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We prove the generalized Hyers-Ulam stability of the following additive-cubic equation f(kx +
y)+ fkx—y) =kf(x+y) +kf(x—-y) +2f(kx) - 2k f(x) in the setting of random normed spaces.

1. Introduction

A basic question in the theory of functional equations is as follows: when is it true that
a function, which approximately satisfies a functional equation, must be close to an exact
solution of the equation?

If the problem accepts a unique solution, we say the equation is stable (see [1]). The
first stability problem concerning group homomorphisms was raised by Ulam [2] in 1940
and affirmatively solved by Hyers [3]. The result of Hyers was generalized by Rassias [4]
for approximate linear mappings by allowing the Cauchy difference operator CDf(x,y) =
fx+y)—[f(x)+f(y)] to be controlled by e(||x||P +[|y]|"). In 1994, a generalization of Rassias’
theorem was obtained by Géavruta [5], who replaced e(||x[|” + |ly||P) by a general control
function ¢(x,y) in the spirit of Th. M. Rassias” approach. The stability problems of several
functional equations have been extensively investigated by a number of authors, and there
are many interesting results concerning this problem (see, e.g., [6-12] and references therein).
In addition, J. M. Rassias et al. [13-16] generalized the Hyers stability result by introducing
two weaker conditions controlled by the Ulam-Gavruta-Rassias (or UGR) product of different
powers of norms and the JM Rassias (or JMR) mixed product-sum of powers of norms,
respectively.
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The theory of random normed spaces (RN-spaces) is important as a generalization
of deterministic result of linear normed spaces and also in the study of random operator
equations. The RN-spaces may also provide us the appropriate tools to study the geometry of
nuclear physics and have important application in quantum particle physics (see [17] and the
references therein). The generalized Hyers-Ulam stability of different functional equations in
random normed spaces, fuzzy normed spaces, and non-Archimedean fuzzy normed spaces
has been recently studied in [14-28].

Najati and Eskandani [29] established the general solution and investigated the Ulam-
Hyers stability of the following functional equation.

f@x+y)+f(2x-y) =2f(x+y) +2f (x —y) +2f (2x) —4f (x), (1.1)

with £(0) = 0 in the quasi-Banach spaces. It is easy to see that the mapping f(x) = ax> + bx is
a solution of the functional equation (1.1), which is called a mixed additive-cubic functional
equation, and every solution of the mixed additive-cubic functional equation is said to be a
mixed additive-cubic mapping.

In [14-16], we considered the following general mixed additive-cubic functional
equation:

f(kx+y) + f(kx—y) =kf(x +y) + kf (x = y) +2f (kx) = 2kf (x). (12)

It is easy to show that the function f(x) = ax® + bx satisfies the functional equation (1.2). We
observe that in case k = 2 (1.2) yields mixed additive-cubic equation (1.1). Therefore, (1.2) is
a generalized form of the mixed additive-cubic equation.

In the present paper, we first prove a theorem on stability of equation g(ax) =
a’g(x) (a,s € N,a > 2) in random normed spaces and derive from it results on stability of
equation f(4x) = 10f(2x) — 16f (x). Next, use those results to establish Ulam-Hyers stability
for the general mixed additive-cubic functional equation (1.2) in the setting of random
normed spaces. In this way some results will be obtained on stability of the linear functional
equations also for the random normed spaces, which correspond, for example, to the papers
[30-33].

2. Preliminaries

In the sequel we adopt the usual terminology, notations and conventions of the theory of
random normed spaces, as in [17, 28]. Throughout this paper, the space of all probability
distribution functions is denoted by

A" ={F:RU {-00,+00} — [0,1] : F is left-continuous and nondecreasing on R
(2.1)
and F(0) =0, F(+o0) =1},

and the subset D* C A" is the set D* = {F € A" : [TF(+o0) = 1}, where [ f (x) denotes the left
limit of the function f at the point x. The space A* is partially ordered by the usual pointwise
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ordering of functions, that is, F < G if and only if F(t) < G(t) for all t € R. The maximal
element for A* in this order is the distribution function given by

0, ift<0,
eo(t) = (2.2)
1, ift>0.

