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We apply an existence theorem of variational inclusion problem on metric spaces to study opti-
mization problems, set-valued vector saddle point problems, bilevel problems, and mathematical
programs with equilibrium constraint on metric spaces. We study these problems without any
convexity and compactness assumptions. Our results are different from any existence results of
these types of problems in topological vector spaces.

1. Introduction

Let (X, dx) and (Y, dy) be two metric spaces, let Z be a real Hausdorff topological vector space
ordered by a nonempty pointed closed convex cone K in Z with nonempty interior, and let W
be a real Banach space ordered by a nonempty pointed closed convex cone C with nonempty
interior. Let G: X xY — W, S: X xY xX — Z,and P : X xY —o Z be multivalued maps.
Throughout this paper, we use these notations unless specified otherwise. In this paper, the
following vector mathematical programs with equilibrium constraint on metric spaces are
considered.

(MPEC-1) MincG(x, y) is subject to (x,y) € X x Y, and S(x,y,u) N [K \ {0}] =@ forallu € X.
(MPEC-2) MincG(x, y) is subject to (x,y) € X x Y, and S(x,y, u)ZK \ {0} forall u € X.

If Z=R, K =[0,), and S is a real function, then problems (MPEC-1) and (MPEC-2)
are reduced to the following problem:

(MPEC-3) MincG(x, y) is subject to (x,y) € X x Y, and S(x,y,u) <0 forall u € X.
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We also study the following bilevel problems.

(BL-1) MincG(x, y) is subject to (x,y) € X xY, for y € Y, x is a solution of problem
Qi1(y): WMingP(x,y) (i.e., for y € Y, P(x,y) N WMingP(X,y) #0), for x € X,
and vy is a solution of problem R;(x): WMaxxP(x,y). (ie., for x € X, P(x,y) N
WMaxgP(x,Y) #0).

(BL-2) Min.G(x, y) is subject to (x,y) € X xY, P(x,y)ZP(a, y) + int(K) for all a € X, and
P(x,b)ZP(x,y) +int(K) forallb € Y.

(BL-3) Min.G(x, y) is subject to (x,y) € X x Y, for x € X, y is a solution of problem
Q>(x): Mingr»P(x,y) and (i.e., for x € X, P(x,y) N Ming=P(x,Y) #0), for y €
Y, x is a solution of problem R,(y): MaxgnP(x,y). (ie., for y € Y, P(x,y) N
MaxgnP(X,y) #0).

If P: X xY — Zis asingle valued function, then (BL-2) is reduced to the following
problem.

(BL-4) MincG(x, y) is subject to (x,y) € X x Y, for y € Y, and x is a solution of problem
and Q3(y): WMingP(x,y); and for x € X, y is a solution of problem Rs(x):
WMaxg P(x, y).

Problem (BL-1) has applications in real world. Let X be the set of government’s
agricultural policies and let Y be the set of government’s industrial policies. For each
x € Xand y € Y, let G(x,y) be the amount of money that the government uses to
promote agriculture and industrial developments, and let P(x, y) be the degree of industrial
development. We suppose that as the industry becomes more and more developed, the
losses from the agriculture sector rise accordingly. Therefore, the solution of problem (BL-
1) represents the government’s best policy to promote the development of the industry so
that the losses from agriculture sector will be as minimal as possible, while the amount of
money that the government uses to promote the policies can be the lowest possible.

Mathematical program with equilibrium constraint and bilevel problem represent two
important classes of optimization problems which have been investigated in a large number
of articles and books. We find in the literatures that Luo et al. [1], Stein and Still [2], Stein
[3], Birbil et al. [4], Liou et al. [5], Lin and Still [6], Lin [7], as well asLin and Hsu [8]
have studied mathematical program with equilibrium constraint and bilevel problem on
topological vector spaces. As usual in linear and nonlinear optimization, these studies mainly
deal with optimality conditions and numerical methods to solve these problems and typically
the existence of feasible points is tacitly assumed. Besides, the domains of the functions they
consider are subsets of topological vector spaces and certain convexity assumptions on the
functions are needed. In this paper, we study these problems with functions defined on metric
spaces, so we do not need any convexity assumptions on the functions we consider. We study
the existence theorems of solutions for (MPEC-1), (MPEC-2), (BL-1), (BL-2), and (BL-3). To
the best of our knowledge, there is no result of these types of problems on metric space.

In this paper, we also study the following loose set-valued vector saddle point
problems.

(LSP-1) For each (u,v) € X x Y, find (x,y) € X x Y such that P(u,y) N [P(X,v) + K] #0,
P(x,y) NMingP(X,y) #0, and P(x,y) N MaxgP(x,Y) #0.

(LSP-2) For each (u,v) € X x Y, find (x,y) € X x Y such that P(u,y) C P(x,v) + K,
P(x,y)ZP(x,y) + K, and P(x,y)ZP(x,y) + K forallx € X\ {x} andally € Y\ {y}.
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If P: XxY — Zisamap, then problems (LSP-1) and (LSP-2) are reduced to the
following vector saddle point problems (VSP).

(i) Find (%,7) € X x Y such that P(x,7%) € Ming P(X,%) N MaxgP(%, Y).

