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Global phase synchronization for a class of dynamical complex networks composed of multiinput
multioutput pendulum-like systems with time-varying coupling delays is investigated. The
problem of the global phase synchronization for the complex networks is equivalent to the problem
of the asymptotical stability for the corresponding error dynamical networks. For reducing the
conservation, no linearization technique is involved, but by Kronecker product, the problem
of the asymptotical stability of the high dimensional error dynamical networks is reduced to
the same problem of a class of low dimensional error systems. The delay-dependent criteria
guaranteeing global asymptotical stability for the error dynamical complex networks in terms
of Liner Matrix Inequalities (LMIs) are derived based on free-weighting matrices technique and
Lyapunov function. According to the convex characterization, a simple criterion is proposed. A
numerical example is provided to demonstrate the effectiveness of the proposed results.

1. Introduction

Over the recent decades, dynamical complex networks are increasingly used to model a
variety of phenomena of nature in power system, biological system, traffic system, and so
on [1]. Many of these networks exhibit complexity in the overall topological properties and
dynamical properties of the network nodes and the coupled units. The complex nature of the
networks has resulted in a series of important research problems. In particular, one significant
and interesting phenomenon is the synchronization of all its dynamics.

The pendulum-like system is a special kind of nonlinear system with periodic
nonlinearity and multiple equilibria [2]. In practical engineering, there are many kinds
of nonlinear pendulum-like system, such as phase-locked loops and various synchronous
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machines. With the development of the modern industry and control technique, all kinds of
rotating electrical machines play more and more important roles in industry. Therefore, the
pendulum-like system is worth being researched not only of academic significant, but also of
practical value.

Recently, the coupled pendulum-like systems attract more and more researchers’
attentions. Anticipating synchronization in a class of nonlinear dynamical systems is
investigated in [3]. In [4], the global asymptotical stability and generalized synchronization
of phase synchronous dynamical networks composed of multiinput multioutput pendulum-
like systems via linear interconnections are investigated. Of particular note is that the
global synchronization of the dynamical complex network composed of the pendulum-like
systems is different from that of the general complex networks. The global synchronization
of the dynamical complex networks composed of the pendulum-like systems is defined as
phase synchronization introduced in [4]. But all of literatures above are not involving the
coupling delays. However, time delay is unavoidably encountered, and it is the main cause
of instability and poor performance of a system. Besides, the time-varying delays should be
considered because they are more general than the constant cones. Thus, it is important and
necessary to study the global synchronization of the dynamical complex networks composed
of pendulum-like systems with time-varying coupling delays. In fact, the synchronization of
the dynamical complex networks can be transformed into the global asymptotical stability of
the corresponding error dynamical systems. In this paper, through studying the asymptotical
stability of the corresponding error dynamical networks, several criteria guaranteeing the
global phase synchronization of the dynamical network composed of multiinput multioutput
pendulum-like systems with time-varying coupling delays are given. The effectiveness of the
proved results is illustrated by a concrete example.

The rest of this paper is organized as follows. In Section 2, some preliminary results
necessary for successive development are introduced. Section 3 contains our main results. In
this section, we give some criteria guaranteeing the phase synchronization of the dynamical
complex networks composed of the multiinput multioutput pendulum-like systems with
time-varying coupling delays. The effectiveness of the proposed results is illustrated with
a numerical example given in Section 4, and a brief conclusion is given in Section 5.

The following notions are used in this paper. X indicate the transpose for real X.
X > 0 (X < 0) means X is a Hermitian and positive (negative) definite matrix. I, Ing,
Inm, In, and I, are N x N, Nn x Nn, Nm x Nm, n x n, and m x m identity matrices,
respectively. I is an identity matrix with appropriate dimension. diag{Xy,...,Xn}, U® V
are defined by

X; - 0 unV - umV
, UgV = o : . (1.1)
0 - X, UV - gV

If not explicitly stated, matrices are assumed to have compatible dimensions.
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2. Preliminaries

The nodes that compose a class of dynamical complex network can be described by following
differential equation:

x; = Ax; + By(0i),
i=1,2,...,N, 2.1)
6; = Cx; + Dy(0y),

where variables x; = (x;1, xi2, ..., xm)T and o; = (01,05, . .. ,O'im)T denote the state variables.
A e R™ B e R”, C e R™, and D € R™"™ are constant matrices. The continuously
differentiable vector function ¢(o;) = (¢1(0i), ... ,(pm(oim))T and ¢; : R — R is Aj-periodic
with finite number of zeros on the interval [0, A;) (I = 1,...,m). The system equation (2.1)
with A-periodic o; is called a pendulum-like system.