Definition 2.1 (see [17, 28]). A function T : [0,1] x [0,1] — [0,1] is a continuous triangular
norm (briefly, a continuous t-norm) if T satisfies the following conditions:

(a) Tis commutative and associative;
(b) Tis continuous;
(¢c) C(a,1)=aforallae[0,1];

(d) T(a,b) < T(c,d) whenever a<cand b <dforalla,b,c,de[0,1].

Typical examples of continuous f-norms are Cp(a,b) = ab, CTpy(a,b) = min(a,b) and
Cr(a,b) =max(a+b-1,0) (the Lukasiewicz t-norm).

Now, if T is a t-norm and {x;} is a given sequence of numbers in [0, 1], we define a
sequence T" recursively by T\ x; = x; and T x; = T(T'x;, x,) for all m > 2. T x; is

defined as T, xp;.

Definition 2.2 (see [17, 28]). A random normed space (briefly, RN-space) is a triple (X, y, T),
where X is a vector space, T is a continuous f-norm, and y is a mapping from X into D* such
that the following conditions hold:

(RN1) py(t) = go(t) for all t > 0 if and only if x = 0;
(RN2) pax(t) = px(t/]al) forall x in X, a #0 and all £ > 0;
(RN3) prriy(t+5) > Tpx(t), py(s)) forall x,y € X and all t, s > 0.

Example 2.3. Let (X, || - ||) be a normed space. For all x € X and t > 0, consider pu,(t) =
t/(t + ||x]|). Then (X, u, Tpr) is a random normed space, where Ty, is the minimum ¢-norm.
This space is called the induced random normed space.

Definition 2.4. Let (X, u, C) be an RN-space.

(1) A sequence {x,} in X is said to be convergent to a point x € X if, for every ¢ > 0 and
€ > 0, there exists a positive integer N such that piy,—»(f) > 1 — € whenever n > N.

(2) A sequence {x,} in X is called a Cauchy sequence if, for every t > 0 and € > 0, there
exists a positive integer N such that piy,_, (t) > 1 - € whenever n > m > N.

(3) An RN-space (X, p, C) is said to be complete if and only if every Cauchy sequence
in X is convergent to a point in X.
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3. On the Stability of a General Mixed Additive-Cubic Equation
in RN-Spaces

Theorem 3.1. Let s,a € N with a > 2, X be a linear space, (Y, u, Tp) be a complete RN-space, and
g X — Y beamapping for which there is ¢ : X — D* such that

Hg(an-ag(x) (£) 2 gx(t) (3.1)
forall x € X and t > 0. If for some 0 < a < a®,

wox(®)2 45 32)

forall x € X and t > 0, then there exists a uniquely determined mapping G : X — Y such that
G(ax) = a°G(x) and

a’—a)t
Hg(x)-Gx) (1) 2 ¢x (%) (3.3)
forallx € Xand t > 0.

Proof. Replacing x by a'x in (3.1) and using (3.2), we get

alt
H(g(ai*1x)/a0)~(g(a'x) / a%) <W> 2 ¢x(t) (3.4)

forallx € X,i € N, and t > 0. It follows that

n-1 ait
H(g(anx)/am)~(g(amx)/asm) <Z m>

o (3.5)

n-1

alt
= P (g(a1x) /i) ~(g(aix) /) <Z—as(i+1) > 2 g (t)

i=m
for all x € X, t > 0 and all nonnegative integers n and m with n > m. Hence

n-1

ai
H(g(anx)/a)~(g(am) /am) (£) > @ (t/z m> (3.6)
=m

forall x € X,t>0,and m,n € Nwithn > m. As 0 < a < a® and 3% (a'/ a*™V)) < oo, the right
hand side of the inequality tends to 1 as m tend to infinity. Then the sequence {g(a"x)/a*"}
is a Cauchy sequence in (Y, p, Cpp). Since (Y, 4, Cy) is a complete RN-space, this sequence
converges to some point G(x) € Y. Therefore, we may define G(x) := lim, _,,,g(a"x)/a*" for
all x € X. Fix x € X, and put m = 0 in (3.6). Then we obtain

