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Both Djordjevi¢ (2007) and Takane et al. (2007) have studied the equivalent conditions for
B{1,3}A{1,3} <€ (AB){1,3} and B{1,4}A{1,4} C (AB){1,4}. In this note, we derive the
necessary and sufficient conditions for B{1,3}A{1,3} 2 (AB){1,3}, B{1,4}A{1,4} 2 (AB){1,4},
B{1,3}A{1,3} = (AB){1,3} and B{1,4}A{1,4} = (AB){1,4}.

1. Introduction

Let C™" denote the set of all m x n matrices over the complex field C. For A € C"™", its range
space, null space, rank, and conjugate transpose will be denoted by R(A), N(A), r(A), and
A*, respectively. The symbol dim R(A) denotes the dimension of R(A). The n x n identity
matrix is denoted by I,, and if the size is obvious from the context, then the subscript on I,
can be neglected.

For a matrix A € C"™", a generalized inverse X of A is a matrix which satisfies some
of the following four Penrose equations:

(1) AXA=4, (2)XAX=X, (3) (AX)"=AX, (4) (XA)" =XA. (1.1)

Let@#n C {1,2,3,4}. Then Az denotes the set of all matrices X which satisfy (i) for all i € 7.
Any matrix X € A7 is called an 5-inverse of A. One usually denotes any {1}-inverse of A
by AW or A~, and any {1,3}-inverse of A by A1® which is also called a least squares g-
inverses of A. Any {1,4}-inverse of A is denoted by A1* which is also called a minimum
norm g-inverses of A. The unique {1,2,3,4}-inverse of A is denoted by A%, which is called
the Moore-Penrose generalized inverse of A. General properties of the above generalized
inverses can be found in [1-3]. The research in this area is active, especially about the {2}-
inverse and the reverse order law for generalized inverse; see [4-7].
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There are very good results for the reverse order law for {1}-inverse and {1,2}-
inverse of two-matrix or multi-matrix products, and Liu and Yang [8] studied equivalent
conditions for B{1,3,4}A{1,3,4} C (AB){1,3,4}, B{1,3,4}A{1,3,4} 2 (AB){1,3,4}, and
B{1,3,4}A{1,3,4} = (AB){1,3,4}. Moreover, Wei and Guo [9] derived the reverse order
law for {1,3}-inverse and {1,4}-inverse of two-matrix products by using the product
singular value decomposition (P-SVD). However, there is a fly in the ointment in Wei
and Guo’s results. That is, those results contain the information of subblock produced
by P-SVD. In other words, they are related to P-SVD. In order to overcome this
shortcoming, two methods are employed. One is operator theory; the other is maximal
and minimal rank of matrix expressions. Using these two different methods, both [6, 10]
obtain

B{1,3}A{1,3} C (AB){1,3} & R(A*AB) C R(B), (1.2)

B{1,4}A{1,4} C (AB){1,4) & R(BB*A*) C R(A"). (1.3)

These results are our hope because there is no information of the P-SVD in them. Note
that R(A*AB) C R(B) and R(BB*A*) C R(A*) are equivalent to r(B, A*AB) = r(B) and
r(A*, BB*A*) = r(A), respectively. Therefore, these results are only related to the range
space (or the rank) of A, A*, B, B* or their expressions. However, there are no analogs for
B{1,3}A{1,3} 2 (AB){1,3} and B{1,4}A{1,4} 2> (AB){1,4}. In this note, we derive the
necessary and sufficient conditions for them. And after this we present a new equivalent
conditions for B{1,3}A{1,3} = (AB){1,3} and B{1,4}A{1,4} = (AB){1,4}, and this results
are not related to P-SVD. To our knowledge, there is no article discussing these in the
literature.
In this note we will need the following two lemmas.

