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The definitions and properties of moment of g, random variable are provided on Sugeno measure
space. Then some important moment estimation inequalities based on g, random variable are
presented and proven.

1. Introduction

In 1974, the Japanese scholar Sugeno [1] presented a kind of typical nonadditive measure,
Sugeno measure, which is an important generalization of probability measure [2-6]. As we
all know, the definitions and properties of moment of random variable play an important role
in probability theory [7-9]. Likewise, they are also very important for Sugeno measure. In this
paper we present the analogous definitions and properties based on g, random variable on
Sugeno measure space. Then some important moment estimation inequalities based on g\
random variable are presented and proven.

2. Preliminaries
Let us recall some definitions and facts from [5].

Definition 2.1. Let X be a nonempty set, let { be a nonempty class of subsets of X, and let u be
a nonnegative real valued set function defined on ¢. Therefore y satisfies the o-\ rule (on ¢)
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if and only if there exists

Ae (—Su;#,oo>u{0} (2.1)

such that
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for any disjoint sequence {E;} of sets in { whose union is also in ¢.

Definition 2.2. Let  be a o-algebra of subsets of X. And y is called Sugeno measure on ¥ if
and only if it satisfies the 0-A rule and p(X) = 1. Usually, Sugeno measure on ¥ is denoted by

81

We call the triple (X, ¥, g1) a Sugeno measure space, denoted by g\ space, where A €
(=1, 00). In the following, our discussion will be restricted to this space.

Theorem 2.3. Forall E,F € F,E C F imply that g\(E) < g.(F) (monotonicity).

Theorem 2.4. Let gy be a Sugeno measure on F. Then, for any E € F and F € ¥,

SU(E) + & (F) - gu(ENF) + Ag\(E) gy (F)

g)L(EUP) =

1+ g (ENF) ’
_su(E)-su(ENF)
SUE-F) = T+ g (ENF) (2.3)
o 1=(E)
Su(ES) = T+igi(E)

In order to present the analogous definitions and properties based on g, random
variable on Sugeno measure space, we recall some definitions and facts from [10].

Definition 2.5. Let ¢ be a function mapping from (X, ¥, g1) to real line R. Then ¢ is called a g\
random variable.

Definition 2.6. Let ¢ be a gy random variable. Then the distribution function of ¢ is defined by

Fo(x)=gu{é<x}, VxeR. (2.4)
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Definition 2.7. Let Fg, (x) be the distribution function of gy random variable ¢. Then ¢ is called
continuous g, random variable if there exists a nonnegative real valued function f, (x) such
that

Fg (x) = fx fa(bdt, YxeR (2.5)

is valid. The function fg, (x) is called a density function of ¢.

In the following, our discussion will be restricted to the continuous gy random
variable.

Definition 2.8. Let Fg (x) be the distribution function of gy random variable ¢. If
i i°m|x|ngA (x) < oo, then we call fioxngA(x) an expected value of g, random variable ¢,
denoted by Eg, (§).

Theorem 2.9. Let ¢,n be g\ random variables; let C and D be constants. Then
E, (C¢+ D) = CEg (¢) + DEg, (7). (2.6)

Definition 2.10. Let¢ be a g, random variable. If Eg { [¢~Eq, (¢)]°} exists, then Ey, {[¢~Eg, (2)]*}
is called the variance of ¢, denoted by Dy, (§).

3. Moment Estimation Inequalities Based on g, Random Variable
We begin this section with a short lemma (see [11]), which will be useful in the sequel.

Lemma 3.1. Let ¢ be a g\ random variable whose Sugeno density function fg, exists. If the Lebesgue
integral

+oo 0 +o0
f gx{ézr}dr—f ga{ésr}drﬂf alE>r) gt <rldr (3.1)
0 -0 0

is finite, then

+00 0 +oo
= mieznar-| glisnardf Saiesrglisna 62
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Theorem 3.2. Let ¢ be a nonnegative g random variable. When A > 0, the inequality

igx{ézi}SEgk(é)S(1+)~)<1+§:gx{§2i}> (3.3)
i=1

i=1

is valid; when A < 0, the inequality
1+0)D81{¢>i) <E (@) <1+ > g{ >i) (34)
i=1 i=1

holds true.

Proof. (I) When A > 0, since g, {¢ > r} is a monotone decreasing function of r, we have

Ep(@) = fomgA{é > ridr +Af0°°gu§ > 1) quie < r)dr

ZJ e ridr

Eq (@) = JO Qulé> r}drujo Q> r) gl <r)dr (35)
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(II) When A < 0, owing to the monotonicity of g {¢ > r} we also have

Eq () = jo alE> r}drmfo qE>r) gl <ridr
> ﬂmgi{g >ridr +AI;mgA{§ >ridr

= (1+A)J‘Owg)t{§2r}dr
1+A>Z[ glg2rid
i-1
1+.)L)Z g); §>l
=(1+0)D.qfe>i}, (3.6)
i1

Eg,x(é)zjo gA{§Zr}dr+AJO aE>r)-qu{E<rydr

+00

<) &lgzridr
0

O

Definition 3.3. Let ¢ be a g\ random variable and k a positive number. Then (1) the expected
value Eg, (¢%) is called the kth moment, (2) the expected value Egl(lglk) is called the

kth absolute moment, (3) the expected value Eg, {[¢ - Egl(é)]k} is called the kth central

moment, and (4) the expected value Eg, {[|§ - Eg,l(§)|]k } is called the kth absolute central
moment.