Proposition 2.1 (see [2]). If the solution x;(t) of the pendulum-like system (2.1) is bounded, then
the functions ¢(oy(t)) (I = 1,...,m), where oy(t) belongs to a solution of (2.1), are uniformly
continuous on [0, +co].

The wvalidity of this assertion follows from the facts that ;(oy(t)) is locally Lipschitz
continuous and & (t) is bounded on [0, +o0).

Lemma 2.2 (see [2]). Ifa: R, — R belongs to L?[0,+00) and  : R, — R belongs to L*[0, +c0),
then

T(t) = J: a(t—7)p(r)dt — 0, t— +oo. (2.2)

Lemma 2.3 (see [2]). If f : R, — Rand is uniformly continuous and is L*[0, +c0), then

lim £() =0. (2.3)

3. Main Results

The dynamical complex network considered in this study is composed by N identic
pendulum-like nodes (2.1) with time-varying coupling delays, which could be described by
the following equation:

N
Xi(t) = Ax,-(t) + B(/)(O'l(t)) + ZGi,-ij(t - T(t)),
j=1 (3.1)

O.l(t)=cxl(t)+D(P(o.l(t))/ i=1121-”/N/
where I' € R defines the coupling between any two nodes. If node j is linked node i (i # j)

directly, then G;; = Gj; = 1; otherwise, G;; = Gj; = 0 (i# j). The row sums of G are zero, that
is, Z?:l,j;ﬁiGi]' = —G;; (i = 1,...,N). The matrix G = (G;;) € R™" indicates the connection
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topology and coupling strength, and G is supposed to be irreducible. The time delay, 7(f), is
a time-varying differentiable function that satisfies

0<7(t)<h,

T(t) < p,

(3.2)

where h > 0 and p are constants.

Lemma 3.1 (Wu [5]). The eigenvalues of an irreducible matrix G = (Gj;) € RN*N with
Zj[il,ﬁi Gij = -Gji (i=1,..., N) satisfy the following properties.

(i) 0 is an eigenvalue of G associated the eigenvector (1,1,...,1)".

(ii) If Gij > 0 for 1 <i, j < N, and i # j, then the real parts of all eigenvalues of G are less than
or equal to 0, and all possible eigenvalues with zero part are the real eigenvalue 0. In fact, 0
is an eigenvalue of G with multiplicity 1.

There exists an orthogonal matrix U satisfying UU" = I such that UTGU = A, where A
is a diagonal matrix composed of eigenvalues of G. According to Lemma 3.1, it can be written
as the following form:

A:diag .)Ll,.)tz,...,.)Lz,./\g,,...,.)L3,...,.)tq,...,)tq ’ (33)
—— ——— [ —

my ms my

where 1; = 0 is the maximum eigenvalue of multiply 1, and \; is the eigenvalue of multiply
m; (i=2,3,...,q) satisfyingmp +---+my=N-1land 0> Ay > A3 >--- > A,.

Definition 3.2 (see [4]). The dynamical complex network model (3.1) is said to achieve global
generalized phase synchronization if

Jim [lxi() = x5 (D)l =0,

i=1,2,...,N. (3.4)
Jim [loi(t) - os(8)] = ¢
The sign || - |2 here means the Euclidean norm, and ¢ is a constant value. (x4(t),0s(t)) is

the solution of each single node which can be equilibrium points, periodic orbits, or even
nonperiodic orbits with

Xs = Axs + Bop(0s),

65 = Cxs + Dy(0s). (3.5)