n-1 i
o
ﬂ(g(a"x)/as”)—g(x)(t) > Px <t/2m>r (37)
i=0
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and so, by (RN3), we have

t t
HG(x)-g(x) (F) 2 T | HG(x)-(g(arx)/asm) gt /a0 | 5

>Cpm <//1G (x)- (g(a"x)/a"’)< ) ( /Z as(1+1)>>

for every t > 0. Taking the limit as n — oo in (3.8), by G(x) = lim,_, g(a"x)/a*", we get
(3.3).

To prove the uniqueness of the mapping G, assume that there exists another mapping
H : X — Y which satisfies (3.3) and H(ax) = a®H(x) for all x € X. Fix x € X. Clearly,
G(a"x) = a®"G(x), and H(a"x) = a®" H(x) for all n € N. It follows from (3.2) and (3.3) that

| t
HG(x)-H(x) (1) 2 Tm (ﬂ(c(a"x)/as") <g<aﬂx>/asn>< ) H(g(anx)/asm)—(H (a"x) /a*") <2>>

(a® — a)a™t
2 qfx<—4an )

Since limy, _, o (a® — a)a®™t/ (4a") = oo, we get lim,,_, ¢ ((a® — a)a®"t/(4a™)) = 1. Therefore,
it follows from (3.9) that pgx)-r)(t) = 1 for all t > 0, and so G = H. This completes the
proof. O

(3.9)

Corollary 3.2. Let s € {1,3} be fixed, X be a linear space, (Y, u, Car) be a complete RN-space, and
f + X — Y be a mapping for which there is ¢ : X — D* such that

Hf(4x)-10£ 2x)+16f (x) (£) > @ () (3.10)

forall x € X and t > 0. If for some 0 < a0 < 2%, 5o () > (/) for all x € X and t > 0, then there
exists a uniquely determined mapping Fs : X — Y such that F;(2x) = 2°F,(x) and

2" - “)t> (3.11)

H £ (2x)-23/5 f (x)-Fo(x) (F) 2 @ <T

forall x € Xand t > 0.
Theorem 3.3. Let X be a linear space, (Z, y', Tpr) be an RN-space, (Y, u, Tpr) be a complete RN-

space, and f : X — Y be a mapping with f(0) = 0 for which there is ¢ : X x X — Z such
that

I (kxsy)+ f (kx—y)—k f(eiy)—k f(x—y)-2f (kx)+2k f () (£) > p () (3.12)

o()

forall x,y € X and t > 0. If for some 0 < a < 2,

# ;(2x12y) (B2 ”lmp(x,y) *) (3.13)
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forall x,y € X and t > 0, then there exists a unique additive mapping A : X — Y such that

(3.14)

Q—axw—kﬁ>

Hf2x)-8f (x)-A(x) (£) = px < 5

forall x € X and t > 0, where

) 3 t t
@x(t) = (CM)i=1<l’l£p(x/2,(2k+1)x/2)<m ’nu:p(x/Z,(Zk—l)x/2) 384k )’

' t ) (k - 1)t , t
Hor2,six2)\ 381 ) Hoo.ek-0x/2\ 38k ) o\ 9z )7
, t , (k-1t\ |, (k-1)t
Hoer2kx2)\ 9g ) Hooienx2)\ Togk ) Heo.-00\ Tggrz )’
’ t , t ) t
Ho(0,kx) 9%(k+1) )’ Ho sy \ 128 )7 Poke-10\ 128 )7
/ (k -t / (k- 1)t / t / t
nu(p(O,x) 128 ’ #tp(O,kx) 128k ’ #(p(Zx,x) 3_2 s #zp(Zx,kx) E ’
' t ' t ) t ' t
Hop(x,2k-1)x) 56 7 Hep(x,(2k+1)x) 56 7 M3x x 56 7 Hip(ax) 56 /)’
: (k-Dt\ (k-Dt\ (k-1)t
(0, (k+1)x) “56 /) Hip(0,(k-1)x) “56 /) Hp(0,2kx) 56k /)’
' t ' t ' t
Hoex ey \ 3831 )7 Hoer-10\ 3835k )7 Hoesko\ 37 )7
, (k-1)t\ |, t , t
Hoo,6e-100\ 382k )7 Hoexan\ ggiz )7 Heteka \ 9g )