Lemma 1.1 (see [11,12]). Let A € C"™", B € C"k X € C¥, C € C*" and D € C**. Then

(1) (A, B) = r(A) + r(B) - dim R(A) N R(B); (1.4)

(2) r(BX) = r(X) — dim M(B) NR(X); (1.5)

3 <) A C(I-ATA)|; 1.6

@) r( ) =ray+rlc(r-ata)]; (1.6)
A

(4) m)?xr(A—BXC) :min{r[A, B], T<C> }; (1.7)

(5) maxr(D - CA(1'3)B> =min{r AA A'B -r(A),r B ; (1.8)
A13) C D ""\D ’ ’
0
C

A0
. 13) A*A A*B B
(6) m1nr<D—CA ’ B> =r +r -r B 1. (1.9)
ALY cC D D D
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Lemma 1.2 (see [13]). Let A;; € C™" (1 <, j < 3) be given; X € C"™>™ and Y € C™™ are
two arbitrary matrices. Then

A11 A12 X A12
n}r}iynr Az Ap Az | =71(Ax, An, Ap) +1| Ax
Y A32 A33 ASZ

Al A A1
+ max{ r —r
Ay Ap Ax

Ay Anx Axp
-1(Ap1, A»), - -1r(Ax», A .
(A2, An) T<A32 A33> <A32> r(Ax 23)}

(1.10)

2. Main Results

In this section, we first give the minimal rank of D — B A(3) with respect to any B®) and
A1¥_ Secondly, the necessary and sufficient conditions for the inclusion B{1,3}A{1,3} 2
(AB){1,3} are obtained by using our previous result. Finally, we also give the necessary
and sufficient conditions for B{1,3}A{1,3} = (AB){1,3}, B{1,4}A{1,4} > (AB){1,4}, and
B{1,4}A{1,4} = (AB){1,4}.

Lemma 2.1. Let A € C"™" B € C"™k gnd D € C*™, Then

. 13) A(13 B*BD B* . B* BD D
min r(D — B1A AL )> =r —min} r T -r +ngp. (2.1)
B(13),A(L3) A*  A*A A A* A*

Proof. The expression of {1,3}-inverses of A can be written as A = At + F4V, where F4 =
I — ATA and the matrix V is arbitrary; see [1]. By combining this fact with elementary block
matrix operations, it follows that

r(D-BMIAD) = r[ (Bt + FsV) (AT + FaV) - D]

r(BTAT + BIFAV + FgV At + FgVELV - D)

00 0 01,V
0 0 -I, 0 0 I, 2.2)
0 0 0 I, Fa O

"l Bt E oD 0 0 o | KT
I, 0 Af I, 0
V Ik 0 0 0
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Applying (1.10) to (2.2) gives

D - B A = r(Py, BIAT - D,-BIF,)

N -D 0 Fg -D 0
+ max —r(FB,B FA>,r At E, —1r(Fy)-r 0 At _F [

(2.3)

min r<
B(13), A1)

By using the elementary block matrix operations, the rank of the first partitioned matrix in
the right-hand side of (2.3) is simplified as follows:

r(FB, BtAT - D, —BTFA)

Bt Fy -D 0
=r -n
I, 0 At —F,

/Bt 000 0 0
B! -B' I, -B'B -D 0 0
1o 1, k 0 At I, + ATA AT _”_r<AT> "(BT>
\0 0 0 0 0o At (2.4)

/BU BB 0 0 0

BP0 I, -D 0 0 -
= -n- -r

r , 0o o -1, At| "7

0
\0 0 0 -Af —AfA At

<BTBD Bf >
=r +k-r(A)-r(B).

Al ATA

Using the formula r(AB) < min{r(A),r(B)} together with the fact that
B*B 0 B'BD Bf B*BD B*
0 AAJ\ At Ata) \ A+ aa)
BT(BT)* 0 B*BD B* B'BD Bf
0 AtAh A* A*A)  \ At AtA
means that

B'BD Bt B*BD B*
r =r . (2.6)
At ATA A A*A



Journal of Inequalities and Applications 5

Substituting (2.6) into (2.4) yields

B*BD B*

r(Fs, B'AY-D,-BF,) = r< A

>+k—r(A) — r(B). 2.7)

Similarly, we obtain

r(FB, BTFA> - r<]i:> +k-r(A) - r(B),

-D 0 ~ A* N )8

T<AT _FA>—r<D>+n—r( ), (2.8)
Fg -D 0 ~ BD . A B
r<0 At _FA>—r<A*>+n+ -1(A) —r(B).