There are many results on loose saddle point problems, vector saddle point, and saddle
point problems (see, e.g., [9-17]). But to the best of our knowledge, there are no existence
theorems in the literatures for loose saddle point and vector saddle point problems for
functions defined on the product of metric spaces. We study the loose saddle point problems
and vector saddle point problems for functions defined on the product of metric spaces. We
do not assume any compact assumptions on the spaces and convexity assumptions on the
maps we consider. As for applications of our existence theorems on saddle point problems,
we study bilevel problems on metric spaces. We also study mathematical programs with
equilibrium constraint. Our results on mathematical programs with equilibrium constraint,
bilevel problems, loose saddle point problems, and vector saddle point problems are different
from any existence results of these types of problems in the literatures.

2. Preliminaries

Let X and Y be topological spaces (in short t.s.), T : X — Y be a multivalued map. T is said to
be u.s.c. (resp., Ls.c.) at x € X if for every open set U in Y with T(x) C U (resp., T(x) NU #0),
there exists an open neighborhood V of x such that T(x') C U (resp., T(x") N U #0) for all
x' € V; T is said to be u.s.c. (resp., L.s.c.) on X if T is u.s.c. (resp., Ls.c.) at every point of X;
T is continuous at x if T is both u.s.c. and Ls.c. at x; T is said to be closed if Gr(T)={(x,y) €
XxY:yeT(x),x € X}isaclosed setin X x Y; T is said to be open if Gr(T) is an open set in
X x Y. For a subset A of topological space X, let cl(A) denote the closure of A.

Lemma 2.1 (see [18]). Let X and Y be topological spaces, and let T : X — Y be a multivalued map.
Then T is l.s.c. at x € X if and only if for any y € T(x) and any net {xy} . in X converges to x,
there exists a net {Ya},ep such that y, € T(x,) forall a € A and y, — y.

Lemma 2.2 (see [19]). Let X and Y be Hausdorff topological spaces, and let T : X — Y be a
multivalued map. (i) If T is an w.s.c. multivalued map with nonempty closed values, then T is closed;
(ii) if X is a compact set and T is an u.s.c. multivalued map with nonempty compact values, then
T(X) is compact.

Definition 2.3. Let A be a nonempty subset of a t.v.s. Z ordered by a nonempty pointed closed
convex cone K. An element a € A is said to be a minimal (resp., maximal) point of A if
AN (a-K) = {a} (resp.,, An (a + K) = {a}). Here, Ming A and Maxg A denote the sets of
minimal point of A and maximal point of A, respectively.

Definition 2.4. Let A be a nonempty subset of a t.v.s. Z ordered by a nonempty pointed closed
convex cone K with nonempty interior. An element a € A is said to be a weakly minimal
(resp., weakly maximal) point of A if AN (a—int(K)) =@ (resp., AN (a +int(K)) = @). Here,
WMing A and WMaxg A denote the sets of weakly minimal point of A and weakly maximal
point of A, respectively.

Theorem 2.5 (see [20]). Let Z be a Hausdorff t.v.s. ordered by a nonempty pointed closed convex
cone K with nonempty interior. If A is a nonempty compact subset of Z, then Ming A #0 and
Maxg A #0.
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Definition 2.6 (see [21]). Let K be pointed closed convex cone with nonempty interior in a
Banach space Z. Then K is called normal if there exists A > 0 such that if x,y € K and
y —x € K, then ||x|| < A||y||. Here, it is called A-normal pointed closed convex cone.

Theorem 2.7 (see [22]). Let (X, dx) be a complete metric space, and let Z be a Hausdorff t.v.s.. Let
F : X x X —o Z be a multivalued map. Assume that

(i) 0 € F(x, x) for each x € X,
(ii) foreach x € X, {y € X : 0 € F(x,y)} is a closed subset of X,
(iii) foreach x,y,z € X, if0 € F(x,y) and 0 € F(y, z), then 0 € F(x, z),

(iv) for each sequence {xy} o in X, if 0 € F(xy, Xp+1), then dx (%, xp41) — O0asn — oo.
Then there exists x € X such that 0¢ F(x,y) forall y € X \ {x}.

Theorem 2.8. Let (X, dx) be a complete metric space. Let G : X — W be a multivalued map with
nonempty values. Assume that

(i) G is closed,

(ii) for each sequence {(xXn, Yn)} ey in X x W, if y, € G(xy) and yp — Ypi1 € C foralln € N,
then dx (xy, xps1) — 0and ||y, — Yn1|| — Oasn — oo,

Then there exists x € X such that G(x) N MincG(X) #.

Proof. Let kg € C \ {0} be fixed. Clearly, Gr(G) is a complete metric space. Let F : Gr(G) x
Gr(G) — R be defined by F((x1,11), (x2,42)) = {t € R : y1 —y2 + tkp € C} for each
(x1,11), (x2,112) € Gr(G). Clearly, 0 € F((x,v),(x,y)) for each (x,y) € Gr(G). For each
(x,y) € Gr(G), we know that

{(u,v) € Gr(G) : 0 € F((x,v),(u,0))} = {(w,v) € Gr(G) : y —v € C}. (2.1)

If {(ttn, Un) } ey is @ sequence in {(u,v) € Gr(G) : 0 € F((x,y), (4,v))} and (u,,v,) —
(u,v) asn — oo, then (u,,v,) € Gr(G) and y — v, € Cforalln € N. Clearly, y —v € C and
(u,v) € Gr(G). By (ii), condition (iv) of Theorem 2.7 is satisfied. By Theorem 2.7, there exists
(x,v) € Gr(G) such that y —y ¢ C for all (x,y) € Gr(G) \ {(x,y)}. Clearly, y € G(X) N (y - C).
If y € G(X) N (y - C) and y #y, then there exists x € X such that y € G(x) and y -y € C.
Then (x,y) € Gr(G) \ {(x,y)} and this implies that iy — y ¢ C. This leads to a contradiction.
Hence, G(X) N (y — C) = {y}. This implies that G(x) N MincG(X) # 0. O

Example 2.9. Let W = R, X = (-o0,0] U {1}, C = [0,00), and kg = 1. Let G : X — W be
defined by G(x) := {-x} for each x € X. Then by Theorem 2.8, there exists x € X such that
G(x) NMin .G(X) #0.

