lead to
confusion. Denote

- +
z = ireljfz(t), z" = stg}oz(t), for any z € PC(J,R). (1.10)

We say f satisfies sub-(p~ — 1) growth condition, if f satisfies

ft,u,v,s,z)
|u|+|v|+|s|+\z|—>+oo(|u| + |U| + |S| + |Z|)q(t)—1

=0, forte€ J uniformly, (1.11)

where q(t) e PC(J,R),and 1 < g~ <g* <p".

This paper is organized as four sections. In Section 2, we present some preliminary and
give the operator equation which has the same solutions of (1.1)—(1.4). In Section 3, we give
the existence of solutions and nonnegative solutions for system (1.1)—(1.4) at nonresonance.
Finally, in Section 4, we give the existence of solutions for system (1.1)—(1.4) at resonance.

2. Preliminary
For any (t,x) € J x RN, denote ¢(t, x) = |x[P"*x. Obviously, ¢ has the following properties.
Lemma 2.1 (see [31]). ¢ is a continuous function and satisfies the following.

(i) Forany t € [0,1], ¢(t,-) is strictly monotone, satisfying

(p(t,x1) = @(t,x2),x1 = x2) >0, for any x1,x € RN, x1#x,. (2.1)

(ii) There exists a function a : [0,+00) — [0,+00), a(s) — +ooas s — +oo, such that

(pt,x),x) > a(|x|)|x|, VxeRN. (2.2)
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It is well known that ¢(t, ) is an homeomorphism from RY to RN for any fixed t € J.
Denote

o (t,x) = x| GPEO/POD - for x e RN\ {0}, ¢ 1(t,0)=0, Vte ] (2.3)

It is clear that ¢~!(#,-) is continuous and sends bounded sets to bounded sets.

In this section, we will do some preparation and give the operator equation which has
the same solutions of (1.1)—(1.4). At first, let us now consider the following simple impulsive
problem with boundary value condition (1.4)

—Ap(t)u + f(t) =0, te(0,1), t#t;,

}Lr%u(t) - tlint}u(t) =a;, 1=1,...,k, (2.4)

limw(t)|u'|p(t)_2u'(t) - limw(t)|u'|p(t)_2u'(t) =b;, i=1,...,k,
t—tf t—t;

where a;, b; € RY; f € L1
We will discuss (2.4) with (1.4) in the cases of resonance and nonresonance,
respectively.

2.1. The Case of Nonresonance

Suppose 0 < 22'1_12 ap <land 0 <o < 1.If uis a solution of (2.4) with (1.4), we have

t
w(t)p(t,u'(t)) = w(0)p(0,4'(0)) + Zbi + Jl)f(s)ds, vteJ'. (2.5)

ti<t

Denote a = (ay, ..., ax) € RKN, b = (by,...,bx) € RN, py = w(0)¢(0,4/(0)). It is easy to
see that p; is dependent on a,b and f (t). Define operator F : L' — PC as

F(f)(t) =f;f(s)ds, Vie ], VfeLl. (2.6)

By solving for #' in (2.5) and integrating, we find

u(t) =u(0) + >a; + F{(p"l [t, (w(t)™! <p1 + Dbi+ F(f) (t)>] }(t), Vte ], (2.7)

ti<t ti<t

which together with the boundary value condition (1.4) implies

{2 e[Sy, b+ F() (n0)] )

4

1- ZZ:lz xe (28)

1
u(0) = } Ig(t) F{g™ t,(w(t))1<p1+2bi+1-"(f)(t) (t) + > a; pdt.
(1-0)Jo

ti<t ti<t

pL=
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Denote W = R%*N x L with the norm |w|| = 35, |ai| + 35, |bi| + ||k, for all w =
(a,b,h) € W, then W is a Banach space.
We define p7 : W — RN as

{0 e[Sy, b +F(h><ne)]}

=(a,b,h) €W, (2.9)
1- Ze 1 Xe

pi(w) =

then p1(-) is continuous. Throughout the paper, we denote E = f; (w(t)) POt 1t is easy
to see the following.

Lemma 2.2. The function p; : W — RN is continuous and sends bounded sets to bounded sets.
Moreover, for any w = (a,b, h) € W, we have

S0 e[S o+ |
1- 355 ae

(2.10)

|p1(w)| <

We denote Ny (u) : [0,1] x PC' — L' the Nemytskii operator associated to f defined by
N () = f(tu(®), @) PO (), Su), Tw)), ae. on J. (2.11)
We define p; : PC' — RN as
p1(u) = p1(A,B,Ny)(u), (2.12)
where A = (Ay,...,Ax), B=(By,...,Bx).
It is clear that p(-) is continuous and sends bounded sets of PC! to bounded sets of

RY, and hence it is compact continuous.
If u is a solution of (2.4) with (1.4), we have

u(t) =u(0) + > ai + F{(p_l [t, (w(t)™ <p‘;(w) + Dbi + F(f) (t)>] }(t), vt € [0,1].

ti<t ti<t
(2.13)

For fixed a,b € RN, we define K(,p) : L' — PC' as

K ., (h)(t) = F{(p‘l [t, (w(t))™! <ﬁ{(a, b,h) + > b + F(h)(t)>] }(t), Vte . (2.14)

ti<t
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Define K7 : PC! — PC!as

Ki(u)(t) = F{(pl [t, (w(t))™ <p1(u) + > Bi+ F(Nf(u))(t)>] }(t), Vte]. (2.15)

ti<t

Lemma 2.3. (i) The operator K (ap) is continuous and sends equiintegrable sets in L' to relatively
compact sets in pC.

(i) The operator Ky is continuous and sends bounded sets in PC' to relatively compact sets
in PC".

