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Some improvements of classical Jensen’s inequality are used to define the weighted mixed
symmetric means. Exponential convexity and mean value theorems are proved for the differences

of these improved inequalities. Related Cauchy means are also defined, and their monotonicity is
established as an application.

1. Introduction and Preliminary Results

Forn € N, let x = (x1,...,x,) and p = (p1,...,pn) be positive n-tuples such that 3.7, p; = 1.
We define power means of order r € R, as follows:

(1.1)

M, (x,p) = M, (x1,..., Xu; P1, -, Pn) =

We introduce the mixed symmetric means with positive weights as follows:
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p 1/s
1 k
— > Dpi )M (xiy, - Xii P Pi) , s#0,
Ck_1 1< <<ig<n \ j=1

n-1
k-1

=)
<H1Si] <-<ig<n (Mt (xi1/ ey xik; Pi‘[/ e ’Pik)) =1 pli ) 7 s= 0

ML (x,pik) = < (1.2)

\

We obtain the monotonicity of these means as a consequence of the following improvement
of Jensen’s inequality [1].

Theorem 1.1. Let I C R, x = (x1,...,x,) € I", p = (p1,...,pn) be a positive n-tuple such that
Sitipi=1 Alsolet f : I — R bea convex function and

1 . Z;(:lpijxij
fenP) = = pi )\ = ) (1.3)
. Cia 1Si1<'Z~<ikSn ]; ] by

then
f,;l/n(x,p) < f,},n(x, p), k=12,...,n-1, (1.4)

that is
f<ZPixi> = fan(p) << fr(p) << flL(xp) = >pif (). (1.5)
i=1 i=1

If f is a concave function, then the inequality (1.4) is reversed.

Corollary 1.2. Let s,t € R such that s < t, and let x and p be positive n-tuples such that >\, pi = 1,
then, we have

M} =M (x,p;1) > > M} (x,p;k) > -+ > M} (x,p;n) = M}, (1.6)

Ml=ML,xp;1) < <ML (x,pik) <o < ML (x,p;m) = M. (1.7)

S

Proof. Lets,t € Rsuchthats <t,ifs,t#0, then weset f(x) = xt/s, Xi; = xfj in (1.4) and raising

the power 1/t, we get (1.6). Similarly we set f(x) = x*/*

, X = xlt.}_ in (1.4) and raising the
power 1/s, we get (1.7).

When s = 0 or t = 0, we get the required results by taking limit. O
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Let I C R be an interval, x, p be positive n-tuples such that >/, p; = 1. Also let h, g :
I — Rbe continuous and strictly monotonic functions. We define the quasiarithmetic means
with respect to (1.3) as follows:

k
1 >iapigl xi
M}z,g (X/ p; k) = h_l cn- Z (Zpl/> ho g ]1k;</> ’, (18)

k— 11<11< -<ix<n Z]’:l Pi;

where h o ¢! is the convex function.
We obtain generalized means by setting f = ho g™!, x;, = g(x;,) and applying h™! to
(1.3).

Corollary 1.3. By similar setting in (1.4), one gets the monotonicity of generalized means as follows:

Mj(x,p) = M} (6 pi1) 2 -2 M} (x,piK) 2+ 2 M} (o pim) = ML(p),  (19)

where f = ho g1 is convex and h is increasing, or f = ho g~! is concave and h is decreasing;
Mg (x,p) = M;,h(x,p;l) <o < M;h(x,p; k)y<---< M;h(x,p; n) = Mj (x,p), (1.10)
where f = g o h™tis convex and g is decreasing, or f = g o h™' is concave and g is increasing.

Remark 1.4. In fact Corollaries 1.2 and 1.3 are weighted versions of results in [2].

The inequality of Popoviciu as given by Vasi¢ and Stankovic in [3] (see also [4, page
173]) can be written in the following form:

Theorem 1.5. Let the conditions of Theorem 1.1 be satisfied for k € N,2 < k <mn—1,n > 3. Then

fkn(x P) fln( p fnn(x P) (111)

where f;n (x, p) is given by (1.3) for convex function f.