It is always ture that R(I — ATA) = M(A). Therefore,
r(Fa) =r(I1-ATA) = n-r(A). (2.9)

Substituting (2.7)—(2.9) into (2.3) yields (2.1). O
Theorem 2.2. Let A € C™" and B € C™¥. Then the following statements are equivalent:

(1) B{1,3}A{1,3} 2 (AB){1,3};

(2) r(A*AB, B) + r(A) = r(AB) + min{r(A*, B), max{n +r(A) —m, n+r(B) - k}}.

Proof. We know that B{1,3}A{1,3} 2 (AB){1,3} is equivalent to saying that for an arbitrary
{1,3}-inverse (AB)"?, there are {1,3}-inverses A1 and B(? satisfying B3 A0S =
(AB)"¥ That is,

. 13) _ p13) 413)] —
B{1,3}A{1,3}g(AB){1,3}:»(E%A(g}g}m)r[(fxla) B1dA ] 0. (2.10)

By using the formula (2.1), we get

min r[(AB)(lf’) _ B(l,s)A(l,s)]
B13) A(13)

B*B(AB)(1,3) B* ) B* B(AB)(1,3) (AB)(1'3)
=r —ming 7 , T —r +nb
A* A*A A A* A*

(2.11)
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Using the formulas (1.9) and (1.8) together with elementary block matrix operations,

the maximal and minimal ranks of first partitioned matrix in the right-hand side of (2.11) are
as follows:

_ <B*B(AB)(1'3) B*>
min r

(AB)? A* *
: 0 (1)
= min |r (AB)"7(1,0)
(AB)(l’a) A* A*
AB 0 O
B*A*AB B*A* 0 (2.12)
0 I O
=r -B*B 0
-B*B 0 B*
0 A* * *
0 A* A*A
B*A*A B*B(AB)"® B
=r +r(A)-r(AB) = X (AB) .
B* B) 13) A* A*A
Therefore, for an arbitrary {1,3}-inverse (AB )(1’3),
B*B(AB)"?) B B*A*A
r (AB) =r +7r(A) - r(AB). (2.13)
A* A*A B*

Using formulas (1.6) and (1.5), we get

(P () =l - )] -ofiamr 1 a)

- _dim _(B) R[(AB)(1,3) (1 _ AAT>].

(2.14)

Substituting (2.13) and (2.14) into (2.11) produces

B*A*A
min 7[(AB)® - BU3 AI| = +7(A) —r(AB)
B*

B13), A3
[ /B . ,

- mm{r<A>,n —dim AV(B) N R[(AB)(1 %) (I - AAT>] }

(2.15)
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Furthermore, we have

max min r[(AB)(w) _ B(1'3)A(1f3)]
(AB)(1’3) B(13), A(13)

(") tC)
=r +7(A) —r(AB) —min< r ,n—ay,
B* A

where a = max 505 dim A(B) NR[(AB)"(I - AA1)].