Proof. (i) Tt is easy to check that K, (h)(-) € PC!, for all h € L', for all a,b € RN, Since
(w(t)) VPOV e L1 and

Kap)(h)'(t) = 97" [t, (w(t)™ <Zﬁ(a, b,h) + > b + F(h)>], vt € [0,1], (2.16)

ti<t

it is easy to check that K(,)(-) is a continuous operator from L' to PC'.
Let U be an equiintegrable set in L}, then there exists T € L!, such that

[u(t)| < 7(t) a.e. in J, for any u € L. (2.17)

We want to show that K4 (U) ¢ PC! is a compact set.
Let {u,} be a sequence in K(44)(U), then there exists a sequence {h,} € U such that
Uy = Kap)(hy). For any ty,t, € J, we have

- < . (2.18)

ftz T(t)dt

t

jtz hy (f)dt

t

t tr
IF () (1) — F(h) (£2)] = 'jo hn<t>dt—f ha(t)dt

0

Hence the sequence {F(h,)} is uniformly bounded and equicontinuous. By Ascoli-
Arzela theorem, there exists a subsequence of {F(h,)} (which we rename the same) which is
convergent in PC. According to the bounded continuous of the operator p;, we can choose a
subsequence of {pi(a,b, h,) + F(h,)} (which we still denote by {pi(a, b, h,) + F(h,)}) which
is convergent in PC, then w(t)"/ PV K o) (h,) (t) = ¢7'(t,p1(a, b, hy) + 3 o bi + F(hy)) is
convergent in PC.

Since

K(ap) (hn)(t) = F{(p‘l [t, (w(t)™! <ﬁ{(u, b, hy) + > bi+ F(hn)>] }(t), Vte [0,1], (2.19)

ti<t

it follows from the continuity of ¢! and the integrability of w(t)™"/*D~ in L1 that K (ab) (hy)
is convergent in PC. Thus {u,} is convergent in PC".

(ii) It is easy to see from (i) and Lemma 2.2.

This completes the proof. O
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Let us define P; : PC' — PC! as P (u) = {f; g[Ki(u)(t) + X, Aildt} /(1 -o0).
It is easy to see that P; is compact continuous.

Lemma 2.4. Suppose 0 < Y5> ap < 1and 0 < o <1, then u is a solution of (1.1)~(1.4) if and only

if u is a solution of the following abstract operator equation

u=Py(u)+ D A+ Ky (u). (2.20)

ti<t

Proof. Suppose u is a solution of (1.1)—(1.4). From the definition of p;(-) and P;(-), similar to
the discussion before Lemma 2.2, we know that u is a solution of (2.20).

Conversely, if u is a solution of (2.20), then (1.2) is satisfied.

From (2.20), we have

w(t)p(t,u'(t)) = pr(u) + D B+ F(Ns(u))(t), te(0,1), t#t;,
ti<t
(2.21)
(wtyp(t,u')) = Nr(u)(t), te(0,1), t#t;.
It follows from (2.21) that (1.3) is satisfied.

From (2.21) and the definition of p;, we have

m-2
lim w(t) |1 PO2u () =3 a limw(t) | [P0/ (8). (2.22)
—0f =) t— ;1‘;
From (2.20) and the definition of P, it is easy to check that

u(0) = r g(Bu(t)dt. (2.23)

0

It follows from (2.22) and (2.23) that (1.4) is satisfied.
Hence u is a solutions of (1.1)—(1.4). This completes the proof. O

2.2, The Case of Resonance

Suppose Zzlj agy =1and o = 1. If u is a solution of (2.4) with (1.4), we have

t
w(t)p(t,u'(t)) = w(0)p(0,4'(0)) + Zbi + Iof(s)ds, vte . (2.24)

ti<t

Denote a = (ay, ..., ax) € RKN, b = (by,...,bx) € RN, po = w(0)¢p(0,/'(0)). It is easy to
see that p; is dependent on a, b and f(t).
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The boundary value condition (1.4) implies that

[ be+F(f)(71e)] -0,

/=1 ti<ne

fl g(t) {F{qfl [t, (w(t)™ <P2 + b+ F(f) (t)>] }(t) + Zai}dt =0.

0 ti<t ti<t

For any w € W, we denote

1
Aw(p2) = fo g(t) {F{wl [t, (w(b)™ <P2 + > bi+ F(h)(t)>] }(t) + Zai}dt-

ti<t ti<t

Lemma 2.5. The function A, () has the following properties.

(i) For any fixed w € W, the equation
Aw(p2) =0

has unique solution p;(w) € RN,

(2.25)

(2.26)

(2.27)

(ii) The function p; : W — RN, defined in (i), is continuous and sends bounded sets to

bounded sets. Moreover, for any w = (a, b, h) € W, we have

k Pl
|7a(w)] <3N [(zw’* <Z |ai|> + 3 bl + ||h||U],
i1 i1

where

#

o {MF’+1, M>1
M =

Mrl M <.
Proof. (i) From Lemma 2.1, it is immediate that
(Aw(x1) = Aw(x2),x1 —x2) >0, for x1#x3, Vx1,x; € RN,

and hence, if (2.27) has a solution, then it is unique.
Set

k Pk
Ry =3N [(2N)” <Z Iail> + >, bl + IIhIIL1] :
i=1 i=1

(2.28)

(2.29)

(2.30)

(2.31)
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Suppose |p2| > Ry, it is easy to see that there exists some jy € {1,..., N} such that, the
absolute value of the joth component p) of p satisfies

|y

p*-1 k
_|p2| > —RO = [ Q2N <Z |ai] > + 3 |bif + ||h||L1]. (2.32)
i=1

Thus the joth component of p, + 3, _; bi + F (h)(t) keeps sign on ], then it is not hard to

check that the joth component of A, (p2) keeps the same sign of p]”

Thus Ay (p2) #0. Let us consider the equation
Mu(p2) +(1-1)p2 =0, Le[0,1]. (2.33)

According to the preceding discussion, all the solutions of (2.33) belong to b(Ry + 1) =
{x € RN | |x| < Ry + 1}. Therefore

dp[Aw(p2),b(Ry +1),0] = d[I,b(Re +1),0] # (2.34)

it means the existence of solutions of A, (p2) =0
In this way, we define a function p;(w) : W — RN, which satisfies A, (p2(w)) = 0.
(ii) By the proof of (i), we also obtain p; sends bounded sets to bounded sets, and

k Pl g
|P2(w)| <3N [(zw* <Z |ai|> + > bl + ||h||L1]. (2.35)
i=1 i=1

It only remains to prove the continuity of p;. Let {w, } is a convergent sequence in W
and w, — w,asn — +oo. Since {p;(wy,)} is a bounded sequence, it contains a convergent
subsequence {p;(wy,)}. Suppose pa(wy,) — p3 as j — +oo. Since Aw, (p2(wn;)) = 0, letting
j — +oo, we have Aw(pg) = 0, which together with (i) implies pg = py(w), it means p; is
continuous. This completes the proof. O

We define p; : PC' — RN as
p2(u) = p2(A, B, Ny) (u), (2.36)

where A = (Ay,...,Ax), B=(By,...,By).
It is clear that py(-) is continuous and sends bounded sets of PC! to bounded sets of
RN, and hence it is a compact continuous mapping.
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Let us define

m-2
P :PC' —PCu —u©0); Q:L'—L'), h—> ag| > bi+F(h)(ne)|,
=1 ti<ne (2.37)
o:L! %Ll,hﬁh—%Qh,
Dot aete

and Ky , : L' — PC'as

K, (W) = F{q)_l [t, (w(t)™ <F’5(a, bh) + > bi + F(h)(f)>] }(f), vte]. (2.38)
ti<t
Similar to the proof of Lemma 2.3, we have the following lemma.