From properties of the internal coupling matrix G given in Lemma 3.1, we know that
Zjlil Gijl'xs(t — 7(t)) = 0, which could be added to the first equation in (3.5). By subtracting
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(3.5) from (3.1), we can get the following error dynamical system

N
é1i(t) = Aey;i(t) +B(eai(t), os(t)) + ZGijrelj(t_T(t))r
i i=1,2,...,N, (3.6)

éi(t) = Ceyi(t)+D(eai(t), os(t)),

with e4i() = xi(8) = %, (8), exi(8) = 03(H) — 0 (£), and $(ex (1), 0x() = plex(t) +0s(5)) - p(0s (8)).
Since ¢ is a periodic function about o;, ¢ (ez;(t), 05(t)) also has a period of A. According to the
Kronecker product, system (3.6) could be written as follows:

éi(t) = (In ® Aer(t) + (In ® B)@(ea(t), o (t)) + (G@Dei(t - 7(1)),

3.7)
éx(t) = (In ® Cler (t) + (In © D)D(ex(t), o (1)),
where
e = (elTl""/elTN)T' € = (egl""’e;N)T’ (3.8)

D(ex(t)) = (¢ (e (1), 05(1)), ..., " (ean (1), 0:(1)) "

Under such circumstances, system (3.7) could be regarded as a pendulum-like system
with state delay. Thus, the synchronization problem of the dynamical network (3.1) can
be transformed into the global asymptotical stability problem of the corresponding error
dynamical system.

Theorem 3.3. Suppose that there exist scalars h > 0 and p, matrices P; = PI >0, Qi = Q] >0,
R =Rl >0, Ej=EL>0( =12, N = (NjN5NEND, s = (8] s sL st

M; = (M}, M}, M MiT4)T and diagonal matrices x;, 6;, & with 6; > 0, & > 0 such that the
following inequalities are satisfied:

/Hll Iy, Tz Iy CTe; hNn hSn hMpy hAT(Ei1+Ei2)\

« Tlp Ty -NL+ST 0 hNp hSp hMp hAIT(Eq +Ep)
« % TIlp -ST-ML 0 hNs hSs hMs 0
* % % Ty DT¢; 0 0 0 hBT(E; + Ep)
= « « . & 0 0 0 0 <0, (39)
x ok % * x -—hEp; 0 0 0
* ok % * * * —hEp; 0 0
* * * * * * * —hEp 0
\« o« . « + x s —h(Es+En) /

26,’ KiVi .
>0 i=1,2,...,N, (3.10)
* 261'
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where H11 = PlA + ATP, + Qi + Ri + Nil + N}i + Mil + MZ;, H12 = Pl)tlr - Nil + NIE + 5,’1 + Mzg’
H13 = N£_Mi1+Mz;,_Si1/ H14 = RB+N£+M£+1/2CTK1', sz = —(1—[1)Qi—Ni2—N£+Si2+S£,
I3 = -Sip+ Sz; - M- ng’ I35 = —R; - Si3 - Szjf; - Mz — Mz]l;’ Ty = 61' +1/2x;D + (1/2)DTK1',
v; = diag(vi1, - . ., Vim) with

A A
(1), 05(t))dy; dog
= D Jo 9y ®,ca®)dyadoy 0, 3.11)

S (at), oa(6)) | dya do

where y(t) = (U ® Ln)ex(t) = (yI (t),...,y% ()", and U is a selected orthogonal matrix satisfying
UTGU = A, where A is defined as (3.3). Then the delayed pendulum-like system (3.7) with
time-varying coupling delay T(t) satisfying (3.2) is global asymptotic, stable and the corresponding
dynamical network (3.1) achieves phase synchronization.