Next, we want to prove that a is equal to min{k — r(B), m —r(A)}. First observe that
a<min{k-r(B), m—-r(A)} since a < dim N(B) = k-r(B) and a < max(AB)u,a)r[(AB)(l’s) (I-
AAN] <r(I - AAY) = dim WN(A*) = m — r(A). Therefore, a = min{k — 7(B), m —r(A)} holds
if and only if there is a {1,3}-inverse (AB )(1’3) such that

(2.16)

dim (B) N R[(AB)@B) (1 - AAT>] = min{k - r(B), m - r(A))}. (2.17)

Suppose that m — r(A) < k — r(B). Also note that r[(AB)(l’S) (I-AAN] < m-r(A)
for arbitrary {1,3}-inverses (AB)(1’3). Therefore, for some (AB)(l'B), (2.17) holds if and only if
there is a {1,3}-inverse (AB)"® such that R[(AB)(1’3)(I - AAN] € A(B) and r[(AB)(1'3)(I -
AA")] = m - r(A) hold—that is,

. B , 0\1_
(;II‘SI)IHS)T[<I> (AB)1?) (1 - AAT> - <c>] =0, (2.18)

where C is any k x m matrix and 7(C) = m — r(A). It follows from the formula (1.7)
that maxxr(I — BtB)X(I — AAY) = min{r(I - B'B), r(I - AA")} = m — r(A). Therefore,
there is a matrix Xy satisfying r(I - B'B)Xo(I - AAT) = m - r(A). Let C = (I -
B'B)Xo(I — AAT). It is always true that 7(C) = m - r(A), BC = 0, and B*A*(I - AAY) =
0. Use these equations together with the formula (1.9) to conclude that (2.18) holds.
Therefore, if m — r(A) < k — r(B), then there is a {1,3}-inverse (AB)(1’3) such that (2.17)
holds.

On the other hand, suppose that m—r(A) > k—r(B). Also note that dim _/WV/(B) = k—r(B).
Therefore, for some (AB)(1’3) (2.17) holds if and only if there is a {1, 3}-inverse (AB)(1’3) such

that U(B) = R(I - B'B) C R[(AB)" (I - AA")] holds, that s,

. _nptp _ (1,3) _ t —
min r[1 - B'B (AB)?)(1- AA )x] 0, (2.19)
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where X is some m x k matrix. Use the formula (1.9) to find that

min 7 [1 _B'B-(AB)1? (1 - AAT)X]

(AB)
AB 0
B*A*AB B*A*(I- AA")X (I-AANX
=7 +r -r| 0 (I-AANX
I I-B'B I-B'B
I I-B'B

I-AANX
=r<( I—BTB) >—r[<1—AAT)X]
- r<x*<1—AAT),1—BTB) —r[x*(I—AAT)].
(2.20)

We know from (2.20) that (2.19) holds if and only if there is an m x k matrix X such that
R(I - B'B) C R[X*(I — AA")]. In fact, note that (I - BtB) = dim #(B) = k — r(B) and
r(I - ATA) = dim N(A*) = m - r(A), and let P;, P, Q;, and Q; be nonsingular matrices
such that I - B'B = P, ( Ik’(')(s) g)Ql and [ - ATA = P2<I'”’(;(A) 2>Q2. Using this together with
m—r(A) > k — r(B) means that if X* = P, P;, then R(I - B'B) C R[X*(I — AAY)]. Therefore,
if m —r(A) > k — r(B), then there is a {1,3}-inverse (AB)"* such that (2.17) holds.

In summary, there is a {1,3}-inverse (AB)"® such that (2.17) holds. That is, a =
min{k —r(B), m—r(A)}. Apply this to (2.16) to obtain that

max min r[(AB)(1'3) - B(l'S)A(l’B)] =r(A*AB,B) +r(A) -r(AB)
(AB)1™ B9, A1)

—min{r(A*,B), max{n+r(B) -k, n+r(A)-m}}.
(2.21)

Noting that (2.10) and letting the right-hand side in (2.21) be equal to zero, then the
equivalence between (1) and (2) follows immediately. O

Itis obvious that B{1,3}A{1,3} = (AB){1,3} if and only if B{1,3}A{1,3} € (AB){1,3}
and B{1,3}A{1,3} 2 (AB){1,3}. Also note Theorem 2.2 and formula (1.2). It is easy to obtain
the following theorem.