Example 2.10. Let W = X = R, C = [0,00), and kg = 1. Let G : X — W be defined by
G(x) := {—x} for each x € X. Clearly, G is closed. But condition (ii) of Theorem 2.8 does not
hold. Indeed, let {(x, yn)} = {(n,—n)}, - Then y,, € G(x,,) forall n € N, and dx (xp, Xy+1) =1
and ||y, —Yu+1|| = 1 for all n € N. Furthermore, there is no x € X such that G(x)N\Min G(X) # 0.
Hence, condition (ii) of Theorem 2.8 is essential in Theorem 2.8.



Journal of Inequalities and Applications 5

Theorem 2.11. Let X be a metric space. Let G : X —o W be a multivalued map with nonempty
values. Assume that

(i) G(X) is a nonempty closed subset of W,
(i) for each sequence {yn} ey in G(X), if Y — Yns1 € C, then ||y — Yns1|| = Oasn — oo.

Then there exists x € X such that G(x) N Min.G(X) # 0.

Proof. Let kg € C\ {0} be fixed. Clearly, G(X) is a complete metric space. Let F : G(X) x
G(X) — R be defined by F(y1,12) = {t € R : y» —y1 —tkog € —C} for each y1,y» € G(X).
Clearly, 0 € F(y, y) for each y € G(X). Besides, for each y1 € G(X), let A, := {y € G(X) : 0 €
F(y1,y)}. Then A, = {y € G(X) : y—y1 € —C} isaclosed set. Next, for each y1, 12, y3 € G(X),
if0 € F(y1,y2) and 0 € F(y2,y3), then0 € F(y1,y3). By (ii), for each sequence {y,},cy in G(X)
with 0 € F(yu, Yn+1), we have ||y, — Yus1|| — 0asn — oo. By Theorem 2.7, there exists x € X
such that iy € G(x) N Min.G(X) #90. O

Example 2.12. Let E=W =R, X = {-1} U (0,00), C = [0,00),and ky = 1. Let G : X — W be
defined by

{{1,2} if x=-1,
G(x) = (2.2)
{2%,4} if x € (0,00).

Thus by Theorem 2.11, there exists X € X such that Gx) N Min.G(X) # 0. Note that X is not
closed, not open, and not convex.

Example 2.13. Let X = {1,2}, W =R?, and C = R2. Let G : X — W be defined by

, eR2:y;=1,0<y, <2} ifx=1,
Gla) = {{(3/1 v2) vi y2 <2} 23)

{(y,y2) €ER? 1y =2, 0<y <1} if x=2.

By Theorem 2.11, there exists X € X such that G(x) N Min.G(X) #0. Indeed, x = 1.

Remark 2.14. Example 2.10 also shows that condition (ii) of Theorem 2.11 is essential in
Theorem 2.11. Next, the following result is a special case of Theorem 2.11. Note that it is
different from Theorem 2.5 since we do not assume that A is a compact set, but we assume
that W is a Banach space.

Corollary 2.15. Let A be a nonempty closed subset of W. Suppose that for each sequence {y,},cx it
Aifyy — Yna € C, then ||y, — Yna1ll — 0asn — oco. Then Min A # .

Proof. Let X be a singleton subset of W. Then X is a complete metric space. Let G: X — W
be defined by G(x) = A for each x € X. By Theorem 2.11, there exists x € X such that
G(x) N1Min G(X) # 0 and this implies that Min. A # 0. O

Example 2.16. Let W = R? and A = C = R2. Itis easy to see that all conditions of Corollary 2.15
are satisfied. Hence, Min.A # 0. Indeed, Min.A = {(0,0) }. Note that A is not a compact subset
of W.
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Corollary 2.17. Let W be a Banach space, and let C be a A\-normal pointed closed convex cone with
nonempty interior A € (0,1). If A is a nonempty bounded closed subset of W, then Min A # (.

Proof. Take any sequence {y,} ey in A with v, — yn,1 € C. This implies that (y,—x — Yu+1) —
(Yn-k-1 —Yn1) €C, k=1,2,...,(n—2). By assumption, we get

”yn — Yn+l ” < -)L”yn—l — Yn+1 ” <---< -)‘nil ”yl — Yn+l ” (24)

Since A is bounded, there exists M > 0 such that ||y, — Yus1]| < A" 1M for all n € N. This
implies that ||y, — yn1]] — 0asn — oo and Corollary 2.17 follows from Corollary 2.15. [

Remark 2.18. Theorem 2.11 and Corollary 2.15 are equivalent.

Remark 2.19. From the above results and examples, we observe that if A C R™ is a closed set
and there exists a € R such that A C a + R, then Mingn A # (. Indeed, for each sequence
Yntwen = WL 2 .., ¥ ey in A with v, — Y1 € R™, it is easy to see that, for each
i =1,2,...,m {yh} e is a decreasing sequence in R and bounded from below. Then ||y, —
Yna1ll — 0asn — oo and Mingr A #0.