) (k-1)t\ , (k—1)t
Hoo,k+00\ Togi ) He020-10\ Tggr2 )

/ t ) t
Hp(0,2kx) (m > 7 Pp(2x,2kx) (E) ) :

Proof. Letting x = 0 in (3.12), we get

(3.15)

Hie+fw () 2 ﬂ;,(oly) (k-1)t) (3.16)
for all y € X and t > 0. Putting vy = x in (3.12), we have

HF (D) £ (R=1)x) -k f 20)-2f (kao)+2kcf () (£) 2 iy () (3.17)
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for all x € X and t > 0. Replacing x by 2x in (3.17), we obtain
I 1))+ £ 2(k-1)3)—k f (4)-2f @hx) 2k £ 2) (£) 2 P oy (E) (3.18)
for all x € X and t > 0. Letting y = kx in (3.12), we get
llf(ka)—kf((k+1)x)—kf(—(k—l)x)—Zf(kx)+2kf(x)(t) > lu:p(x,kx) (t) (3.19)
forall x € X and t > 0. Letting y = (k + 1)x in (3.12), we have
P @k 1))+ £ (~)~k £ (k+2)0)—k f (=kx)=2f (k) +2kf () (B) 2 Hapie ety () (3.20)
forall x € X and t > 0. Letting y = (k — 1)x in (3.12), we have
H £ (2k=1)x)~(k42) (k) £ (~(k-2)0+ 2k £ ) (B) 2 Py ety (F) (3.21)
for all x € X and t > 0. Replacing x and y by 2x and x in (3.12), respectively, we get
HF(@k+1)0+£(2k-1)20)-2 @)~k f (342K f 20)—k () (£) 2 Py ) () (3.22)
for all x € X and t > 0. Replacing x and y by 3x and x in (3.12), respectively, we get
HF (k1)) F(Bk-1)30)-2 (k) —k f (4)k f 220)+2k £ (33) (£) 2 (3 ) (F) (3.23)
for all x € X and t > 0. Replacing x and y by 2x and kx in (3.12), respectively, we have
P B+ f (k)= f (k+2)x) -k f (~(k=2)0)-2f k) 2k £ 20 (£) 2 Py oy (F) (3.24)
for all x € X and t > 0. Setting y = (2k + 1)x in (3.12), we have
HF(BR+1)x)+ f(—(k+1)x)—k f (2(k+1)x)—k f (~2kx) -2 f (kx)+2k f (x) (£) > ﬂip(x,(z,(mx)(t) (3.25)
forall x € X and t > 0. Letting y = (2k — 1)x in (3.12), we have
HF(Bh=1))+ £ (~(k=1)x)k f (~2(k=1)0)—k f (k)2 (k42K () (B) 2 oy g1y (B) (3.26)
for all x € X and t > 0. Letting y = 3kx in (3.12), we have

L @)+ (~2ka0) =k (Bk+1)x) -k f (~(Bk-D)x)-2 (k) 2k £ () () 2 Hy gy () (3.27)
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for all x € X and t > 0. By (3.16), (3.17), (3.23), (3.25), and (3.26), we get

Wk f (k1) x)+k f(~2(k=1)x)+6 f (kx)-2f (3kx)—k f (4x)+2k f (3x) 6k f (x) (£)