Theorem 2.3. Let A € C™" and B € C™. Then the following statements are equivalent:
(1) B{1,3}A{1,3} = (AB){1,3},

(2) r(B, A*AB) = r(B) and r(A) + r(B) = r(AB) + min{r(A*,B), max{n+r(B) -k, n +
r(A) -m}}.

The following theorems can be obtained by applying Theorem 2.2 or Theorem 2.3 to the product
B* A* and using the fact that X € D{1,3} if and only if X* € D*{1,4}.
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Theorem 2.4. Let A € C™" and B € C™¥. Then the following statements are equivalent:

(1) B{1,4}A{1,4} 2 (AB){1,4};
(2) r(BB*A*, A*) + r(B) = r(AB) + min{r(A*, B), max{n +r(A)-m, n+r(B) —k}}.

Theorem 2.5. Let A € C™" and B € C™**. Then the following statements are equivalent:

(1) B{1,4}A{1,4} = (AB){1,4};

(2) r(BB*A*, A*) = r(A) and r(A) + r(B) = r(AB) + min{r(A*, B), max{n + r(A) -
m, n+r(B) —k}}.

3. Examples

In this section, we give two examples. The first example comes from [14], and they verify
that B(1,2,3}A{1,2,3} C (AB){1,2,3}. However, this example does not only satisfy this
result. In Example 3.1, we know that this example satisfies Theorems 2.3 and 2.5, and so we
have B{1,3}A{1,3} = (AB){1,3} and B{1,4}A{1,4} = (AB){1,4}. In this example, we will
verify these results. Secondly, we give another example which only satisfies B{1,3}A{1,3} >
(AB){1,3} and B{1,4} A{1,4} > (AB){1,4}.

Example 3.1. Let

100 100
A=1011], B=]1110|. (3.1)
011 110
It is easy to obtain that
r(B,A*AB) =r(A*,BB*A") =r(B) =r(A) =r(B,A") =2. (3.2)

From Theorems 2.3 and 2.5, we can conclude that
B{1,3}A{1,3} = (AB){1,3}, B{1,4}A{1,4} = (AB){1,4}. (3.3)

Now we verify this statement. Since

1 0 0
Af1,3} = @ a2 a3 | a1,a2,a5 € C ¢,
—ai —a2+§ —a3+§
1 0 0
1 1
B{1,3} = 15 5 | as,as,a6 € C ¢,
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1 0 0
11
(AB){1/3} = -1 - - |a7/a8/a9€(C ’
4 4
ay ag ag
(3.4)
we easily find that
1 00
11 )
B{1,3}A{1,3} = -1 11 laieC,i=1,2,...,6 ¢, (3.5)
a b c

where a = ag+ajas—ajae, b = aas—azag+(1/2)ag, and ¢ = azas—azae+(1/2)ae. It is obvious
that B{1,3} A{1,3} C (AB){1,3}.If a1 = a» =0,a3 =1, a4y = ay, as = ag + ay, and as = 2as,
then we have a = a;, b = ag, and ¢ = ay, that is, B{1,3}A{1,3} 2 (AB){1,3}. Therefore,
B{1,3}A{1,3} = (AB){1,3}.

On the other hand, since

1 ap —ay
1
A{1,4} = 0 ap —ax + E | ai,a,a3 € C 3,
1
0 —a3+§ as
1 as —daa
B{1,4}= -1 as 1-as as, as,as € C ¢, (36)
0 ag —dp
1 ay —ay
(AB) {14} = 1 | -1 a5 ~as+ 5 |lanasaeCy,
0 ag —ag
we easily see that
1 d -d
B{1,4}A{1,4) =4 | _1 _e+% la;i€C, i=1,2,...,65, (3.7)
0 f -f

where d = a1 — (1/2)as + aras + azas, e = (1/2) —a; — az — (1/2)as + axas + azas, and f =
azag+asag—(1/2)ag. Itis obvious that B{1,4} A{1,4} C (AB){1,4}.1f a; = a;, a, = a;+ag+ay,
a3 =1/2—-ay —ag, ay = as = 0 and a¢ = 1, then we have d = ay, e = ag, and f = ay, that is,
B{1,4}A{1,4} > (AB){1,4}. Therefore, B{1,4} A{1,4} = (AB){1,4}.
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Example 3.2. Let

100
1000
110
A=10110], B=
010
0110
000

It is easy to obtain that

r(A)=r(B)=r(AB)=2,  r(B,A"AB)=r(A",BB"A") =r(B,A") =3.