Proof. Recall the property of Kronecker product [6]
(M®N)(G®D) = (MG)®(ND), (3.12)

where M € R N e RP*S, G € R™" and D € R¥9. Choose an orthogonal matrix U
satisfying UTGU = A, where A is defined as the form of (3.3). Let

z(t) = (UT @ L)er(t) = (7 (b), ..., 25 (1),

y() = (UT & Ln)ea(t) = (y] (), yL, (1) G4
Premultiplying two formulas of (3.7) by UT @ I, and UT & I,,, respectively, yields
2(t) = (In ® A)z(t) + (In @ BYD(y (1), 05(H)) + (A& D)z(t - 7(1)),
y(t) = (Iy ® C)z(t) + (Iy ® D)D(y (1), 0 (1)), (349
yielding
() = Azi(t) + MTzi(t - 7(t)) + Bp(yi(t), o5(t)), 15
vi(t) = Czi(t) + D(yi(t), 0s(t)), i=1,2,...,N. '
Introduce the new functions
Fi(ya(t) = i (ya(t), oa(t) = vi|di(ya(®), 0a(®)) ], (3.16)

therefore,

A
J‘ Fi(yi)dya =0, (3.17)
0
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and the function F; has a mean value zero. We consider the following Lyapunov function:

m Yik
V=Vi+ ZKik f Fy(T)dT, (3.18)
k=1 0

where

t
Vi = ziT(t)Pl-zi(t) + J‘t ziT(a)Q,-zi(a)dzx + J‘ ziT(cx)R,-zi(a)da
t-7(t) ~h

(3.19)
0 At
+ f f ZlT((X) (Eil + Eiz)Zi(lX)th de.
—h J t+0
By the New-Leibniz formula, we have
t
I zi(a)da = z;(t) — z;(t — h). (3.20)
t—h

Then, in virtue of (3.20), we have the following formulations for any matrices N;, S;, M; with
appropriate dimensions:

©; = [2] ()Ni + 2] (= 7() Nz + 2] (t = ))Nia + 7 (yi(8), 04() N [ziu) - zi(t-7(1))
t
—f Zi(a)da] =0,
t—7(t)
(3.21)

@, = [ZiT(f)Sﬂ +z] (t—T(t)Sp + z (t — h)Sis + ¢T(yi(t)10s(t))5i4] [Zi(t —-7(t)) —zi(t—h)

t—7(t)
—f z’i(a)da:I =0,

t-h
(3.22)

@; = [ZiT(t)Mil +z! (t=7(t))Mp + z! (t — h)Mg + ¢ (vi(t), Gs(t))MM] [Zi(f) - zi(t—h)

—It z'i(a)da:I =0.
t-h
(3.23)
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Calculating the derivative of V; along the solutions of (3.15) and adding 2d; from (3.21), 2®,
from (3.22), and 2®; from (3.23) to it, we have

Vi =2z} ()P [Azi(t) + \iTzi(t — (1) + Bg(vi(t), 05 ()] + z{ (H)Qizi(t)

- (L=7()z{ (t—T(1)Qizi(t — T(t)) + z{ () Rizi(t) — =] (t — h)Rizi(t — h)
+hz! (t)(En + En)Zi(t) - ft 21 (a) (En + Ep)Zi(a)da + 20 + 20, + 2D
h
<2z] (WP [Azi(t) + MiTzi(t — T(t)) + Be(yi(t), 0s(1))] + =z} (£)Qixi(t)
- (1=-p)zl (t-7(t)Qizi(t — T(t)) + z] (t)Rix(t) — z; (t — h)Rizi(t — h)

t
+ hZT(t) (E,‘l + Eiz)Zi(t) - J‘ Z'IT(G() (E,‘l + Eiz)z'i(a)da + 2(1)1 + 2@2 + 2@3
-h

= T (HAG(t) + hz] (t)(En + En)zi(t) - ft z1(a)(En + Ep)zi(a)da
h

—7(t)
- 25" ()N t zi(a)da - 207 (H)S; It t zi(a)da - 20T (H)M; t zi(a)da
t-7(t) t—h t—h

= T (5) (A1 + hAL (Eq + En) A + T()NEZ'NT + (h = 7(0)SiE5' ST + hMES M] ) (1)

1

_ J‘:_T(t) [CT(t)Ni + z‘:iT(zx)E,-l] E;} [NiTg(t) + Eﬂz'l-(a)]da

t-7(t)
- f |6 ()8 + 2] (@) Ea | EZ [STe(8) + Enzi(@)| da

t-h
t
[ oM+ @E] 2 [MTe) + Eazi(a)]
t-h
< ¢" (1) (A1 + hAL(Eq + En) Ax + hNGEZ!NT + hS;E;'ST + hMGER MT ) ¢(8)