3. Saddle Point Problems
Theorem 3.1. Let (X, dx) and (Y, dy) be two complete metric spaces. Assume that

(i) foreach (x,y) € X xY, {(u,v) e X xY : P(x,v) N [P(u,y) + K] #0} is a closed set,

(ii) for each (x,vy), (u,v), (a,b) € XxY,if P(x,v)N[P(u, y)+K] #@ and P(u,b)N[P(a,v)+
K]#0, then P(x,b) N [P(a,y) + K] #0,

(iii) for each sequence {(Xn, Yu)}pen in X x Y, if P(Xpn, Yns1) N [P(Xns1, Yn) + K] #0, then
dX(xnlel+1) — Oand dY(ynrym—l) — 0asn — co.

Then, for each (u,v) € X x Y, there exists (x,y) € X x Y such that P(u,y) N [P(x,v) + K] #0,
P(x,y) NMing P(X,y) #0, and P(x,y) N MaxgP(X,Y) #0.

Proof. Let dx.y((x,y), (u,v)) = dx(x,u) + dy(y,v). Then (X x Y, dxxy) is a complete metric
space. Take any (1,v) € X x Y. Define the set M := {(x,y) € X xY : P(u,y) N [P(x,v) +
K]#0}. Clearly, (M, dxxy) is a complete metric space. Let G : M x M — Z be defined
by G(x,y,u,v) = P(x,v) — P(u,y) — K. By Theorem 2.7, there exists (x,7) € M such that
P(x,y)n[P(x,y) + K] =@ forall (x,y) € M\ {(x,y)}. By (ii) and the definition of M, it is
easy to see that P(x,y) N [P(x,y) + K] =@ forall (x,y) € X x Y \ {(x,¥)}. Hence,

Px,y)n[P(x,y)+K] =0 VyeY\{y},
P(x,7)N[P(xy)-K] =0 VxeX\ (T}

(3.1)

Since P(X, ) is a nonempty compact set, by Theorem 2.5, there exist z1, z; € P(X, y) such that
z1 € Ming P(x,y) and z, € MaxgP(x, V). Next, it is easy to see that P(x,Y) N [z2 + K] = {z2}
and P(X,y) N [z1 — K] = {z1}. Therefore, z, € P(x,y) N MaxxP(x,Y)#0 and z; € P(X,y) N
Ming P(X,y) #0. O
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Remark 3.2. If P is an u.s.c. multivalued map with nonempty compact values, then condition
(i) of Theorem 3.1 holds.

Example 3.3. Let X = [0,1], Y = [1,2], Z =R?,and K = R2. Let P : X x Y —o Z be defined
by P(x,y) = {(x,—-y)} for each (x,y) € X x Y. By Theorem 3.1, for each (u,v) € X x Y, there
exists (X,y) € X x Y such that P(u,y) N [P(X,v) + K] #0, P(X,y) N MingP(X,y) #0, and
P(x,y) NMaxgP(x,Y) #0. Indeed, for each (1,v) € X x Y, (x,y) = (0,1).

In Theorem 3.1, if Y is singleton, then we have the following result.

Corollary 3.4. Let F : X —o Z be a multivalued map with nonempty compact values. Assume that
(i) foreach x € X, {y € X : F(x) N [F(y) + K] #0} is a closed set,
(ii) for each x,y,z € X, if F(x) N [F(y) + K] #0 and F(y) N [F(z) + K] #0, then F(x) N
[F(z) + K] #0,
(iii) for each sequence {xy} ey in X, if F(x) N [F(xp41) + K] #0, then dx (xn, Xp+1) — 0as
n — oo.
Then, for each u € X, there exists x € X such that F(u) N [F(x) + K] #@ and F (x) "Ming F(X) #0.
Theorem 3.5. Assume that
(i) for each (x,y) € X xY, {(u,v) € X xY : P(x,v) C P(u,y) + K} is closed,
(ii) for each (x,y), (u,v),(a,b) € XxY,if P(x,v) C P(u,y) + K and P(u,b) C P(a,v)+K,
then P(x,b) C P(a,y) + K,
(iii) for each sequence {(Xn,Yn)}uey i1 X X Y, if P(Xy, Yns1) € P(Xns1,yn) + K, then
dx (xp, Xns1) — 0and dy (Yn, Yns1) — 0asn — oo.
Then, for each (u,v) € X x Y, there exists (x,yy) € X x Y such that P(u,y) € P(x,v) + K, and
P(x,y)ZP(x,y) + K forall (x,y) e X xY \ {(X,7)}.
Proof. Let dx«y((x,y), (u,v)) = dx(x,u) + dy(y,v). Take any (u,v) € X x Y. Define the set
M = {(x,y) € XxY:P(u,y) C P(x,v) + K}. Clearly, (M, dxxy) is a complete metric space.
Let G: M x M —o Z be defined by G(x,y,u,v) = Z\ {P(x,v) - Z\ [P(u,y) + K]}. For each
(x,) € M, by (i), {(1,0) € M: 0 € G(x,y,u,0)} = [(1,0) € M : P(x,0) C P(t,y) + K} is a
closed set. Then by Theorem 2.7, there exists (x,y) € M such that P(x, y)ZP(x,y) + K for all
(x,y) e M\ {(x,9)}.
Now, we want to show that P(X, y)ZP(x,y) + K for all (x,y) € X xY \ {(x,7)}. In
fact, we only need to consider that (x,y) M. Suppose that P(x,y) € P(x,y) + K. By (ii)
and (X,y) € M, (x,y) € M and this is a contradiction. Therefore, P(x, y)ZP(x,y) + K for all

(x,y) € X xY\ {(x,y)}. O

Remark 3.6. Condition (i) of Theorem 3.5 can be replaced by y — P(x,y) being Ls.c. and
x —o P(x,y) being an u.s.c. multivalued map with nonempty compact values.