*

(ab) © ©)(-) is continuous and sends equiintegrable sets in L' to

Lemma 2.6. The operator (K
relatively compact sets in PC".

Denote

On;, (u) =T§ ap [Z B; + F(Ng(u)) (’Zf)] ,

=1 ti<te

O (u) = Ny (u) - %HQN, (),
¢

e=1 Xe (2.39)

p2(u) = p2(A, B,Oy) (1),

Ka(u)(t) = F{‘Pl [t, (w(t)™! <Pz(u) +>Bi+ F(@f(u))(t)>] }(t), vte].

ti<t

Lemma 2.7. Suppose 357 ap = 1 and o = 1, then u is a solution of (1.1)~(1.4) if and only if u is a
solution of the following abstract operator equation

u="D~>Pu + ZAi +ON; (u) + Ky (u). (2.40)

ti<t

Proof. Suppose u is a solution of (1.1)—(1.4), it is clear that u is a solution of (2.40).
Conversely, if u is a solution of (2.40), then (1.2) is satisfied and

On,(u) =0. (2.41)

Thus O¢(u) = Nf(u).
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From (2.40) and (2.41), we have

w(t)p(t,u' (1)) = pa(u) + D Bi+ F(Os(w))(t), te(0,1), t#t,
fi<t (2.42)

(wt)p(t,u')) = Nr(u)(t), te(0,1), t#t;.

According to (2.42), we get that (1.3) is satisfied. Since Qn, (1) = 0, we have
£-2 = £-2
tlir%1w(t)|u’|P( U () =Y aelimw(t) | [P0 (8). (2.43)
-0 =1 e

It follows from the definition of p, that

1
f g(t){P{<p1 [t, (w(t)™ <p2<u)+ZBi+F(6f<u))(t)>]}(t)+ZAi}dt=o, (2.44)

0 ti<t ti<t

then u(0) = [} g(t)u(t)dt.
Hence u is a solutions of (1.1)—(1.4). This completes the proof. O

3. Existence of Solutions in the Case of Nonresonance

In this section, we will apply Leray-Schauder’s degree to deal with the existence of solutions
and nonnegative solutions for system (1.1)—(1.4) at nonresonance.

When f satisfies sub-(p~ — 1) growth condition, we have the following.

Theorem 3.1. Suppose 0 < 37" ap < 1and 0 < ¢ < 1,f satisfies sub-(p~ — 1) growth condition,
and operators A and B satisfy the following condition

k
> 1A, 0) < C1(1+ [u] + [o)) TV @D,
i=1
’ V(u,v) € RN xRN, (3.1)

k
> 1Bi(w, v)] < Co(1+ [u] + o) 7,
i=1

then problem (1.1)—(1.4) has at least one solution.
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Proof. First we consider the following problem:
—Ap(t)u + .)LNf(u)(t) =0, te(0,1), t#t;
limu(t) — limu(t) = /\Ai<limu(t), lim (w(t))" <P<f>1>u'(t)>, i=1,...,k
t—>t;r t—>ti_ t—>ti_ t—>ti_

limw ()| [P9 720 () - limw(#) [/ PO 720 (1)
t—tf t—t

(51)
= \AB; <t11ntl_u(t),thnt1_ (w(t)Y (P“)”u/(t)), i=1,...k
5 m-2 5 1
Timeo(t)|u/ [/ (1 =3, aelim w0 (E),  u(©0) = fo g(tu(t)dt.
Denote
p . (u) = pr(LA, AB, ANy) (w),
Kiy(u)=F {90‘1 [t, (w(t))™ <P () + 1 Bi + F(ANf (1)) (0)] }
ti<t
1 A (3.2)
PLa(e) = 703 fo g(t) [Km(u)(t) + ;mi] dt,

Wy(u,\) = Pro(u) + A D A+ Kia(u),

ti<t

where Ny (u) is defined in (2.11).
We know that (S1) has the same solution of the following operator equation when
A=1,

u="W(u ). (3.3)

It is easy to see that operator p; , is compact continuous for any A € [0, 1]. It follows
from Lemmas 2.2 and 2.3 that ¥((-,\) is compact continuous from PC' to PC' for any A €
[0,1].

We claim that all the solutions of (3.3) are uniformly bounded for A € [0, 1]. In fact, if
it is false, we can find a sequence of solutions {(u,, A,)} for (3.3) such that |lu,|l; — +oo as
n — +oo,and |[u,ll; > 1foranyn=1,2,....

From Lemma 2.2, we have

k

lp1a(w)] < Cs [Z |Bil + ||Nf<u>||L1] < Cy(1+ Jull{ ). (34)

i=1
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Thus
pra(u) + ;iBi + F(ANg)| < |pra(u)| + Z;Bi +|F(Np)| < C5<1 + IIulli’q)- (3.5)
From (S1), we have
w(t) |u'n(t) |P(t)—2u'n(t) = p1(uy) + Z)LBi + JZ ANf(un)(s)ds, Vte J. (3.6)
ti<t

It follows from (2.12) and Lemma 2.2 that

k 1
w(®)|u, ()" < prawn) |+ Y 1Bil + f |Nf () (8)|ds < Co + Crllunll ', Vi€
i=1 0