By inequality (1.11), we write

Q' (xpif) = fln( /P) + fnn(x P) = fiu(xP) 2 0. (112)

Corollary 1.6. Let s,t € R such that s < t, and let x and p be positive n-tuples such that >, p; = 1.
Then, we have

t . n-k t k-1 t 113

M} (oK) < Ml p) + S Ml p), (113
n-k k-1

s ; — M°® g 1.14

M2, pK) 2 K M) + S MG p). (114)
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Proof. Let s, t € Rsuch that s <t,if s,t#0, then we set f(x) = xt/s, xi; = xisj_ in (1.11) to obtain
(1.13) and we set f(x) = x*/*, Xi; = xf.]_ in (1.11) to obtain (1.14).
When s = 0 or t = 0, we get the required results by taking limit. O

Corollary 1.7. We set x;; = g(x;,) and the convex function f = ho g™ in (1.11) to get

n-— k-

B(Mig(x pK)) < 2K (MG p) +

1h(Mg(x,p))- (1.15)

n —_—
The following result is valid [5, page 8].

Theorem 1.8. Let f be a convex function defined on an interval I C R, x, p be positive n-tuples such
that 3" pi=1and x1,...,x, € I. Then

f <Zpixi> < < fraap) < o (op) < < fLL (0 p) = Dopif (x0), (1.16)
i=1 i=1

where

1 k Zkzl pi; Xi;
freatxprk) = =1 > Spi ) f % . (1.17)
kel 1<i<e<ig<n \ j=1 -1 P

If f is a concave function then the inequality (1.16) is reversed.

We introduce the mixed symmetric means with positive weights related to (1.17) as
follows:

1/s
1 k
= 2 (e ) MG xipp) ) s20
Mz,t (x,p;k) = k-1 1<ii<-<ig<n \ j=1

S ) 1/Cpkt
<H1§i1$~~~§ik§n (Mt(xil, cee s Xigs Pivs - - Pik)) j=1 Pij > , s=0.

(1.18)

Corollary 1.9. Let s,t € R such that s < t, and let x and p be positive n-tuples such that >, p; = 1.
Then, we have

M} = M (x,p;1) >+ > M7 (x,p; k) > -+ > M3, (1.19)

M2 = MZ,(x,p;1) < < M, (x, pyk) < - < MY (1.20)

Proof. Let s,t € R such that s < t, if 5,t#0, then we set f(x) = xt/s, Xi; = xfj in (1.16) and

raising the power 1/t, we get (1.19). Similarly we set f(x) = x*/t, X, = xfj in (1.16) and
raising the power 1/s, we get (1.20).

When s = 0 or t = 0, we get the required results by taking limit. O
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We define the quasiarithmetic means with respect to (1.17) as follows:

k K pie(x:
M opl) = b [ e Y <Zm>h°81 Shmelx) , a2
j=1

n+k-1 k
Gl 1<iiSmsivsn Zj:l Pi;

where h o ¢! is the convex function.
We obtain these generalized means by setting f = ho g™, x;, = g(x;;) and applying h™'
to (1.17).

Corollary 1.10. By similar setting in (1.16), we get the monotonicity of these generalized means as
follows:

M;,(x,p) = Mﬁ,g(x, p;l)y>---> Mf,,g(x, p;k) > - > Mz (x,p), (1.22)

where f = h o g7! is convex and h is increasing, or f = ho g~ is concave and h is decreasing;

M3 (x,p) = M;h(x,p;l) <-e < M;h(x, p;k) <--- <M (x,p), (1.23)

where f = g o h™! is convex and g is decreasing, or f = g o h™' is concave and g is increasing.
The following result is given in [4, page 90].

Theorem 1.11. Let M be a real linear space, U a non empty convex set in M, f : U — R a convex
function, and also let p be positive n-tuples such that 3\ pi = 1 and x1,...,x, € U. Then

f<ZPixi>S < SR op) << L (0p), (1.24)
i=1

where1 <k <mandforl={1,...,n},

k
finxp)= > piopif <%in,.>- (1.25)
j=1

i1,k €D
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The mixed symmetric means with positive weights related to (1.25) are

M3, (x,p;k) = (1.26)

.....