From Theorems 2.2 and 2.4, we can find that

B{1,3}A{1,3} 2 (AB){1,3},  B{1,4}A{1,4) 2 (AB){1,4).

11

(3.8)

(3.9)

(3.10)

Furthermore, note that (B, A*AB) = r(A*, BB*A*) = 3#r(B) = r(A) = 2. Using Theorems

2.3 and 2.5, we can conclude that
B{1,3}A{1,3} > (AB){1,3}, B{1,4}A{1,4} > (AB){1,4}.

Now we verify this statement. Since

1 0 0
ay ar as
A{1,3}=< 1 1 |a1,a2,...,a6e(C>,
—aq —a2+§ —a3+§
L ay as ag J
2 1 1
22 20
3 3 3
B{1/3} = _1 1 g 0 | az,as, g, i € C ’
3 3 3
azy ag dg ai
1 0 O
1 1 1
AB){1,3} = - - ay, ap,a3 €C 3,
(AB){1,3} 5 1 1 | a11, a1z, ai3

ap app ais

(3.11)

(3.12)
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we easily get that
2+2a ! 2a +=a
3737 637 6 37
B{1,3}A{1,3}= _1_1 1_1 1_1 |a1,a2,...,a10€(C , (313)
3731 373% 373%
a b c

where a = ay + ayag — ay1ag + agayp, b = (1/2)ag + arag — arag + asayg, and ¢ = (1/2)aqg + azag —
azag + agayg. Itis obvious thatif ay =1/2),ax =1/4,a3=1/4,a, = a¢ = ag =0, as = ar; — a3,
ar = 2ai3 + an, ag = 4ays, and ap =1, then

2 2 1 2 1 2
2,2, Ly, 1.2 1 0 0
3734 TgT3® Tgt3®
111111 |- 2111 (3.14)
33" 373% 373% 2 4 4
a b c air di ais

That is, B{1,3} A{1,3} 2 (AB){1,3}. Furthermore, note that if a; #1/2, then there are some
B3 A1) which do not belong to (AB){1,3}. Therefore, B{1,3} A{1,3} > (AB){1,3}.
On the other hand, because

1 a —ay

1
0 a —a2+§
All,4) = 4 1 | a1,a2,a3,a, € C
0 as —a3+§

g
~

0 as —ay4

\

as —as + 1 as — 1 ag (315)
B{1,4}= ay —ay a;+1 ag as,as,..., a1 € C 3,
ay —ag ag Al
1 an  -an
_ 1 1
(AB){1,4} = -5 ap —ap + 5 | a11,a12,a13 € C ¢,

0 a3z -—ais
we easily obtain that

as d —d
B(1,4)A1L,4)={ | 4, _e+% |ar, as,...,a10€C §, (3.16)
ag f —f
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where d = a, — az + a1as — axas + azas + asae, e = az + ajay — aay + azay + asas, and f =
aiag — ardg + asdg + dgaqp. It is obvious thatif a; = a1y, ap = ag = ag = ag =0, az = ay + 2ayy,
as = a3, as = ajp = 1 and ay; = —1/2, then

as d -d 1 an —ai

1 = —1 a —ap + 3.17
ay e —€+§ = > 12 12 > | ( . )
a f  ~f 0 -a;z -—ai3

That is, B{1,4}A{1,4} 2 (AB){1,4}. Furthermore, note that if as#1, then there are some
B14 A0A which do not belong to (AB){1,4}. Therefore, B{1,4} A{1,4} > (AB){1,4}.
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