(3.7)
Denote a = (g* —1)/(p™ — 1). The above inequality holds
| *OVu @] < Collmlly, n=12,.... (3.8)
It follows from (3.1) and (3.5) that
a qu -1
[1,(0)| < Colluylly, where a = o1 (3.9)
Foranyj=1,...,N, wehave
. . . t N
ui,(t)| = [u,(0) + ZA{ +f <ufq> (s)ds
ti<t 0
. t ]
< |uh @)+ | XA + f (w()) PO sup | @) PO (u) (h]ds|  (3.10)
fiat 0 te(0,1)
< |lunllf [Cr0 + CsE] + | D Ai| < Cullunllf, Vte], n=1,2,...,
ti<t
which implies that |uf1|0 <Cillualli,j=1,...,N;n=1,2,.... Thus
lunllg < NCaollunllf, n=1,2,.... (3.11)

It follows from (3.8) and (3.11) that {||u,||;} is uniformly bounded.
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Thus, we can choose a large enough Ry > 0 such that all the solutions of (3.3) belong to
B(Ro) = {u € PC" | ||lul|; < Ro}. Therefore the Leray-Schauder degree di g [I-¥¢(-, 1), B(Ro),0]
is well defined for A € [0,1], and

dis[I - ¥/ (, 1), B(Ro),0] = dis[I - ¥;(-,0), B(R),0]. (3.12)

It is easy to see that u is a solution of u = ¥¢(u,0) if and only if u is a solution of the
following usual differential equation

—Ap(t)u =0, te(0,1),

m=2 1 (52)
tlirg w(t) |u'|p(t)_2u'(t) =Z ae lim w(t) |u'|p(t)_2u'(t), u(0) = f g(Bu(t)dt.
-0 = e 0

Obviously, system (S,) possesses a unique solution . Since 1y € B(Ry), we have
dLS [I - Ipf(/ 1)/ B(RO)/ 0] = dLS [I - Ipf(l 0)/ B(Ro)r O] 7& 0/ (313)

which implies that (1.1)—(1.4) has at least one solution. This completes the proof. O

Theorem 3.2. Suppose 0 < 37" 2a, < 1and 0 < o < 1, f satisfies sub-(p~ — 1) growth condition,
and operators A and D satisfy the following

k
N 1Ai(w,0)] € Cr(1+ [u] + o)) T D/ ED,
i=1
' V(u,v) € RN xRV, (3.14)
k

> IDi(w,0)| < Co(1+ Jul + o)),
i=1

where a; < (g* - 1)/(p(ri) = 1), and p(ri) -1 < g" —a;, i=1,...,k, then problem (1.1) with (1.2),
(1.4), and (1.8) has at least one solution.
Proof. Obviously,

Bi(u,v) = ¢(ri,v + Di(u,v)) — ¢(r;,v). (3.15)

From Theorem 3.1, it suffices to show that

k
> |Bi(u,0)| < Co(1 + [u| + )T, Y(u,v) e RN xRN, (3.16)
i=1
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(a) Suppose |v| < M*|D;(u, v)|, where M* is a large enough positive constant. From the
definition of D, we have

. ) p(ri)-1 ai(p(ri)-1)
1 7 -_ 1 4 — . .
|Bi(u,v)| < C1|D;i(u, v)| <Co(1+|ul +|v|) (3.17)

Since a; < (g* —1)/(p(r;) — 1), we have a;(p(r;) — 1) < g* — 1. Thus (3.16) is valid.

(b) Suppose |v| > M*|D;(u,v)|, we have

-1 IDi(u,v)|

1B:(w,0)| < CalolP ™ =2

= C4[ol""7|D;(u, v). (3.18)

There are two cases.

Case 1 (p(r;) =1 >1). Since p(r;) -1 < g" — a;, we have p(r;) -2+ a; < g* — 1, and then
|Bi(u, )| < Cs[vP "2 |Di(u, v)| < Co(1 + [u] + [o])" "> < Co(1 + Ju| +[o))T . (3.19)

Thus (3.16) is valid.

Case 2 (p(r;) =1 < 1). Since a; < (g* — 1)/ (p(r;) — 1), we have a;(p(r;) - 1) < g" -1, and
|Bi(u, 0)| < CrloP"™ 2D (1, 0)| < Cs|Di(u, 0)[P"7 < Co(1 + fu] + [0y * P70 (3.20)

Thus (3.16) is valid. Thus problem (1.1) with (1.2), (1.4), and (1.8) has at least one
solution. This completes the proof. O

Let us consider
~Appu+ (b @)U, S@w), T(w),6) =0, te(0,1), t#h,  (321)
where 6 is a parameter, and

§(tu, (®) POV, S(u), T(w), 6)
(3.22)
= f(tu, @ENY PO, Sw), T(w)) + 6h(t 1, @(E) YOV, S@w), Tw)),

where h,f : ] x RN x RN x RN x RN — RN are Caratheodory.
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We have the following.

Theorem 3.3. Suppose 0 < S0 2a, < 1and 0 < o < 1, f satisfies sub-(p~ — 1) growth condition,
and we assume that

k
3 Ai(w,0)] < Cr(1+ [u] + [o) @D/ @D,
i=1
Y(u,v) e RN xRN, (3.23)
k
3 IBi(u,v)| < Co(1 + [u] + [o])T 7,
i=1

then problem (3.21) with (1.2)—(1.4) has at least one solution when the parameter & is small enough.

Proof. Denote
ga (1w, o) POV, S(w), T(w), 6)

= f(t, u, (w()/ POy Sw), T(u)) + wh(t, u, (w(t)Y POV Su), T(u)).
(3.24)

We consider the existence of solutions of the following equation with (1.2)-(1.4)
—Appu+ (iu(t, u, (w(t)" <P<”—1>u',5(u),T(u),5) =0, te(0,1), t#t. (3.25)
Denote

p1 (4, 6) = pi(A, B, Ny, ) (w),

K}, (u,6) = F{ ¢! [t, (w(t))™! (pf,j\(u,(ﬁ) + D Bi + F(Ny, (u))(t)>] }

ti<t

(3.26)

