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We consider the following problem in the paper of Kim et al. (2010): “Find Witt’s formula for
Carlitz’s type g-Euler numbers.” We give Witt’s formula for Carlitz’s type g-Euler numbers, which
is an answer to the above problem. Moreover, we obtain a new p-adic g-I-function I, 4(s, x) for
Dirichlet’s character y, with the property that l,, ;(-n, x) = Ey,y, 4 — Xn(p) [p];‘En,qup forn=0,1,...
using the fermionic p-adic integral on Z,.

1. Introduction

Throughout this paper, let p be an odd prime number. The symbol, Z,, Q,, and C, denote the
rings of p-adic integers, the field of p-adic numbers, and the field of p-adic completion of the
algebraic closure of ), respectively. The p-adic absolute value in C, is normalized in such
way that |p|p =p~L. Let N be the set of natural numbers and Z* = NU {0}.

As the definition of g-number, we use the following notations:

1-(a)”

xly= 57— [xl,= (1.1)

Note that limg_.1[x], = x for x € Z,, where g tends to 1 in the region 0 < |[g - 1|, < 1.
When one talks of g-analogue, g is variously considered as an indeterminate,
a complex number g € C, or a p-adic number q € C,. If g = 1 +t € C,, one normally assumes
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|t|p < 1. We will further suppose that ord, (t) > 1/(p-1), so that g* = exp(x log q) for |x|p <1.
If g € C, then we assume that |g] < 1.

After Carlitz [1, 2] gave g-extensions of the classical Bernoulli numbers and
polynomials, the g-extensions of Bernoulli and Euler numbers and polynomials have been
studied by several authors (cf. [1-21]). The Euler numbers and polynomials have been
studied by researchers in the field of number theory, mathematical physics, and so on (cf.
[1,2,9,11, 13-16, 22, 23]). Recently, various g-extensions of these numbers and polynomials
have been studied by many mathematicians (cf. [6-8, 10, 12, 17, 18, 20]). Also, some authors
have studied in the several area of g-theory (cf. [3, 4, 16, 19, 24]).

It is known that the generating function of Euler numbers F(t) is given by

Fi) =2 =SED (1.2)
Cet+l ATl '

From (1.2), we know the recurrence formula of Euler numbers is given by

Eo=1, (E+1)"+E,=0 ifn>0, (1.3)

with the usual convention of replacing E" by E, (see [7, 18]).
In [17], the g-extension of Euler numbers E}, ; are defined as

. 2 ifn=0,
E,=1  (E+1)"+E; = (1.4)
0 ifn>0,

with the usual convention of replacing (E*)" by Ej, .
As the same motivation of the construction in [18], Carlitz’s type g-Euler numbers E,, 4
are defined as

2 2 ifn=0,

Eog= —, q(gE+1)" + E,y = (1.5)
21, "o ifn>o,

with the usual convention of replacing E" by E, ;. It was shown that lim; .1E, 4 = E,, where
E, is the nth Euler number. In the complex case, the generating function of Carlitz’s type
g-Euler numbers F,(t) is given by

) tn [¢') »
Fy(®) = 2 Eng =23 (=9)"e", (L6)
n=0 : n=0

where g is a complex number with |g| < 1 (see [18]). The remark point is that the series on
the right-hand side of (1.6) is uniformly convergent in the wider sense. In p-adic case, Kim
et al. [18] could not determine the generating function of Carlitz’s type g-Euler numbers and
Witt’s formula for Carlitz’s type g-Euler numbers.

In this paper, we obtain the generating function of Carlitz’s type g-Euler numbers
in the p-adic case. Also, we give Witt’s formula for Carlitz’s type g-Euler numbers, which
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is a partial answer to the problem in [18]. Moreover, we obtain a new p-adic g-I-function
Ip,4(s, x) for Dirichlet’s character y, with the property that

Ipq (=1, X) = Eny,.q = Xn(P) [P]ZEn,xn,qP' (17)
for n € Z* using the fermionic p-adic integral on Z,.
2. Carlitz’s Type g-Euler Numbers in the p-Adic Case

Let UD(Z,) be the space of uniformly differentiable functions on Z,. Then, the p-adic g-
integral of a function f € UD(Z,) on Z, is defined by

g
I(f) = fzp f(a)dp,(a) = ngrlwm go f(a)g%, 2.1)