; t t t t
2 (tM)i:1< H (2K 1)x)< ) P‘lp(x (2k+1)x)< > P‘(p(3xx)< > #(p xx)<7>

, (k-1t\ , (k-1t\ , (k-1)t
Hooasm)\ T ) Hpok-o\ T ) Hp02k) 7k
(3.28)

forall x € X and t > 0. By (3.16), (3.20), and (3.21), we have

HF((2K+1)20)+ £((2k=1)x)—k f ((k+2)x)—k f (~(k=2)x)~4 f (kx)+4k £ (x) (£)

¢ ¢ (k-1 (k- 1)t
> (T 1<#(,,(x (k+1)x)< > P‘(,,(x (k- 1)x)< > #(p(OX)(T)’#(p(O,kx)(T))

(3.29)
for all x € X and ¢t > 0. It follows from (3.22) and (3.29) that
P £ ((+2) ) +k f(~(k-2)x) -2 (2kx) +4 f (k) —k f (3x) +2k f (2x) -5k f (x) (£)
> (C t !
(T2 ( B e 5 ) ot ] (3.30)
, (k=Dt\ , (k-=1Dt\ , t
Ho0,) g ) Heoko\ Tgr ) Heexn\ 3
forall x € X and t > 0. By (3.24) and (3.30), we have

J £ (3kax)-4 f (2kax)+5 f (kx)—k f (3x)+4k £ (2x0)~5k £ (x) ()

6 ! t ! t / (k B 1)t
> (Tm)i <#(p(x,(k+1)x) (1_6)/P‘¢(x,(k—1)x) (E)r!‘q)(o,x) <—16 ’ (3.31)

, (k=1 t t
‘u(p(O,kx) 16k # p(2x,x) ‘uq;(2x kx) 2

forall x € X and t > 0. By (3.16) and (3.25)—(3.27), we have

Pk £ (= (k1)) =k (= (k=1)x)—K2 F (k1)) +K2 £ (~2(k—1)x)+k2 f (2kx)— (K2—1) f (~2kx) + f (4kx)—2f (k) +2k f (x) ()

- t t t\ (k - 1)t
2 ( M)z 1 #gax(2k+1)x) ik .”(,;(x k-1 \ 2% #(p(kax) 7 Hp(0,(3k-1)x) 4k
(3.32)



Journal of Inequalities and Applications 9

for all x € X and t > 0. It follows from (3.16), (3.18), (3.19), and (3.32) that

JLF (akx)-2f (k) k3 f (4x) 42K £ () (F)
t t t (k- 1)t
9
> (Tm)izt (.“;;(x,(zml)x) <m>’l’£:‘a(x,(2k—l)x) <m>’lu:p(x,3kx) <ﬂ>’/’l:p(0,(3k—l)x)< 24k ),

/ t ’ t ' (k B l)t
Autp(Zx,Zx) @ ’.u(p(x,kx) 6 ’I/llp(o,(k+1)x) 6k ’

/ ((k—l)t> / < t >>
Ho(0,2(k-1)x) 6k2 7 H(0,2kx) 6(k+1)

(3.33)

for all x € X and t > 0. Hence

I f (k) -2f (kx)—K3 £ (2) 42K £ () (F)

t t t
9
2 (Tm)iz <nu;)(x/2,(2k+1)x/2) <m ) ’ nu:p(x/Z,(Zk—l)x/Z) (m ) ’ /’l:p(x/Z,Skx/Z) <ﬂ ) ’

, (k-=Dt\ , t ) t
Hoo,6e-0x/2\ "oac ) o\ g2 ) Powrzkx\ g )7

) ((k—l)t) ) ((k—l)t) ) < t >>
Hoo,teenx\ g ) Pook-nn\ gz ) Heok 6(k+1)

(3.34)
forall x € X and t > 0. By (3.19), we have
Hf(3k)—k (k1)) -k £ (~2(k-1)x) -2 @kx) 42k £ 2) () 2 Hopare o) () (3.35)
forall x € X and t > 0. From (3.33) and (3.35), we have