1
P} (u,6) = a } - IO g(t) I:Kfll(uﬁ)(t) + ZAl] dt,

Li<t

Ds(u, L) = Pl#,)L(u,é') + ZAi + Kf,k(u,(‘)'),

ti<t

where Ny, (u) is defined in (2.11).
We know that (3.25) with (1.2)—(1.4) has the same solution of u = ®s(u, \).
Obviously, ¢o = f. So @5(u,0) = ¥¢(u,1). As in the proof of Theorem 3.1, we know
that all the solutions of u = ®s(u, 0) are uniformly bounded, then there exists a large enough
Ry > 0 such that all the solutions of u = ®(u,0) belong to B(Ry) = {u € PC' | |lu]l; < Ro}.
Since ®s(+,0) is compact continuous from PC! to PC!, we have

uegg(fRo)llu = D@s(u,0)[|; > 0. (3.27)
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Since f, h are Caratheodory, we have

|F(Ny, (1)) = F(Ng,(w))||, — 0 for (u,1) € B(Ry) x [0,1] uniformly, as 6 — 0,

| Pl \(w,6) - p’fo(u,6)| —0 for (u,1) € B(Ry) x [0,1] uniformly, as 6 — 0,

”Ki)l(u,(S) - Ki’io(u,(‘)‘)||1 — 0 for (u,1) € B(Rp) x [0,1] uniformly, as 6 — 0,

|pf,k(u,6) - Pﬁ,o(”/6)| — 0 for (u,A) € B(Rp) x [0,1] uniformly, as 6 — 0.
(3.28)

Thus

||Ds (2, A) = Do(u, A)||; — 0 for (u,\) € m x [0,1] uniformly, as 6 — 0, (3.29)
Obviously, @ (1, L) = Ds(u,0) = Dy(1,0). We obtain

||Ds (1, ) — Dgs(1,0)|; — 0 for (u,\) € m x [0,1] uniformly, as 6 — 0. (3.30)

Thus, when 6 is small enough, we can conclude that

inf - Ds(u, A
(”,)L)Eaé(Rg)x[o,l]”u 6 (1, A)[|y
| (0)) (3.31)
> inf ||u - @5(11,0)”1 — sup ” 6(”, 0) —_ (Dé(u, )L)”l > 0.
u€dB(Ro)

(u,A)€B(Ry)x[0,1]

Thus u = @g(u, A) has no solution on 0B(Ry) for any A € [0, 1], when 6 is small enough.
It means that the Leray-Schauder degree dis[I — ®s(-, 1), B(Ry),0] is well defined for any
A€ [0,1], and

dLS [I - @ (u/ )L)r B(RO)/O] = dLS [I -5 (u/ 0)/ B(RO)/O] (332)

Since ®5(u,0) = Ws(u, 1), from the proof of Theorem 3.1, we can see that the right
hand side is nonzero. Thus (3.21) with (1.2)—(1.4) has at least one solution. This completes
the proof. O

Theorem 3.4. Suppose 0 < 37" > ap < 1and 0 < o < 1,f satisfies sub-(p~ — 1) growth condition,
and we assume that

k

1A, 0)| < Ci(L+ Ju] + [o]) T D/#*D,

' V(u,v) € RN xRN, (3.33)
k

S 1D;i(u,0)] < Ca(1 + [u] + [0])*,

i=1
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where a; < (q* = 1)/ (p(ri) = 1), and p(r;) -1 < q" —a;,i=1,...,k, then problem (3.21) with (1.2),
(1.4), and (1.8) has at least one solution when the parameter 6 is small enough.

Proof. As it is similar to the proof of Theorems 3.2 and 3.3, we omit it here. O

In the following, we will consider the existence of nonnegative solutions. For any x =

1,...,xN) € RN, the notation x > 0 means x/ >0 forany j=1,...,N.

(x

Theorem 3.5. Suppose 0 < Y52 ap < 1,0 < 0 < 1, we also assume
(1% f(t,x,y,s,z) >0, forall (t,x,y,s,z) € ] x RN x RN x RN x RN;
(2% foranyi=1,...,k, Bi(u,v) >0, for all (u,v) € RN x RN,

Then every solution of (1.1)—(1.4) is nonnegative.

Proof. Let u be a solution of (1.1)—(1.4), integrating (1.1) from 0 to ¢, we have

w(t)p(t,u' () = pr(u) + D Bi+ F(Nf(u))(t), Vte(0,1), t#h,... 1k, (3.34)

ti<t

where p; = w(0)¢(0,'(0)). The boundary value condition holds

{0 e[Sy, B+ F(Ny () (n0)] }

pr = - , (3.35)
1- 26:12 ay
Conditions (1°)-(2°) mean p; () > 0. Obviously, for any for all t € J', we have

ti<t

It follows from conditions (1°)-(2°) and (3.36) that u(t) is increasing on J, namely
u(t') —u(t") > 0, for all #,#" € J with # > t. Thus the boundary value condition holds

u(0) = [} g(Hyu(b)dt > [} g(t)u(0)dt = ou(0), then u(0) > 0.
Since u(t) is increasing and u(0) > 0, we have u(t) > 0, forall t € J.
Thus every solution of (1.1)—(1.4) is nonnegative. The proof is completed. O
Corollary 3.6. Under the conditions of Theorem 3.1, we also assume
(1% ft,x,y,s,2) >0, forall (t,x,y,s,z) € ] x RN x RN x RN x RN with x,s,z > 0;
(2% foranyi=1,...,k, Bi(u,v) >0, for all (u,v) € RN x RN with u > 0;
(3% forany t € [0,1] and s € [0,1], ki (t,s) > 0, h.(t,s) > 0.
Then (1.1)—(1.4) has a nonnegative solution.

Proof. Define M(u) = (M. (u}),..., M.(u")), where

u, u>0,
M, (u) = (3.37)
0, u<?O.
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Denote

ft,u,v,S(m), T(w) = f(t M(u),v,S(M(u)), T(M(u))), Y(tuv)e]x RN xRN,
(3.38)

then f (t,u,v,S(u), T(u)) satisfies Caratheodory condition, and f (t,u,v,S(u), T(u)) > 0 for
any (t,u,v) € ] x RN x RN,
Foranyi=1,...,k, we denote

A,-(u,v) = A;(M(u),v), Ei(u,v) = Bi(M(u),v), Y(u,v)eRN xRN, (3.39)

then A; and B; are continuous, and satisfy
B}(u,v) >0, Y(u,v) e RN xRN for anyi=1,..., k. (3.40)

It is not hard to check that

(20 lim|u|+|v‘—>+oo(f(t, u,0,Sw), T(w)/(u| + [0))1DY) =0, for t € J uniformly, where
q(t) eC(J,R),and 1 <gq~ <gq* <p7;

(3% K 1Ai(u,0)| < C1(1 + |ul + [o) VD for all (u,v) € RN x RV,
(4% S5 Bi(w,v)| < Co(1 + |u| + |0))T 7, for all (u,v) € RN x RN,