_ j: " [QT(t)Ni + ziT(a)En]Ei—ll [NiTg(t) + Eﬂzi(a)]da

t—7(t)
- .[t_h [CT(t)Si * ziT(a)Eil]Eil [SiTé(f) + EilZi(Ol)]da

- f [T OM+ 2 @Ea [ [MIe) + Eozi(@)da,
" (3.24)
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where

() = [2F(t) 2l (t-7(t) =zl (t-h) ¢T (yi(t), 05(D))],
A1 Ay NE-Mu+ML-S;  PB+NL+M],
A * Ap  -Sp+SL-Mp-Nj -Nj, + S, /
* % -Ri-Sp-SL-Mp-M, -S,-M]
x  x * 0 (3.25)
Avr = PA+ATP+ Qi + R+ Ny + N + My + M],,
A1y = PAT = N + NL + S + M},
Ap=-(1-p)Qi- N - Nj+Sp+S],
Ag=[A AT 0 B]

Since E;; > 0,1 = 1,2, then the last three parts are all less than 0. So if A; + hA{(Eil + Ep)Ax +
hNiEi‘llNiT + hSiEi‘fSiT + hMiEi‘leiT <0, then V; <0.
Then,

V=V+ ZKika (i (1)) i ()
)

=Vi+ ) [Kik¢k (yik (), o5k () Yik () — kikvie | pr (ir (), 0ok (1)) | 7ik (8) — €ix vz (£)
P (3.26)

_6ik¢]2( (yik (t)r Osk (t)) + 5ikyl'2k (t) + 6ik¢i (yik (t)r Osk (t) )] .

In virtue of condition (3.10) of the theorem, there exist 6;px > 0 and &;ox > 0 such that

KikVik | P (Yik (F), 05k (8)) | vik (8) + ey (8) + it (vik (£), sk (£))

(3.27)
> ek (1) + Siokdr (Yik (£), sk (1))
Thus, the following inequality is satisfied:
V() + > [eonyi () + ik} (v (), 0w (1)
k=1
(3.28)

<Vi(t) + Z [Kik¢k (yir (1), Osk () Yik (t) + €y (1) + Sy (yik(t)ro'sk(t))]‘
pasc}



10 Journal of Inequalities and Applications

Assuming that

Y(t) = i [Kik(;bk (Yik(t), o5k () Yir (t) + €0 (1) + S (yirc (£), Gsk(t))]. (3.29)

k=1
substituting the second equation of (3.15) into (3.29), we have

Vi(t) +Y(t) < Tt <A1 + hAT(Eq + E) Ag + hNE; NT + hS,E;' ST + hM;E; MT + A2>§(t),

(3.30)
where
T 1 7 T
C SiC 00 EC Ki+C SiD
* 00 0
Ay = . . 0 0 , (3.31)

1 1
* * % EKiD + EDTKI' + DTEiD + 61'

and Ay + hAL(Ejq + Ep) Ax + hN;E;'NT + hS;E;'ST + hM;E;; MT + A, is equivalent to IT in

(3.9) by Schur complements. The inequality condition (3.9) of the theorem guarantees that
) <A1 + hAT(Eq + E) Ag + hNE;' NT + hS,E;' ST + hM;E; MT + A2>§(t) <0. (3.32)
Then, there exists a diagonal matrix p; = diag(pi1, pio, - .-, pin), pik >0, k=1,2,...,n

Tt (A1 + hAT(Ey + En) A + hN;E;ANT + hS,E;'ST + hME; MT + A2>§(t) <-Npizl,
k=1
(3.33)

namely,
V(2(0),0(0) + 3 [e0A (0 + Socd (v (1), 0 (1) <~ Spie (3.34)
k=1 k=1

Hence,

m et n t
V-V <-3 f [ei0k 2 (8) + G0k} (yin(B), o3k(0) |t = f pizi (L, (3.35)
k=170 k=170
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for all t > 0. The function V(t) is bounded because solutions zx(t) are bounded, and the
functions Fi(7) have mean value zero. Therefore, from (3.35), we have

f ’ ¢ (yik (1), 05k (1) ) dt < +oo, (3.36)
0
fm Vi (bdt < +oo, (3.37)
0
J:oo z2 (t)dt < +oo. (3.38)