(cf. [5-17, 19, 20, 22]). The bosonic p-adic integral on Z, is considered as the limit g — 1, that
is,

L(f) = JZ f(a)dp (a). (2.2)
P
From (2.1), we have the fermionic p-adic integral on Z, as follows:

1() = lim 1,() = [ fl@pdpa(a). 23)

Using (2.3), we can readily derive the classical Euler polynomials, E,(x), namely

2%t & tn
2 Wty =— =YE,(x)—. 24
fzf pa(y) = gy = 2B (2.4)

In particular, when x = 0, E,,(0) = E, is the well-known the Euler numbers (cf. [7, 16, 19]).
By definition of I_{(f), we show that

Li(f1) + I1(f) = 2£(0), (2.5)

where fi(x) = f(x +1) (see [7]). By (2.5) and induction, we obtain

n-1
La(fu) + (D" (f) =251 f (), (2.6)
i=0
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wheren =1,2,... and f,(x) = f(x + n). From (2.6), we note that

Li(fa) +14(f) = 2§(-1)if(i) if n is odd
= 2.7)

n-1
Li(fa) —Ia(f) =2D.(-1)"'f(i) if nis even.
i=0
For x € Z, and any integer i > 0, we define
x(x-=1)---(x—i+1)

x ifi>1,
) = il (2.8)
t 1, ifi=0.

It is easy to see that () € Z, (see [23, page 172]). We put x € C, with ord,(x) > 1/(p - 1)
and [1 - g|, < 1. We define g* for x € Z, by

x i-1

. (q - 1) . (2.9)

Il
—_

Ma)
=
1
8
T
\_/
VS
M)
|
—_
~.
=
-
1
Ms

If we set f(x) = g* in (2.7), we have

2 n-1 o 2 -
1—1(q)=qn+1§(—1)q =q? if n is odd
(2.10)
2 S il 2 e
I1(q%) = . 1%(—1) q = P if n is even.

From (2.10), we note that if f(x) = g%, then I_1(g*) = 2/(q + 1), hence there is no need to
consider both (odd and even) cases. Thus, for each | € N, we obtain I,l(q’x) =2/ (ql +1).
Therefore, we have

I (qX[x]Z> = (1—1—q)ni <Tll> 1)L, <q(l+1)x>

1=0
(2.11)

Also, if f(x) = g™ in (2.5), then

Iy (q’<x+1>> +1, (qlx> =2£(0) =2. (2.12)
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On the other hand, by (2.12), we obtain that
+ n 1 u 1\ 5 L\ *
I_1<qx1[x+1]q>+1_< *[x ]) - q)"§<7>(_1)1<1_1<<q1 1> 1>+I—1<<ql 1) ))
2 (M Ly
S
(2.13)

is equivalent to

0= L (q" [+ 11) + L (4°[]5)
= L1 (q° (1 + q[x1") + L1 (¢*[x1;)

q

=gl <q Z< > > + Lo (q°[217) @14)
0o
1=0

From the definition of fermionic p-adic integral on Z, and (2.11), we can derive

L0 1x1;) = [ el

p

N
n

- 2 nz<)<1>~a<q>“

(1 q)”%( > -1)! Jim Z( 1ya <1+1>a (2.15)
()

1+1

is equivalent to

(2.16)
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From (2.12), (2.13), (2.14), (2.15), and (2.16), it is easy to show that

w /n\ 2 ifn=0,
Y, ;)T Eug+ Eng = 2.17)
1=0

0 ifn>0,

where E,, ; are Carlitz’s type g-Euler numbers defined by (see [18])
0 n " 0 tn
F,(t) = zZO(—q) elmlat = ZOE"’W' (2.18)

Therefore, we obtain the recurrence formula for the Carlitz’s type g-Euler numbers as follows:

2 ifn=0,

q(qE + 1)n +Enq = (2.19)
0 ifn>0,

with the usual convention of replacing E" by E,, 4. Therefore, by (2.16), (2.18), and (2.19), we
obtain the following theorem, which is a partial answer to the problem in [18].

Theorem 2.1 (Witt’s formula for E,, 4). For n € Z*,

1 N n i 2 _ n_x
E,q= WZ{)(J (-1) Togi ™ fzp [x]5q"dp (x). (2.20)

Carlitz's type q-Euler numbers E,, = E,, ; can be determined inductively by

2 ifn=0,

g(gE+1)" +Enq = (2.21)
0 ifn>0,

with the usual convention of replacing E" by E, 4.