Pk f (k1)) +k f(<2(k-1)2)—K3 f (4x) + (2k3~2K) £ 2x) (£)
0 t t t (k — 1)t
> (Twm)iz (#;p(x,(2k+1)x) <@ /P‘Zp(x,(zkmx) 18k ’l’l:p(x,Skx) 18 ’Au:p((),(?)kfl)x) a8k /)’

' t / t ! (k_l)t ) (k_l)t
Auq)(Zx,Zx) Tkz ’n"ltp(x,kx) ﬁ r/'t(p(o,(k+l)x) W ’/’l(p(O,Z(k—l)x) W ’

t ) t
#:p(o,zkx) (m ) 7 Hp(2x 2kx) <§> )

(3.36)
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forall x € X and t > 0. Also, from (3.28) and (3.36), we get

2 £ (3kx)~6 f (kx)+ (k—k3) f (4)~2k f (3x)+ (2K3—2K) f (2x) +6k £ (x) (£)
t t
17
> (Cm)ily <I’lip(x,(2k—1)x) (1_4 > , lu:p(x,(ZkJrl)x) (1_4 ) ,

) t\ £\ (k= 1)t
Hoxo\ 12 ) Heeo\ 17 ) Feo ko 71 )
) (k-Dt\ (k-1t\ |, t
Hook-n0\ T4 ) Peo2ko\ Tk ) Heeern \ 9gk ) (3.37)
’ t ! t ! (k — 1)t
Hox k-1 \ 9gk )7 ok \ 9g )7 Heo.e-10\ "ogr )7
; t ’ t ' (k - 1)t
Hoex20\ a5 ) Poko\ 57 ) Hoo.ten\ 22k )7

, (k-1)t , t , t
Hp0.2(k-1)x) Toak2 7 Pp(0,2kx) m 7 Pp(2x,2kx) 1

forall x € X and ¢ > 0.
On the other hand, it follows from (3.31) and (3.37) that

U8 (2kx)-16f (kx) +(k—K?) f (4x) +(2K3~10K) f (2x)+16k £ (x) ()

” t t (k- 1)t (k- 1)t
2 (Tm)i (#:p(x,(k+1)x) (6_4 ’I’[:p(x,(kfl)x) 64 ’nuip(O,x) 64 ’nu:p((),kx) 6dk )’

) £\ £\ t
Hoxx)\ 16 ) Foexka\ g ) Fotx@k-10\ 28 )/
! t / t ! £ ! (k_l)t
Hoxeeayn \ 58 )7 Hocxx\ 38 ) e\ 28 ) Hoo.kn\ "2 )
, (k-1Dt\ , (k-1Dt\ , t
Foo-n0\ T8 ) He0ako\ gk ) Petekenx \ Topk )7
, t , t , (k-1)t
How im0\ 192k ) Fowaka\ 197 )7 Heoek-00\ "192k )7
, t , t , (k-1)t
Hyp@x,2x) 18Kk2 )’ Hep(x kx) 18 ) Hip(0,(k+1)x) a8k

, (k-1)t , t , t
Hp0.2(k-1)x) T48K2 7 Hp(0,2kx) m 7 Pp(2x,2kx) 3

for all x € X and t > 0. Therefore by (3.34) and (3.38), we get

(3.38)

t
Hf(4x)-10f (2x)+16 f (x) <m) > (1) (3.39)
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for all x € X and t > 0. By Corollary 3.2, there exists a unique mapping A : X — Y such that
A(2x) = 2A(x) and psox)-sf(x)-Awx) () = ¢ ((2 - a) (k® - k)t/2) forall x € X and t > 0.