From Proposition 2.1, it follows that the functions ¢(y;(t), os(t)) are uniformly continuous on
[0, +00). And from (3.36) and Lemma 3.1, functions ¢(y;(t), 0s(t)) tend to zero as t — +oo,

Lim ¢ (yi(8), 0wk (1)) = 0. (3.39)
Further, we have
yik(t) — Y (t), t— +oo, (3.40)

where ¢i (Vi (t), o5k (t)) = 0 (k = 1,2,...,m). Let us now consider the the first equation of
system (3.15). We can represent z;(t) in the form

t t
zi(t) = ez;(0) + J‘o A9\ Tzi(s - 7(s))ds + fo e B2 (yik(s), 0s(t) ) ds. (3.41)
From (3.36), (3.38), and Lemma 2.3, we have

t
lim | e By (yik(s),05(s))ds = 0,

t—+oo
’ t (3.42)
lim e\ Tzi(s - 7(s))ds = 0.
— +00 0
Furthermore, since A is Hurwitzian, the following conclusion is obtained:
tgriloozi(t) =0. (3.43)

The conditions (3.40) and (3.43) show that every solution (z;(t), y;(t)) of the pendulum-like
system (3.15) converges to a certain equilibrium (zieq = 0, (Vieq); = Yir) with ¢ (yu(t), os(t)) =
0(l=1,2,...,m). Namely, the pendulum-like system (3.7) is global asymptotic stable. O

Remark 3.4. It is shown from the formula (3.3) that the coupling matrix G has g different
eigenvalues. Therefore, it is just needed to examine g LMIs groups in (3.9) and (3.10). In
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addition, according to the convex properties of LMI [7], g — 3 groups of LMIs corresponding
to A3,...,A4-1 can be written as a linear combination of the tow groups of LMIs with the
second-maximum 1, and the minimum eigenvalue \,. Therefore, above criterion only needs
to examine three groups of LMIs corresponding to the largest, second largest, and the smallest
distinct eigenvalues of G, respectively. Furthermore, note that the system (3.1) with Ay = 0
just corresponds to the synchronous manifold, which is not required to be verified. Hence, if
(3.9) and (3.10) hold for g = 2 and N, the nonlinear pendulum-like dynamical network will
achieve phase synchronization.

Corollary 3.5. Suppose that there exist scalars h > 0 and p, matrices P; = Pl.T >0 Q; = QiT > 0,
. T T
Ri =Rl >0, Ej =E}>0( =12, N; = (N Ny Ny Nj)', Si = (S, S, S; Sl

M; = (M}, M, M}, Ml.T4)T and diagonal matrices «;, 6;, & with 6; > 0, & > 0, such that the
following inequalities are satisfied:

/Hll Iy ITiz Iy CTe; hNy hSn hMj hAT(Ei1+Ei2)\

« Ty My -NL+ST 0 hNp hSp hMp hAIT(En +Ep)
« % Il -SL-ML 0 KNz hSs hMi 0
% My D'es 0 0 0 hB'(Eq+Ep)
Xk * —&; 0 0 0 0 <0,
% s . « <hEqn 0 0 0 (3.44)
% % . « % —hE; 0 0
* * * * * * * —hE;» 0
\ * ok ok * * * * * —h(Ein + Ep) /

where ITyy = LA+ ATPi + Qi + Ri + Niy + N] + My + M], T, = ,PT - Njy + N, + Sip + M,
T3 = NL-Mj+M5-Si, Iy = PB+NL+M7,+(1/2)CTx;, Ipp = —(1-p)Qi~Nip—N ;+Si+5),
I3 = -Sp+SE—Mp-NPE, s = —R; - Sis— S — Mis - M%, Ty = 6;+ (1/2)x;D + (1/2) DT,
and v; defined as the Theorem 3.3. Then, the dynamical network (3.1) with time-varying coupling

delay T(t) satisfying (3.2) achieves phase synchronization.