Carlitz type g-Euler polynomials E, ,(x) are defined by means of the generating
function F,(x, t) as follows:

[ee] s tn
Fo(x, ) =2 (-1)*gFet*li! = ZEn,q(x)E. (2.22)
k=0 n=0 .

In the cases x = 0, E; 4(0) = E,, ; will be called Carlitz type g-Euler numbers (cf. [8, 19]). One
also can see that the generating functions F,(x, t) are determined as solutions of

Fy(x,t) = 2el¥lgt qeth (x, qt). (2.23)

From (2.22), one gets the following.
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Lemma 2.2. (1)F,(x,t) = 2¢"/ (9 220 (1/(q- 1) g1/ (1 +g*)(# /).
(2)Enq(x) =2 32, (1) gk [k + x]7.

Itis clear from (1) and (2) of Lemma 2.2 that

_ 2 M\ (D
Fral) = (1—q)"z<k>1+q"”q '

k=0

m-1 © ©
(DR gF Tk + %10 = S (DFg Tk + x1 - SO ke max]n (224)
k=0 k=0 k=0
= 2 (Eng() + ()™ Eng(x +m).

From (2.24), we may state the following.

Proposition 2.3. If m € Nand n € Z*, then
(1) Epg(x) = 2/(1=9)") Zpoo()((D/ (1 + g5*1)) g,
(2) S (DT + X1 = (1/2) (Eng(x) + (<1)™ g™ Ep g (x + m)).

Proposition 2.4. For n € Z*, the value of ij [x+y159Ydpu-1(y) is n! times the coefficient of t" in the

k+x

formal expansion of 2 3 (-1)* g*e* ™t in powers of t. That is, E,,4(x) = 2, [x + y1aYdua ().

Proof. From (2.3), we have

N1 a quk

k(x+y) v _ xk 1; k1 ©

fz,, q " dp(y) = g lim ZO (-4=1) = To g’ (2.25)
which leads to
noy - (" 1 k k(x+y) -y
[x+ ] q¥dp(y) =2 (DR g gvdu (y)
Zy k=0 k (1 - q) Ly

(2.26)

= 2 i " (_1)k qu.

(1-q9)" =2 \k/ 1+4

The result now follows by using (1) of Proposition 2.3. O

Corollary 2.5. If n € Z*, then

En,q(x) = Z <:> [x]Z_quxEk,q- (2.27)

k=0
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Let d € Nwith d =1 (mod 2) and p be a fixed odd prime number. One sets

Z :
—hm<deZ) X" = U a+dpZy,

O<a<dp
(a,p):l (228)

a+dpNz, = {x€X|an<modde>},

where a € Z with 0 < a < dp" (cf. [7, 9]). Note that the natural map Z/dpNZ — Z/pNZ
induces

X — Zp. (2.29)

Hereafter, if f is a function on Z,, one denotes by the same f the function f osr on X. Namely
one considers f as a function on X.

Let x be the Dirichlet character with an odd conductor d = d, € N. Then, the
generalized Carlitz type g-Euler polynomials attached to y are defined by

Euna@ = | x@lx+ i (o), 230)

where n € Z* and x € Z,. Then, one has the generating function of generalized Carlitz type
g-Euler polynomials attached to y

Foy(x,t)=2 Z (m)(=1)" g™ elm+] t=ZEn,X,q(x);—’:. (2.31)
m=0 n=0 :

Now, fixed any t € C, with ord,(t) >1/(p—1) and [1 - g|, < 1. From (2.31), one has

o] m [ee) 1 n n L. tn
Foy(x,t) = - ; < > (-1)iqitm
" m=0 n=0 (1 - q) i=0 \'? n!
= Zi 1 i < > ( 1)1 ix
n=0 (1 - ‘1) i=0
N (2.32)
i ivdl igivan £
x 3, 2 +dl) (=q) g
j=01=0 '

1(x+ ] m

Z Zx(f)( q)’Z< >(— ) T
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where x € Z, and d € N with d =1 (mod 2). By (2.31) and (2.32), one can derive

2

Enxa) = 77 Zx(])( q)’z< >( 1)'ql(x+])m

-1

" s Zx(])( q)’Z< >( 1)g) x_lim Z( /(g d(1+1)>l

d-1pN-1 n
. . 1 n i i(j ivdl i (2.33)
= lim X(] + dl) _ <> (_1) qz(]+dl+x) x (_1)]+dlq]+dl
N=93 120 (1-9) ; 1

dpN-1

i S o L ()i
0

fx X(w) [x + vyl q¥dp(y),

where x € Z, and d € N with d = 1 (mod 2). Therefore, one obtains the following.