Let us consider

~Ap+ f(tu, @®)POVW, Sw), Tw) =0, te],

limu(t) - imu(t;) = Ai<limu(t), lim (w(t))" <P<f>1>u'(t)>, i=1,...,k
t—>ti+ t—>ti_ t—>ti_ t—>ti_
. ’ 1 !
tlgg}w(t)w(t,u *)) tlglt}w(t)tp(t,u ®) (3.41)
= ]§i<limu(t), lim (w(t))l/(’”(t)"l)u’(t)>, i=1,...,k
t—>ti' t—>ti'

m-2

1
lim wt)[u PO () =Y aplimw(®)|u [P, u(©0) = f g(Hu(t)dt.
—0* -1 t—n, 0

Y4

It follows from Theorems 3.1 and 3.5 that (3.41) have a nonnegative solution u. Since
u > 0, we have M(u) = u. Thus u is a nonnegative solution of (1.1)—(1.4). This completes the
proof. O

4. Existence of Solutions in the Case of Resonance

In the following, we will consider the existence of solutions for system (1.1)-(1.4) at
resonance.
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Theorem 4.1. Suppose Y52 ap = 1 and ¢ = 1, Q is an open bounded set in PC' such that the
following conditions hold.

(1°) For each A € (0, 1) the problem
—Ap(t)u+ .)LNf(u)(t) =0, te(0,1), t#t;
limau(t) - Timu(t) = )LAi<limu(t), lim (w(t)) PO ’(t)> i=1,...,k
— :’ t—t; t—t; t—t;

limwo(£) [/ PO/ (£) - limw(£) [/ PO~ (1)
t—tf t—t (4.1)

=AB,-<}Lﬁgu<t>,}Lnﬂw(t))“(*’“ v '<t>> i=1,..k
m-2 1
tli%w(t)|u’|P(f>‘2u'(t =Y a hmw(t | |P920 1), () = fO g(Hu(t)dt.
=1 e

has no solution on 0Q.

(2°) The equation

/=1 ti<ne

w(l) = {mzz a [Z Bi(1,0) + IW Ft1, O,S(l),T(l))dt] } =0, (4.2)

has no solution on 0Q NRN.

(3°) The Brouwer degree dg[w, QNRN,0] #0.
8

Then problem (1.1)—(1.4) have a solution on Q.

Proof. Let us consider the following impulsive equation

(- nfew, 6]

—Appyu+ ANg(u)(t) + 0, te(0,1), t#k,

m-2

¢=1 Aele
hmu(t)— limu(t) = ~<limu(t),lim(w(t))l/(”(t) b ’(t)> i=1,...,k
t— t—>t t—>ti' t—>ti‘
limao(Bl PO (1) - limwo ()P0 (1) (43)
-t t—t

= )LBi<limu(t), lim (w(t)) PO ’(t)> i=1,...,k
t—>ti' t—>ti'

1
lim w(t)|u/ [P0 (k) = Z a lim w(t) | POy, () =I g(Hu(b)dt.
=1 7l 0
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Forany A € (0,1],if uis a solution to (4.1) or u is a solution to (4.3), we have necessarily
QNf (u) =0. (44)

It means that (4.1) and (4.3) have the same solutions for A € (0,1].
We denote N(-,-) : PC' x [0,1] — L! defined by

(1-)[Qn, )]

m-2
o=1 Xele

N(u, ) = ANf(u) + (4.5)

7

where N¢(u) is defined by (2.11). Denote

Q)L : Ll —>L1,u —>mz_2 ay [AZ Bz+F(N(ur-)‘))(7l€)]/

=1 ti<ne
O: L' —-LYu— N(u, \) - %,
2o Xele (4.6)
P2, (1) = p2(LA,AB,©,),

Ko (u)(t) = F{(/fl [t, (w(t)™! <P2,). (u) + A ) B; + F(©y (u))(t)>] }(t), vte].

ti<t
Set

Wi, A) = Pa(u) + A D Ai + Qu(w) + Ko (u), (4.7)

ti<t

then the fixed point of ‘P;(u,l) is a solution for (1.1)—(1.4). Also problem (4.3) can be
rewritten in the equivalent form

u="W(u ). (4.8)

Since f is Caratheodory, it is easy to see that N(:,-) is continuous and sends bounded
sets into equiintegrable sets. It is easy to see that P, is compact continuous. From Lemma 2.6,
we can conclude that vy (u, ) is continuous and compact for any A € [0,1]. We assume that
(4.8) does not have a solution on 0Q2 for A = 1, otherwise we complete the proof. Now from
hypothesis (1°) it follows that (4.8) has no solutions for (1, 1) € 0Q x (0,1]. For A =0, (4.3) is
equivalent to the following usual problem

(4.9)

m-2 1
lim wt)[u "0 () = aplimw®) |/ [P PU (), u(0) = j g(Hu(b)dt.
—u =1 7 0
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If u is a solution to this problem, we must have

0=5 a [ S5 <lirrt1u(t),tlintl <w<t>)1/<p<t>-1>u'(t>> 3K Nf(u)dt] . @0
t—t; -t 0

=1 ti<ne

As this problem is a usual differential equation, we have

wt)|u [P = pa, (4.11)

where p, € RN is a constant. Therefore (u')' keeps the same sign of p,. From u(0) =
fé g(t)u(t)dt, we have f; g(+)[u(0)—u(t)]dt = 0. From the continuity of u, there existt; € (0,1),
such that (u!)'(t;) =0,i=1,...,N. Hence ' =0, it holds u = d, a constant. Thus (4.10) holds

mz_z g [Z Bi(1,0) + fm £(t,1,0, S(l),T(l))dt] =0, (4.12)
0

/=1 ti<ne

which together with hypothesis (2°) implies that u = d ¢ 0Q. Thus we have proved that
(4.8) has no solution (u,1) on 0Q x [0,1]. Therefore the Leray-Schauder degree dis[I —
‘I‘}(-,)L),Q,O] is well defined for A € [0,1], and from the homotopy invariant property of
that degree we have

dis|[1-5(,1), 9, o] = dis [1 ~W(,0),Q, o]. (4.13)

Now it is clear that the problem

u= ‘P} (u,1) (4.14)

is equivalent to problem (1.1)—(1.4), and (4.13) tells us that problem (4.14) will have a solution
if we can show that

dis [I ~¥(,0),Q, o] 0. (4.15)

It is not hard to check that K, (-) = 0. Thus

1P}i(u,O) = Pou+QNy(u) + Koo(u) = Pou+ QNy(u),
B (4.16)
u- ‘P}(u, 0) =u—Pou—QNy¢(u) =-QNg(u), on Q.