It remains to show that A is an additive map. Replacing x, y by 2"x, 2"y in (3.12) we
get

K172 [f (k2nx+2my)+ f (k2nx—2ny)—k f (20 x+2y)—k f (27 x-2ny) -2 f (k2x) +2k £ (2] (F)

>t () o

for all x,y € X and ¢ > 0. Hence

e f (k) + f (kx—y)—k f (e+y)—k f (x—y) -2 (k) +2k £ (x) (F)

8 t
2 (Cm)im HA(kx+y)~(g(2" (kx+y))) /2" 8 7 BA(kx-y)~(g(2" (kx-y))) /2" 8 )

t t
HA(xey)~(327 (x+y))) /27 (@)#A(x—y)—(g(zn<x—y>>>/zn <@), (3.41)

t t
HA(kx)~(g(2mkx)) /2" (E) s HA(x)~(g(2mx)) /2" (ﬁ) ’

A ) O )
Ho(xw) \ gani1 )7 H p(xy) \ 64an

for all x,y € X and ¢t > 0. Taking the limit as n — oo in (3.41), we conclude that A fulfills
(1.2), and so by [16, Lemma 3.1], we see that the mapping x — A(2x) — 8A(x) is additive,
which implies that the mapping A is additive. This completes the proof. O

Similar to Theorem 3.3, one can prove the following result.
Theorem 3.4. Let X be a linear space, (Z, y', Tp) be an RN-space, (Y, u, Tpr) be a complete RN-

space, and f : X — Y be a mapping with f(0) = 0 for which there is ¢ : X x X — Z such
that

I f (k) + f (kxemy)—k £ (xty)—k f (x—y) -2 (k) +2k £ () (£) > ‘“:p(x,y) ) (3.42)

forall x,y e.X and t.> 0. Ifff)r some'O <a<s$§, ‘u;’(lezy) (t) > y;(P(x/y)(t)for all x,y € X and t > 0,
then there exists a unique cubic mapping C : X — Y such that

(3.43)

(8-a)(k®- k)t>

Hf2x)-2f (x)-C(x) (£) > ‘Fx< 5

forall x € X and t > 0, where . (t) is defined as in Theorem 3.3.

Remark 3.5. We can also prove Theorems 3.3 and 3.4 for & > 2 and a > 8, respectively.
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Theorem 3.6. Let X be a linear space, (Z, y', Tp) be an RN-space, (Y, u, Tpr) be a complete RN-
space, and f : X — Y be a mapping with f(0) = 0 for which there is ¢ : X x X — Z such
that

I (kxsy)+ f (kx—y)—k f (eiy)—k f (x—y)-2f (kx)+2k f () (£) > ”:p(x,y) () (3.44)
forall x,y € X and t > 0. If for some 0 < a < 2,
! > !
o (axay) B Z Hap(sn) D (3.45)

forall x,y € X and t > 0, then there exist a unique additive mapping A : X — Y and a unique cubic
mapping C : X — Y such that

(3.46)

32— a) (K> - k)t
Hf(x)-AG)-Cx) (B) 2 ¢ < >

forall x € X and t > 0, where g (t) is defined as in Theorem 3.3.

Proof. By Theorems 3.3 and 3.4, there exist an additive mapping A; : X — Y and a cubic
mapping C; : X — Y such that

2 - a) (K3 - k)t
-8 -me (£) 2 gx | ———— ), (3.47)

(8- a) (kK - k)t
Pre0-2f0)-Co() (8) 2 gix | ——— (3.48)

for all x € X and t > 0. Therefore from (3.47) and (3.48), we get

32 -a)(k® - k)t>

| 1 (t)2¢x< > (3.49)
f(x)+(5)A1(x)_(5)Cl(x)

forall x € X and t > 0. Letting A(x) = —(1/6)A1(x) and C(x) = (1/6)Ci(x) for all x € X, it
follows from (3.49) that

(3.50)

32-a)(k® - k)t>

Hf(x)-AG)-Cx) (B) 2 ¢ox < >
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for all x € X and t > 0. To prove the uniqueness of A and C, let A’,C’' : X — Y be another
additive and cubic mapping satisfying (3.46). Set A= A- A'and C=C-C". So

t t
Hiwcoo ) 2 Tr( pawc-o( 5 ) Hiw-aw-cw( 5

3.51

<3(2—a)(k3—k)t> (3:51)

> Py
4
forall x € X and t > 0. By A(Zx) = ZA(x), é(2x) = 86(x), and (3.51), we get
8"t 8"t
P‘C(x)(t) >2Cwm (/’lA(Z"x)JrC(Z"x)( > /‘A(znx)< > ))

(3.52)

32 - a)(k® - k)8"t 4t
ZCM<%< — >'”ﬁ<x><7>>

for all x € X and t > 0. Since the right hand side of the inequality tends to 1 as n tend to
infinity, we find that C(x) = 0. Therefore C = 0, and then A = 0. This completes the proof. O

Remark 3.7. We can formulate similar statements to Theorem 3.6 for a > 8.