4. Numerical Example

The example given in this section is based on concrete systems studied in the theory of
interconnected phase-locked loops (PLLs), which are frequently observed in electrical and
engineering aspects. PLL could be treated as a representative for pendulum-like system,
where model is described by (2.1) after certain simplifications [8].
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Figure 1: Simulation of each PLL node: x1, x5, and o and the phase plot between x;, x», and o.

The dynamical complex network (3.1) is composed of third-order PLL nodes with the
following parameters:

-1 -2 1
A=[ ] B=H, c=[-2 2], D=3, (4.1)

5 1 4

and the nonlinear function ¢(c;) = sin(o;). The network topology parameters in (4.1) are
picked as

21 0 0 11
1 21 0 0
G=|01-21 0 (4.2)
01 1 -31
(1 0 0 1 -2
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Figure 2: The error variations in (4.1): e1j1 = X11 — Xj1; €12 = X12 — Xjo; €2 = 01 —0j,and j=2,...,5.

Assume that the inner-coupling matrix is I' = diag{1,1,1,1,1}. Eigenvalues of the coupling
matrix G can be calculated as

A =0, Ap=-1382, A3=-2, M =-3618 As=-4 (4.3)

The chaotic phenomenon of the state variables x; and x; of the single PLL node is shown in
Figure 1. It is also observed that the phase variable o is unbounded, so there is no chaotic
phenomenon about ¢ in plane phase space. However, chaotic phenomenon appears on the
cylindrical surface of cylindrical phase space. This peculiar phenomenon to pendulum-like
system is called the chaos on cylindrical surface [9, 10]. Although the global asymptotical
stability of pendulum-like system network model (4.1) may not be ensured, the global phase
synchronization could be achieved. According to Corollary 3.5, when h = 0.2, u = 0.1, the
LMIs (3.44) are feasible with A\, = -1.382, A5 = —4, that means for any time delay function
7(t) satisfying 0 < 7(¢) < 0.2 and 7(t) < 0.1, the system (4.1) achieves phase synchronization.
In the following, we give the simulation results for the case of the time delay function 7(t) =
0.05sin(t) + 0.051, and obviously 7(t) satisfies 0 < 7(t) < 0.2 and 7(¢) < 0.1. The difference
between state variables x;; and x;,, (i =1,2, m =2,...,5) and the phase difference between oy
and o, (m = 2,...,5) are shown in Figure 2. And we can get that the state error variables are
convergent to zero as t — +oo, and the phase error variables are convergent to zero and 2o
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Figure 3: The synchronization variations in (4.1) of xj1, xp, and 0;,i =1,...,5.

as defined by Corollary 3.5, which illustrated that the complex network (4.1) achieves phase
synchronization. The changes of the synchronous states x;; (t), xi2(t), oi(t) (i =1,...,N) are
shown in Figure 3, from which we can also observe that the complex network (4.1) achieves
the phase synchronization. All of these illustrate that result coincides with the theorem given
above. Hence, the effectiveness of the proposed criterion has been proved.

5. Conclusion

In this paper, the effects of interconnections between two independent second-order
pendulum-like systems have been investigated. Linear interconnection and a class of
input and output interconnections have been involved. Some frequency domain and LMI
conditions of dichotomy for interconnected pendulum-like systems have been established.
Examples show that input and output interchange presented here can result in great changes
in some practical systems. For example, chaotic phenomenon in partial variables may appear
by adding interconnections between two independent second-order pendulum-like systems
which are dichotomous. Since the solution ¢ is unbounded, there is no chaotic phenomenon
in plane phase space. However, chaotic phenomenon appears on the cylindrical surface of
cylindrical phase space, here we call it the chaos on cylindrical surface, which was never
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studied by now. It shows the complexity of physical property in concrete systems even they
are dichotomous. This also indicates that it is possible for the existence of chaotic attractors
in pendulum-like systems.
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