By the properties of the Leray-Schauder degree, we have

dis [1 ~¥(,0),9, o] = (-1)Ndj [w, QNRY, o], (4.17)
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where the function w is defined in (4.2) and dp denotes the Brouwer degree. By hypothesis
(3%), this last degree is different from zero. This completes the proof. O

Our next theorem is a consequence of Theorem 4.1. As an application of Theorem 4.1,
let us consider the following system

=Aputy (b u, () POV, S@w), Tw))+e(tu, ()" *O U, Sw), Tw) =0, te],
(4.18)

with (1.2), (1.3), and (1.4), where e : J x RN x RN x RN x RN — RN is Caratheodory, y =
0t yN) xRNV xRN xRN x RN — RN is continuous, and for any fixed yo € RN, y{ #0
holds y'(t, 0,0, S(v0), T (o)) #0, forallt € J,i=1,...,N.

Theorem 4.2. Suppose that the following conditions hold

(1°) y(t, kx, ky, ks, kz) = k1O-Yy(t,x,y,s,z) forall k > 0 and all (t,x,y,s,z) € ] x RN x
RN x RN x RN where q(t) € C(J,R) satisfies 1 <q~ < q" <p~;

(2°) limyujs ol fsi+]z|—-+00 (et 1,0, 8, 2) / ([ul + [0] + |s| + |21)7D7") = 0, for t € ] uniformly;

(3%) 3K |Ai(u,0)| < Cr(1+u|+|0))?, for all (u,v) € RN xRN, where 0 < 6 < (p~=1)/ (p* -
Ly

(4%) 35 Bi(u,v)| < Ca(1 + |u| + |0)P7, for all (u,v) € RN x RN, where 1 < p < q;

(5°) for large enough Ry > 0, the equation

=1 ti<te 0

wy(l) = {mzz a [Z Bi(1,0) + f " Y1, O,S(l),T(l))dt] } -0, (4.19)

has no solution on dB(Ry) N RN, where B(Ry) = {u € PC' | ||uly < Ro};

(6°) the Brouwer degree dg[wy,b(Ro),0]#0 for large enough Ry > 0, where b(Rg) = {x €
RN | |x] < Ro}.

Then problem (4.18) with (1.2), (1.3), and (1.4) has at least one solution.

Proof. For any u € PCland )\ € [0,1], we denote

Np ) = y(tu @®) PO, Sw), Tw)) + e (t, u, (w(t) POy S(w), T(u)).
(4.20)
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At first, we consider the following problem

-Apmu+ Ny (u)(t) =0, te(0,1), t#t,

—
i

limu(t) - lim u(t) = Ai<limu(t), lim (w(t))l/(p(t)_l)u'(t)>, i=1,...,k,
t— l* t t—t; t—t;

limw(#)|u/ P92 (1) - limw () [/ PO 720 (1)
t—tf t—t;

(4.21)
= Bi<limu(t), lim (w(t))1/<f’“>—1>u'(t)>, i=1,...,k
t—>t; t—>t;
) m-2 ) 1
lim wt)[u PO (t) =Y aplimw(®)|u PO (), u(©) = f g(Byu(t)dt.
- =1 e 0
As in the proof of Theorem 4.1, we know that (4.21) has the same solutions of
u="(u,A) = Py(u) + D Ai+QNy, (1) + Ky (O, (w), (4.22)

ti<t

where Oy, is defined in (2.39).
We claim that all the solutions of (4.21) are uniformly bounded for A € [0, 1]. In fact, if
it is false, we can find a sequence of solutions {(u,, A,)} for (4.21) such that ||u,|l; — +oo as

n — +oo,and |[u,ll1 >1 foranyn=1,2,....
Since (1, A,,) are solutions of (4.21), we have

w(t)p(t, u, (1) = pa(un) + > Bi+ F(Ny, (ua)) (t), (4.23)

ti<t

ti<t

Un(t) = un(0)+ X Ai+F (7! [t, (w(t) ™! (pz(un)+tZ<tBi+F(Nfln (un))(t))]}().Since u, (0) =
Jo §(H)un(t)dt, we have

1
fo g(t) <F{(p1 [t, (w(t))™ <p2(un) + > Bi+F(Np, (un))(t)>] }(t) + ZAi>dt =0.

i<t hit
(4.24)
It follows from Lemma 2.5 that
lp2(un)] < 3NC(1+ e} ™ + Juuall] ). (4.25)
From (3°), (4°), (4.23) and (4.25), we can see that

@) CODu )| < o)l (4.26)
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From (4.26), we have

laally _

n—oe [|un|ly

(4.27)

Denote 8, = (jublo/ lttallo, 112lo/ [ttally - -, 14|y 1tally), then 6, € RN and [6,] = 1 (n =
1,2,...). Thus {6,} possesses a convergent subsequence (which still denoted by 6,), then
there exists a vector 8y = (6},6;,...,6)') € RN such that |6p| = 1 and lim,— 156, = &o.
Without loss of generality, we assume that 6(1) > 0. Since u,, € PC!, there exist 11;'1 € ] such that

()= (1-3)

i
n

s i=L2. Nin=12,.... (4.28)

u

Obviously

1 k
< o(l)||un||1f (w() POV ar Y | Al
0 i=1

(4.29)

ftl <u}l>l(t)dt+ S Al

n ni<ti<t

by (1)

Note that ||u,|i — 400 (asn — +o0) and 65 > 0, it follows from (4.27), (4.28), and
(3% that