Corollary 3.8. Let (X, | - ||) be a normed space, (Z, ', Tp) be an RN-space, and (Y, p, Tp) be a
complete RN-space. Let p be a non-negative real number such that p € (0,1) U (1,3) U (3, o), and let
zo € Z. If f : X — Y is a mapping with f(0) = 0 such that

Hf (kxy)+ f (kx—y)—k f (xby)—k f (x—y)—2f (kx)+2k £ (x) (£) = #,(Hx|\p+||y||”)zo (t) (3.53)

forall x,y € X and t > 0, then there exist a unique additive mapping A : X — Y and a unique cubic
mapping C : X — Y such that

) <(2 2°)(k? = 1)t

IxlPzo \ ~ 256[1 + 3k]

2@ -2)(kK2 - 1)t

) v
( )
o (55)
(St )

IxH Z

Hf(x)-Ax)-Cx) (£) > (3.54)

Fisrz 256 [1 + (3k) ]

20 -8) (K2 - 1)t
256[1 + (3k)"]

HXH”Zo

forall x € X and t > 0.
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Corollary 3.9. Let (X, | - ||) be a normed space, (Z, u', Tp) be an RN-space, and (Y, p, Tp) be a
complete RN-space. Let , s be non-negative real numbers such that A := r+s € (0,1)U(1,3)U(3, o0),
and let zo € Z. If f : X — Y be a mapping with f(0) = 0 such that

Hf (exy)+ f (kx—y)—k f (xby)—k f (x—y)—2f (kx)+2k £ (x) (£) = #,[”x”r||y”5+(||xHr+s+HyHr+s)]ZO ) (3.55)

forall x,y € X and t > 0, then there exist a unique additive mapping A : X — Y and a unique cubic
mapping C : X — Y such that

(2-2Y) (k> -1)t
256[1 + 6k]

. A €©1),

(2" —2) (k2 - 1)t
256[1 +2(3k) ]

/1” " e (1,l0g,5),
X Zo

(8 -2 (K2~ 1)t
256 [1 +2(3k) ]

/1” " A e (log,5,3),
X Zo

2 - 8) (K~ 1)t
2561 +2(3k) ]

”nxn 2 A € (3, 00),

(Sevar )
r-A - (B) > < > (3.56)
(55)

forall x € X and t > 0.

Now, we give one example to illustrate the main results of Theorem 3.6. This example
is a modification of the example of Zhang et al. [34].

Example 3.10. Let (X, || - ||) be a Banach algebra, xy be a unit vector in X, and () is defined
as in Example 2.3. It is easy to see that (X, 4, Cys) is a complete RN-space.
Define f : X — X by f(x) = x° + ||x||Pxo for x € X. For 0 < p < 1, define

o(x,y) =8k(lIx|I” + [|ly||")x0, xyeX (3.57)

Since 0 < p < 1, the inequality (a+b)P < a? +b? holds when a > 0 and b > 0. A straightforward
computation shows that

| f(kx +y) + f(kx —y) =kf(x+y) = kf(x —y) = 2f (kx) + 2k f () || < 8k([|x|" + [|¥|")
(3.58)
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for all x,y € X. Therefore, all the conditions of Theorem 3.6 hold, and there exist a unique
additive mapping A : X — X and a unique cubic mapping C : X — X such that

32— a) (k> - k)t)

Hf(x0-Ax)-Cx) () 2 ‘I’x< 5 (3.59)

for all x € X and t > 0, where (5, (t) is defined as in Theorem 3.3.
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