Theorem 3.4. Let ¢ be a nonnegative g, random variable and k a positive number. Then

8x §k kJ- Tofe>r dr+k)LJ. Toé>r)-q{E<ridr (3.7)
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Proof. From Lemma 3.1, we infer

+oo +0oo

gl{gk > x} -gl{gk < x}dx

Ea(#) -

=J oogA{tiZT}di”t_[ ng{ézr}'gx{éﬁr}drk (3.8)

gx{gk > x}dx+ .)LJ‘

0 0

_kj Tae>r dr+kAf Talézr)-gufg <rydr
O

Similar to the case of credibility theory [12], we have the following: Theorems 3.5, 3.6,
and 3.7.

Theorem 3.5. Let ¢ bea g\ random variable that takes values in [m, n] and has expected value Eg, (§),
and let f(x) be a convex function on [m,n]. Then

gA (g) g,\(é) -m
T f(n). (3.9

Eg [f(®)] < ———f(m) +

Theorem 3.6. Let ¢ bea g\ random variable that takes values in [m, n] and has expected value Eg, (&).
Then

Dy, (¢) < [Eg,(§) —m] [n— Eg,(§)]. (3.10)

Theorem 3.7. Let ¢ be a g\ random variable that takes values in [m,n] and has expected value p.
Then, for any positive integer k,

k n—H, ok, HFTTM K
Eq () < =L tml + E— ", .

k n-—p kK, H
Eg (12— #| )5m|#—m| +

Theorem 3.8. Let ¢ bea g random variable and t > 0. Then Eg, (|¢|') < oo if and only if 32, g1 {Ié] >

i) < o0.

Proof. From gy {|¢|' > i} = g1{]¢| > i'/*} and Theorem 3.2, the conclusion is valid. O

Theorem 3.9. Let ¢ be a g, random variable and t > 0. If Eg (|¢|') < oo, then limy _ ox'gy{[¢] >
x} = 0. Conversely, if there exists one positive number t such that lim, _, ,x' ¢\ {|¢| > x} = 0, then
Eg (l¢]°) < oo for any s, where 0 < s < t.
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Proof. (1) When A > 0, we have

Ea (1) - |

+00

siflef = rjr+ Af;mgl{mr >r}-gi{iglf <rlar

0

. (3.12)
> fo ai{lel > r}ar.
Since Eg, (¢|) < oo, we obtain [;* g {|¢|' > r}dr < co. Consequently,
lim gl{ el > r}dr = 0. (3.13)
X — 00 xt/2
Since
[oe] x' 1
[* sl zrfar> [ sfier=rfar> Jxaiszx, (6.14)
xt/2 xt/2
we have
lim x'g) {|¢| > x} = 0. (3.15)
(2) When A < 0, we have
Ea (k) = [ “ar{lef > rharea| il > sflef < rfar
+00 +oo
2 fo gx{lélt 2 r}dr + )L.[o gl{lélt 2 r}dr (3.16)
+oo
=(1+ )L)J a{lel 2 rlar.
0
Since
Eg (18') < oo, (317)
we obtain
+00
1+ A)j g/\{|§|t > r}dr < . (3.18)
0
Consequently,
lim (1 + 1) g,\{|§|t > r}dr - 0. (3.19)

xt/2
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Since

(1+2) [/ng & > rdr> (1+2) t/zgx 2 r)dr> SAr DX 2R, (20)

we have

Tim x'gy{[§] > x} = 0. (3.21)

Conversely, if lim,_, ,,x'g1{|¢| > x} = 0, then there exists one number I such that x'g, {|¢| >
x} <1, forall x > 1.

(3) When A > 0, for any s, where 0 < s < f, we have

Egk(|§|5) = J‘O gA{|§|S > T}d7’+)LJ‘0 g)l{|§|5 > T} 'g)»{léls < r}dr
<[ “sitier = rjar e il = rjar
0 0

=(1+ A)J‘Owg)t{|§|s >rldr

1 +00
= (1+1) (JOSA{|§|5 >ridr + L {1 > r}d’> (3.22)

— (1+2) jgl e >rdr+f°° -gx{mr}dr)

<(1+)) (I Js) |§| >r dr+sf o tldr)

<(1+1)) Jg;l g° >} dr+sf s Hdr).

Since fgwrpdr < oo for any p < -1, we have

1 +o0
Eg (I2°) < (1+X) (Jogmgﬁ > r)dr + sfo rs-f-ldr> < oo. (3.23)



Journal of Inequalities and Applications 9

(4) When A <0, for any s, where 0 < s < t, we have

B () = [ sl > ridr e Tl ) gilie < rar
<[ Tty > r)ar

I v
- [ salier zriare [ ol 2 rhar
0 I

) (3.24)
- [aatier = rlar+ [“ortgiz riar
f oflEl° >r dr+sJ‘ rar
j aflgl° > 7} dr+sf rsdr.
Since fgoor”dr < oo for any p < -1, we have
1 +00
Eg (1¢°) < f o’ > r}dr+ sf rdr < oo, (3.25)
0 0
O
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