Example 3.7. Let X = {1,2}, Y =[1,2], Z=R? and K =R?,and let P : X x Y —o Z be defined
by

1, R?2:y<z<2) ifx=1,
P(x,y) :={{( z) € y<z<2) ifx (32)

{2,z)eR*:y<z<2} ifx=2

This is an example for Theorem 3.5.
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Example 3.8. Let X = [0,00), Y = (-0,0], Z=R?,and K =R2. Let P: X x Y —o Z be defined
by P(x,y) = [x, ) x [y, o) for each (x,y) € X x Y. By Theorem 3.5, for each (1,v) € X x Y,
there exists (x,y) € X x Y such that P(u,y) € P(x,v) + K, and P(x,y)ZP(x,y) + K for all
(x,y) e XxY\ {(x,y)}. Indeed, (x,7) = (0,0) for each (u,v) € X x Y.

4. Bilevel Problems

Proposition 4.1. Let Q : X x Y — X x Y be defined by

Q(u,v) = A1(u,v) N By N Cy, where

Ai(u,v) = {(x,y) e XxY : P(u,y) N [P(x,v) + K] #£0}, @)
By :={(x,y) € XxY: P(x,y) N WMing P(X,y) #0}, .

Ci={(xy) eXxY:P(x,y) N WMaxgP(x,Y) #0}.

If P is a continuous multivalued map with nonempty compact values, then Q is closed, and B; N Cy is
a closed set.

Proof. Here, we only need to show that Q is closed. If { (s, Vs, X0, Ya) }aen € Gr(Q) and
(Ua, Vo, Xa, Ya) — (U,0,x,y), for each a € A, we have then

(1) P(”a; ytx) N [P(xarva) + K] 75@/
(2) P(xa, ya) "WMing P(X, ya) #0,
() P(xa, Ya) NWMaxg P(x,,Y) #0.

By (1), for each a € A, there exists a, € P(uy, Ya) N[P(xa, v4) + K] and b, € P(x,, v,) such that
Ay —by € K. Let Ly := {x,:a € A}U{x}, Ly = {ya:a € AJU{y}, L3 = {v, :a € A}U{v}, and
Ly = {u, : a € AJU{u}. Then L, Ly, L3, and L4 are compact sets. By Lemma 2.2, P(Lsx L) and
P(Ly x L3) are compact sets. Hence, we may assume that a, — aand b, — b. By Lemma 2.2,
a€ P(u,y) and b € P(x,v). Clearly, a—b € K and P(u, y) N [P(x,v) + K] #0. By (2), for each
a € A, there exists dy € P(x4, Ya) N WMing P(X, y,). By Lemma 2.2, P(L; x L) is a compact
set. Hence, we may assume that d, — d. By Lemma2.2,d € P(x,y) C P(X,y).

For each a € A, P(X, y,) N [dx — int(K)] = 0. Take any p € P(X,y). Then there exists
r € X such that p € P(r,y). There exists a net {ps},n In Z such that p, € P(r,y.) C
P(X,y,) for all a € A,and p, — p, pa—da & —int(K) for all « € A. Therefore, p—d ¢ —int(K)
forall p € P(X,y). Thatis, P(X,y) N [d—int(K)] = 0. Hence, d € P(x,y) N"WMingP(X, y) #0.
Similarly, we can prove that P(x,y) N WMaxgP(x,Y) #0. So, (1,v,x,y) € Gr(Q) and Q is
closed. O

Lemma 4.2. Let X and Y be topological spaces, and let G : X —o Y be a multivalued map. Let
G G(X) — X be defined by G (y) := {x € X : y € G(x)} for each y € G(X). If GV is an u.s.c.
multivalued map with nonempty compact values and A is a nonempty closed subset of X, then G(A)
is a closed subset of Y.

Proof. If y € cl(G(A)), then there exist a net {y4},cx such that y, — y and a net {x;},c, in
A such that y, € G(x,) for all « € A. Hence, x, € G‘l(yu) foralla e A.LetL = {y, 1 a €
A} U {y}. Then L is a compact set and G™!(L) is a compact set. We may assume that x, — x.
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Since A is a closed set, x € A. By Lemma 22, x € G'(y) and y € G(x) C G(A). Therefore,
G(A) is a closed subset of Y. O

Theorem 4.3. In Theorem 3.1, let G : X x Y — W be a multivalued map with nonempty values, and
further assume that

(@) GV is an u.s.c. multivalued map with nonempty compact values,
(b) P is a continuous multivalued map with nonempty compact values,

(c) for each sequence {twy},en in G(X x Y), if wy, — wpi1 € C, then ||w, — wps| — 0as
n — oo.

Then there is a solution of problem (BL-1).