Theorem 2.6.
i _i(x+ 2
Evga(x) zxm( q),z< >< b2 e

wheren € Z* and x € Zy.

Let w denote the Teichmiuiller character mod p. For x € X*, one sets

[x],
w(x)’

(x) = [x],w ™ (x) = (2.35)

Note that since [(x) — 1|, < p//#?7D (x)® is defined by exp(slog,(x)) for |s|, <1 (cf. [10, 12,
21]). One notes that (x)° is analytic for s € Z,.
One defines an interpolation function for Carlitz type g-Euler numbers. For s € Z,,

Ipa(s x) = L* (x) 7 x(x)q*dp-1(x). (2.36)

Then, I, 4(s, x) is analytic for s € Zj,.
The values of this function at nonpositive integers are given by the following.
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Theorem 2.7. For integers n >0,
lpa (=1, X) = Enyq = Xa(p) [P] ZEn,xmq*’/ (2.37)

where y, = yw™. In particular, if y = w", then L, 5(-n,w") = Eng = [plgEng -

Proof.
lpq (-1, X) = J-X* (x)"x(x)q*dp-1(x)
= fx [x]5 xn () g™ dp-1 (x) - IX [P xn (px)g”* dp-1 (px) (2.38)

=f (15 xn () g dpa-1 (x) = [P]ZXn(P)_[ [ xon (X) g7 dppor ().
X X

Therefore by (2.30), the theorem is proved. O

Let x be the Dirichlet character with an odd conductor d = d, € N. Let F be a positive
integer multiple of p and d. Then, by (2.22) and (2.31), we have

Fox(x,t) =23 x(m)(=1)"q" el

m=0
F-1 s

=23 () (-q)" 3 (-a) el o0 Pl 239)
a=0 k=0

S 5 a mn
_ nZ_()([F]ZZX(a)(—OI) En,,,F(xTw)%

a=0

Therefore, we obtain the following

e a x+a
Ena(®) = [F1 2 x(@)(-0)"Engr (——). (2.40)
a=0
If xn(p) #0, then (p,d,) = 1, so that F/p is a multiple of d,, . From (2.40), we derive
F n F/P—l a
" = i —gP)*° £
Xn(P) Pl Enyear = xn(P) [Pl lp ] p z::‘) Xn(@) (0") By <F/P)
(2.41)

F
= [F]Zzoxn(a) (-) En (-

pla
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Thus, we have

F-1
Euon = Xn () [Py B = [P 2,00(0) (-6) B () (2.42)

pla

By Corollary 2.5, we easily see that

(2.43)
B n n F k a
- [F]q"[a]22< > 5| B
ko \k/ Lalge
From (2.42) and (2.43), we have
. F-1 . a
Enoa = Xo(P) [P] ) En o = [F1j 2 x0(@) (<0)"Engr ()
a=0
pla
(2.44)
F-1 a [ee] n F k
= x(a)(a)"(-q) Z<k> [E] i
a=0 k=0 q°
pta
since yn(a) = y(a)w™(a). From Theorem 2.7 and (2.44), we have
F-1 a 0 n F k
Ipa(-n,x) = ZX(“)<a>n(—q) Z( > [—] qk“Ek,qp, (2.45)
a=0 ko \k/ Lalge
pta
for n € Z*. Therefore, we have the following theorem.
Theorem 2.8. Let F be a positive integer multiple of p and d = d,., and let
Lya(s ) = J () Y () Fdur(x), s €7, (2.46)
Xt
Then, 1, 4(s, x) is analytic for s € Z;, and
F-1 a 0 —Ss F k
bpa(s,x) = S x(@)(a) ™ (-a) Z< > || a B (247)
py o\ k / Llalg

pta

Furthermore, for n € Z*

lPrq(_"'X) =Eny,q~ Xn (p) [p]Zmequ‘ (2.48)
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