1 - _
lim {oluall Jy Go®)™ 7t + 55| Al} _ 0. (430)

n= e [ (1) |

By (4.27), (4.29), and (4.30) we have lim,_ .,ul(t)/ul(n}) = 1 for t € J uniformly,
which implies

p®-1),
) e @) V)

n—oo [lunlly n e l[24nlly

0, fort e J uniformly, (4.31)

where 8, € RV, satisfies [6,] = 1, 61| = &}
From (1.4), we have

/=1 ti<ne

0-3 ae{ T f (6 o) OV, S (), T
0
(4.32)

ve (b, (w() 7OV, S(u), T(wy) )| dt P
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Note that y!(t,6.,0,5(6.),T(64)) #0, it follows from (4.31), (4°) and the continuity of
1
y* that

m-2 e
)y ag{ S B! +f uall 107 {1 [1,6.,0,5(6.), T(6.)] + o(l)}dt} £0, (433)

|
/=1 ti<ne 0

which contradicts to (4.32). This implies that there exists a big enough Ry > 0 such that all the
solutions of (4.21) belong to B(Ry), then we have

dis[1 =W} (1), B(Ro), 0] = dus I = ¥} (-, 0), B(Ro), 0]. (4.34)

In order to obtaining the existence of solutions (4.18) with (1.2), (1.3), and (1.4), we
only need to prove that dis[I - ‘P;‘;(-, 0), B(Ry),0] #0.
Now we consider the following equation

(1-1[Qn, )]

)
o1 el

—Apmu+ ANy (1) () + =0, te(0,1), t#t,

limu(f) - limu(t) = 1A; <limu(t), lim (w(t))" (p(t)_l)u’(t)>, i=1,...k

=t t—t; t—t; t—t
limew(#)|u/ P92 (£) - limw () [/ P97 (F) (4.35)
t—>t;’ t—t;

= )LBi<limu(t), lim (w(t))" (”(t)_l)u’(t)>, i=1,...,k
t—>t17 téti’

e

m-2 1
tlirgw(t)|u'|p(t)_2u’(t) =3 aplimw(t) | |2/ (H),  u(0) = f g(u(t)dt,
—0* ) t—mn, 0

where N, (u) = y(t,u, (w(®)Y PO Dy S(u), T(w)).

Similar to the preceding discussion, for any A € (0,1], all the solutions of (4.35) are
uniformly bounded.

If u is a solution of the following usual equation with (1.4)

<w(t)|u’|p(t)72u’>': %’ te(0,1), (4.36)
o=1 %elle

we have

On, () =0, w®|u """ =c. (4.37)
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As u(0) = f; g(Hu(t)dt, we have w(t)|[u/|[' 1 = 0, it means that u is a solution of

w (1) = {mzz a [Z Bi(1,0) + f: y(£,1,0, S(l),T(l))dt] } = 0. (4.38)

/=1 ti<ne

By hypothesis (5°), (4.35) has no solutions on 0B(Ry) x [0, 1], from Theorem 4.1, we
obtain that (4.18) with (1.2), (1.3), and (1.4) has at least one solution. This completes the
proof. O

Corollary 4.3. Ife: J x RN xRN x RN x RN — RN is Caratheodory, conditions (2°), (3°) and (4°)
of Theorem 4.2 are satisfied, condition (3°) of Corollary 3.6 is also satisfied, y(t,u, v, S(u),T(u)) =
B ()2 u+ 101992048 (1) [1072S () +|T (1) 1" 2T (w)), where B(t), q(t) € C(J, R) are positive
functions satisfying 1 < q- < q* < p~; then (4.18) with (1.2), (1.3), and (1.4) has at least one
solution.

Proof. Denote

G, 1) = {mzz e [Z AB:(1,0) + IW y(t,1,0, S(l),T(l))dt] } (4.39)
0

=1 ti<ne

From condition (4°), we have
Bi(L,0)| <C(L+ D!, 1<p<g". (4.40)

Note that k, and h, are nonnegative. From the above inequality, we can see that all the
solutions of G(I, 1) = 0 are uniformly bounded for A € [0,1]. Thus dg[G(l, 1), b(Ry), 0] is well
defined for A € [0,1] and

dp [w)’r b(RO)/ O] =dp [G(l/ 1)/ b(RO)r 0] =dp [G(lr 0)/ b(Ro), 0]/

m-2 ¢ 4.41
G(z,o>={zag(f" ﬁ(t)[urf(”-zu|5<l)|q“>-2sa>+|T<1>|q<f>-2T<l)]dt>}, .

o=1 0
and it is easy to see that G(I,0) = 0 has a unique solution in RV and
dg [wYI b(RO)/O] = dB [Il b(RO)/ 0] #O (442)

According to Theorem 4.2, we get that (4.18) with (1.2), (1.3), and (1.4) has at least a
solution. This completes the proof. O

Let us consider

—Apyu+ f(t,u, (w(t)Y <P<f>-1>u/,5(u),r(u),6) =0, te(0,1), t#t; (4.43)
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where 6 is a parameter, and

£t s o @) O, S (), T(w), 6)
(4.44)
- g(t, u, (w(t)Y POy S(u), T(u)> + 6h <t, u, (w(t) POy S(u),:r(u)),

where h,¢: ] x RN x RN x RN x RN — RN are Caratheodory.
From Theorem 4.2, similar to the proof of Theorem 3.3, we have the following.

Theorem 4.4. If conditions of (1°) and (3°)—(6°) of Theorem 4.2 are satisfied, then problem (4.43)
with (1.2), (1.3), and (1.4) has at least one solution when the parameter 6 is small enough.

Theorem 4.5. If conditions of (1°)—(3°) and (5°)-(6°) of Theorem 4.2 are satisfied, and D satisfy

k
3 IDi(u, )| < C(L+ |u| + [o))™,  VY(u,0) € RN xRN, (4.45)
i=1
where
q . .
i < , )-1<qg"—a;, i=1,...,k, 4.4
a; < () -1 p(ri) q -ai, i (4.46)

then problem (4.18) with (1.2), (1.3), and (1.8) has at least one solution.

Proof. Similar to the proof of Theorem 3.2, the condition (4") of Theorem 4.2 is satisfied. Thus
problem (4.18) with (1.2), (1.3) and (1.8) has at least a solution. O

Similar to the proof of Theorem 3.2 and Corollary 4.3, we have the following.

Corollary 4.6. If e : ] x RN x RN x RN x RN — RN is Caratheodory, (4.45), (4.46) and
conditions (2°) and (3°) of Theorem 4.2 are satisfied, condition (3°) of Corollary 3.6 is also satisfied,
y(t w0, Sw), Tw) = O u + o0 + |S@)"OSw) + [Tw)"T(w)), where
p(t),q(t) € C(J,R) are positive functions satisfying 1 < q~ < q* < p~; then (4.43) with (1.2),
(1.3), and (1.8) has at least one solution when the parameter 6 is small enough.
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