Proof. Let By and C; be defined as in Proposition 4.1. By Theorem 3.1 and Proposition 4.1,
B1NC; is anonempty closed subset of X x Y. By Lemma 4.2, G(B; N C;) is a nonempty closed
subset of W. By Theorem 2.11, there exists (x,y) € B; N C; such that G(x,y) N Min.G(B; N
C1) #0. 0

Example 4.4. ITn Example 3.3, let W = R?, C = R2, and G(x,y) = (x,y) + R?2 for each (x,y) €
X x Y. Clearly, G(X x Y) = (0,1) + R? is a closed subset of R?. Besides, we have

G (u,v) = [0,min{u,1}] x [1,min{v,2}], (4.2)

and G™! is an u.s.c. multivalued map with nonempty compact values. By Theorem 4.3, there
is a solution of problem (BL-1). Indeed, the solution set is {(0,1)}.

The following theorem is similar to Theorem 4.3. Note that the conditions of Theorems
4.3 and 4.5 are different.

Theorem 4.5. In Theorem 3.1, let G : X x Y —o W be a multivalued map, and further assume that

(a) G isan u.s.c. multivalued map with nonempty compact values,

(b) for each x,y,z € X x Y, if G(x) N [G(y) + K] #0 and G(y) N [G(z) + K] #0, then
G(x)N[G(z) + K] #0,

(c) P is a continuous multivalued map with nonempty compact values,

(d) for each {(xn) } pen in X x Y, if G(xn) N [G(xns1) + K] #0, then dxxy (xn, Xns1) — 0as

n — oo.
Then there is a solution of problem (BL-1).

Proof. Let B; and C; be defined as in Proposition 4.1. By Theorem 3.1 and Proposition 4.1,
By N Cy is a nonempty closed subset of X x Y. Hence, (B; N Cy,dxxy) is a complete metric
space. Now, for each (x,y) € BiNCy, let A, := {(u,v) € Bi1NCy : G(x,y) N[G(u,v) + K] #0}.
If (u,v) € cl(Ayy), then there exists a net { (s, Va)}4ep in Ay such that (ug,v,) — (u,0).
Then for each a € A, there exists w, € G(x,y) N [G(uy, vs) + K]. Since G(x,y) is a compact
set, we may assume that w, — w € G(x,y). There exists t, € G(us, v,) such that w, -t, € K.
Let L = {(un,vq) : @« € A} U {(u,v)}. Clearly, L and G(L) are compact sets. Hence, we may
assume that t, — t. By Lemma 2.2, t € G(u,v). Clearly, w —t € K and this implies that
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G(x,y) N [G(u,v) + K] #0. Therefore, (u,v) € Ay, and A, is a closed set. By Corollary 3.4,
there exists (x,y) € B; N C; such that G(x,y) " Min.G(B; N Cy) #0. O

Furthermore, we have the following result which is different from Theorems 4.3 and
4.5. In Theorem 4.6, W is a Hausdorff t.v.s.,, and X and Y are compact metric spaces. In
Theorems 4.3 and 4.5, W is a Banach space, and X and Y are complete metric spaces.

Theorem 4.6. [n Theorem 3.1, let G : X x Y — W be a multivalued map, and further assume that

(a) G is an u.s.c. multivalued map with nonempty compact values,
(b) P is a continuous multivalued map with nonempty compact values,

(c) X and Y are compact.
Then there is a solution of problem (BL-1).

Proposition 4.7. Let Q : X x Y — X x Y be defined by

Q(u,v) := Ay(u,v) N By N Cy, where

Ay(u,v) :={(x,y) € XxY :P(u,y) C P(x,v) + K},
4.3
B, :={(x,y) € XxY:P(x,y)¢P(a,y) +int(K) VaeX}, (3)

Cy:={(x,y) e XxY:P(x,b)¢P(x,y) +int(K) VbeY}.

If P is a continuous multivalued map with nonempty compact values, then Q is closed, and B, N Cy is
a closed set.

Proof. Here, we only need to show that Q is closed. If { (s, Ua, X0, Ya)}aen € Gr(Q) and
(Ua, Vo, Xa, Ya) — (U,0,x,y), then we have

(1) P(uu/ya) C P(xq,vq) + K,
(2) P(xa, ya)ZP(a, y,) +int(K) forall a € X,
(3) P(xa,b)ZP(x4,Yyq) +int(K) forallb e Y.

Take any z € P(u, y); there exists a net {z},c such that z, € P(ua, y,) forall a € A
and z, — z. There exists w, € P(x,,v,) such that z, —w, € K. Let L1 := {x, : a € A} U {x},
Ly ={ys s« € AYU{y}, Lg := {vx : « € A} U {v}, and Ly := {1y : « € A} U {u}. Then
Ly, Ly, L3, and L4 are compact sets and P(L; x L3) is a compact set. Hence, we may assume
that w, — w. By Lemma 2.2, w € P(x,v). Clearly, z € w + K. Hence, z € P(x,v) + K, and
P(u,y) C P(x,v) + K.

Take any a € X; there exists s, € P(x4, Yo) such that s, & P(a, y,) + int(K). P(L; x Lp)
is a compact set, and we may assume that s, — s; By Lemma 2.2, s € P(x,y). Take any
t € P(a,y), there exists a net {ty},c5 such that t, € P(a,y,) foralla € Aand t, — t,
Sq —to & int(K) for all « € A. Clearly, s—t ¢ int(K) for allt € P(a, y). Hence, P(x,y)ZP(a,y) +
int(K) for all a € X. Similarly, P(x, b)ZP(x, y)+int(K) for all b € Y. Therefore, Q is closed. [

Applying Proposition 4.7 and following the similar argument as in the proof of
Theorems 4.3-4.6, we can get the following similar results.
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Theorem 4.8. In Theorem 3.5, let G : X x Y — W be a multivalued map with nonempty values.
Further assume that conditions (a)—(c) of Theorem 4.3 (resp., conditions (a)—(d) of Theorem 4.5) are
satisfied. Then there is a solution of problem (BL-2).

Proposition 4.9. Let P : X xY — R™ be a map with P(x,y) = (Pi(x,y), P.(x,y), ..., Pu(x,y)).
Let Q: X xY —o X x Y be defined by

Q(u,v) := Az(u,v) N B3N Cs, where

As(uw,v) :={(x,y) X xY : P(u,y) - P(x,v) € K},
44
B;:={(x,y) € XxY:P(x,y) € Maxg»P(x,Y)}, 44

Cs:={(x,y) €eXxY:P(x,y) € Ming=P(X,y) }.

Suppose that, for eachi =1,2,...,m, P; : X xY — R is continuous, x — P;(x,y) is one to one,
and y — P;(x,y) is one to one. Then Q is closed, and B3 N Cz is a closed set.

Proof. Let {(ttn, Un, Xn, Yn) }pen C© Gr(Q) and (u,, vy, x4, ¥») — (U,v,x,y) as n — oo. Then
P(un/]/n) = P(xn,v4) € RY, P(xy,b) - P(xn/yn) ¢RY forallb € Y\ {yn}/ and P(xn/yn) -
P(a,y,) ¢ R forall a € X'\ {x,}. Since P is continuous, P(u, y) — P(x,v) € R*. Furthermore,
for each n € N, we have

P(xn,yn) - P(a,y,) ¢R7\ {0} VaeX (4.5)

Take any a € X\ {x}. There exists ny € N such that x, # a for all n > ny. Furthermore, for
each n € Nwith n > ny, there exists j = j(n) € {1,2,...,m} such that P;(x,, y,) - Pj(a, y,) <0.
Indeed, if not, there exists n € N with n > ng such that Pj(x,, y.) - Pj(a,y,) > 0 for all
j€1{1,2,...,m}.Since n > ng and x — P;(x,y) is one to one, P;(x,,y,) — P;(a, y,) > 0 for all
je{1,2,...,m}. Hence, P(xy, y,) — P(a, y,) € int(R""). This leads to a contradiction.

Therefore, there exist k € {1,2,...,m}, and {xy, },er, {Yn, }ien Of {X0} e and { v} ens
respectively, such that P(xy,, yn,) — Pc(a,y,) < Oforallt € N. Suppose that P(x,y) —
P(a,y) € RY. Then Pj(x,y) — Pi(a,y) > 0 forall j € {1,2,...,m},0 < Pc(x,y) - Px(a,y) =
limy - o [Pe (X0, Yn,) — Pc(a, yn,)] < 0. Hence, Pr(x,y) = Pc(a,y). This leads to a contradiction
since x — Pi(x,y) is one to one. Therefore, P(x,y)-P(a, y) ¢ R} for all a € X\ {x}. Similarly,
we have P(x,b) — P(x,y) ¢ R} for all b € Y \ {y}. Therefore, Q is closed. O

Theorem 4.10. Let P : X x Y — R™ be a map with P(x,y) = (Pi(x,y), P2(x,y), ..., Pu(x,y)).
Let G : X x Y — W be a multivalued map with nonempty values. Further assume that

(i) foreachi=1,2,...,m, P : X xY — Ris continuous, x — Pi(x,y) is one to one, and
y — P;(x,y) is one to one,

(ii) foreach (x,vy), (u,v), (a,b) € XxY,if P(x,v)-P(u,y) € R and P(u,b)-P(a,v) € R,
then P(x,b) — P(a,y) € R,

(iii) for each sequence {(xn,Yn)}nen in X x Y with P(xXp, Yns1) — P(Xns1,yn) € R,
dx (xn, Xns1) — 0and dy(Yn, Yn+a1) — O0asn — oo,
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(iv) G7lis an w.s.c. multivalued map with nonempty compact values,
(v) for each sequence {wy} e in G(X xY), if wy — wp1 € C, then ||wy, — wpa| — 0as
n — oo.

Then there is a solution of problem (BL-3).

Proof. Applying Proposition 4.9 and following the similar argument as in the proof of
Theorem 4.3, we can get the proof of Theorem 4.10. O

Remark 4.11. The conditions of Theorem 4.10 and Theorem 3.5 in Liou et al. [5] are different.
Note that Liou et al. [5] assumed that the feasible set S,(x) is nonempty, and let the
considered multivalued map F be proper, lower semicontinuous, and weakly coercive on
Gr(Sp).

5. Equilibrium Problems and Mathematical Program with
Equilibrium Constraint on Complete Metric Spaces

Theorem 5.1. Let X and Y be a complete metric spaces, and let H : X xY x X —o Z be a multivalued
map. Assume that

(i) for each (x,y) e XxY,0€ H(x,y,x),

(ii) for each (x,y) e X xY,{u e X :0€ H(x,y,u)} is a closed subset of X,

(iii) for each x,u,a € X and y,v € Y, if 0 € H(x,y,u) and 0 € H(u,v,a), then 0 €
H(x,y,a),

(iv) for each sequence {(xn, Yn) ) ey i X x Y with 0 € H(Xu, Yn, Xns1), Ax(Xp, Xne1) — 0
and dy (Yu, Yn+1) — 0asn — co.

Then there exists (x,y) € X x Y such that 0¢ H(x,y,u) forallu € X \ {x}.

Proof. Let G : X xY x X xY —o Z be defined by G(x,y,u,v) = H(x,y, u) for each (x,y,u,v) €
X xY x X x Y. Then Theorem 5.1 follows from Theorem 2.7. O

Theorem 5.2. Let X and Y be a complete metric spaces, and let S : X x Y x X —o Z be a multivalued
map. Assume that

(i) Z \ [K \ {0}] is a closed set; and for each (x,y) € X xY, S(x,y,x) = {0},

(ii) for each (x,y) € X x Y, {u € X : S(x,y,u) N K#0} is a closed subset of X,

(iii) for each x,u,a € X and y,v € Y, if S(x,y,u) N K#0 and S(u,v,a) N K#0, then
S(x,y,a) N K #0,

(iv) for each sequence {(xn, Yn) } yen in X x Y with S(xy, Yn, Xne1) N K #0, dx (x4, xp4e1) — 0
and dy (Yn, Yns1) — 0asn — oo,

(v) G is closed; and for each u € X, (x,y) — S(x,y,u) is .s.c.,
(vi) for each sequence {(xn, Yn, Wn)},en i Gr(G) with wy, — w1 € C, dxuy ((Xn, Yn),

(Xn+1, Yns1)) — Oand ||wy — wys]] — Oasn — oo.

Then there is a solution of problem (MPEC-1).
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Proof. By Theorem 5.1, there exists (x, ) € XxY such that S(x,y, u)NK =@ forall u € X\ {x}.
Since S(x,y,x) = {0}, S(x,y,u) N [K \ {0}] =P forall u € X.

LetL; = {(x,y) € XxY : S(x,y,u)N[K\ {0}] =@ forall u € X}. Clearly, (x,y) € Li #0.
If (x,y) € cl(Ly), then there exists a net {(Xa, Ya) } 4er in L1 such that (x4, ¥2) — (x,y). Then,
for each u € X, S(x4, ya,u) N [K \ {0}] = @ for all @ € T. That is, S(xa, Yo, u) € Z \ [K \
{0}] for all @ € I'. Take any u € X and any z € S(x,y,u); there exists a net {z,}, such
that z, € S(xa, Yo, u) € Z\ [K\ {0}] forall « € I and z, — z.Clearly, z € Z\ [K \ {0}].
Hence, S(x,y,u) N [K \ {0}] = @ for all u € X. Then L, is a closed subset of a complete
metric space X x Y. Furthermore, (L1, dxxy) is a complete metric space. Let G; = G|r,. Then
Gr(Gy) = {(x,y,w) e XxY xW : (x,y) € Li,w € G(x,y)} is a closed subset of X x Y x W.
By Theorem 2.8, there is a solution of problem (MPEC-1). O

Theorem 5.3. Let X and Y be a complete metric spaces, and let S : X x Y x X —o Z be a multivalued
map. Assume that

(i) for each (x,y) € X xY, S(x,y,x) = {0},
(ii) for each (x,y) €e X x Y, {u € X : S(x,y,u) C K} is a closed subset of X,

(iii) for each x,u,a € X and y,v € Y, if S(x,y,u) C K and S(u,v,a) C K, then S(x,y,a) C
K,

(iv) for each sequence {(xn, Yu)}pen i1 X x Y with S(xp, Yn, Xne1) € K, dx(xy, Xpe1) — 0
and dy (Yn, Yns1) — 0asn — oo.,

(v) Z\ [K \ {0}] is a closed set,

(vi) for each u € X, (x,y) — S(x,y,u) is an u.s.c. multivalued map with nonempty compact
values,

(vii) G is closed,

(viii) for each sequence {(xp, Yun, Wy)}en in Gr(G) with wy, — Wy € C, dxxy ((Xn, Yn),
(Xns1, Yns1)) — 0and |wy — wp|| — 0asn — oo,

Then there is a solution of problem (MPEC-2).

Proof. Let H be defined by H(x,y,u) = Z\ [S(x,y,u)-[Z\ K]] for each (x,y,u) € X xY xX.
By Theorem 5.1 and condition (i), there exists (x,7) € X x Y such that S(x,y, u)ZK \ {0} for
all u € X.

Let Ly = {(x,y) € X xY : S(x,y,u)ZK \ {0} for all u € X}. If (x,y) € cl(Ls),
then there exists a sequence {(x,,¥n)},eny in L3 such that (x,,y,) — (x,y). Let A =
{0, Yn) hnen U {(x,y)}. Then A is a compact set. For each n € N, since (x,,y,) € L,
S(xn, yn, u)ZK \ {0} for all u € X. For each u € X and n € N, there exists z, € Z such
that z, € S(xy, yn, u) and z, € K \ {0}. Then {z,}, .y C S(A, u). By (vi), we may assume that
z, — z € S(x,y,u).Since Z\ [K'\ {0}] is a closed set, z € Z\ [K'\ {0}]. Hence, (x,y) € L3 and
Ls is closed. Following the similar argument as in the last part of the proof of Theorem 5.2,
we get the proof of Theorem 5.3. O
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