Corollary 1.12. Let s,t € R such that s < t, and let x and p be positive n-tuples such that 3., p; = 1.
Then, we have

M; = M} (x,p;1) >+ > M} (x,p;k) > --- > M2, (1.27)
M = M3, (x,p;1) < < M3, (o p; k) <o < M. (1.28)
Proof. Let s,t € R such that s < t, if s5,t#0, then we set f(x) = xt/s, Xi; = xiS]_ in (1.24) and
raising the power 1/t, we get (1.27). Similarly we set f(x) = x*/t, X = xfj in (1.25) and

raising the power 1/s, we get (1.28).
When s = 0 or t = 0, we get the required results by taking limit. O

We define the quasiarithmetic means with respect to (1.25) as follows:

1 k
M;’l,g(X,p;k) = h1< Z pi "’Pikh Og71 <%]§=;g<xll>>>’ (1.29)

11 yees ixel

where h o ¢! is the convex function.
We obtain these generalized means be setting f = hog™, x;, = g(x;;) and applying h™"
to (1.25).

Corollary 1.13. By similar setting in (1.24), we get the monotonicity of generalized means as follows:

M, (x,p) = M ,(x,p;1) 2 --- 2 M; (x,p;k) = --- = My (x,p), (1.30)

where f = h o g7! is convex and h is increasing, or f = ho g~ is concave and h is decreasing;

M (x,p) = M3 ,(x,p;1) S --- < M2, (x,p; k) < --- < My (x,p), (1.31)

where f = g o k™ is convex and g is decreasing, or f = g o h™! is concave and g is increasing.

The following result is given at [4, page 97].
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Theorem 1.14. Let I C R, f : I — R be a convex function, o be an increasing function on [0,1]
such that jé do(x) =1,and u : [0,1] — I be o-integrable on [0,1]. Then

1 1 1 k+1 k+1
f<f0u(x>do<x>>s [ <k+1zu<xl>1‘[da(x,

1 1k k
<ff <E§u(xi>>1;[do<xi>

<... (1.32)

1 1 12 2
< _[0 fo f<§§u(XI)>gd0(XI)

1
sf Fu(x))do (),
0

for all positive integers k.

We write (1.32) in the way that Q° > 0, where

m 1 1 1 k k
I f < Zu(x,>Hdo(xi)—f...J f<EZu(xi)>Hd0'(xi), (1.33)
i=1 0 0 i=1 i=1

for any positive integer k > m > 1.
The mixed symmetric means with positive weights related to

f f <Zu(xl>1i[do'(xi) (1.34)

are defined as:

1 1 k Vs
<:[0."J‘OMts(u(xl),...,u(xk))HdO'(xi)> ’ s#0,
i=1

1 1 k
exp<<f f loth(u(xl),...,u(xk))l_[da(xi)>>, s=0.
0 0 i=1

Corollary 1.15. Let s,t € R such that s < t, and let x and p be positive n-tuples such that 3.\, p; = 1.
Then, we have

M3, (xk) = (1.35)

M = M7 (x,p;1) >+ > M (x,p; k) > -+ > M3, (1.36)

M =M, (x,p;1) <+ < M2, (x,p;k) <+ < M. (1.37)
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Proof. Let s, t € R such that s <t,if s,t#0, then we set f(x) = x!/, u = u° in (1.32) and raising
the power 1/t, we get (1.36). Similarly we set f(x) = x*/f, u = u! in (1.32) and raising the
power 1/s, we get (1.37).

When s = 0 or t = 0, we get the required results by taking limit. O

We define the quasiarithmetic means with respect to (1.32) as follows:

1 1 1k k
Mi/g(x; k)=ht <f f hog™ <E2go u(xi)>Hd0'(xi)>, (1.38)
0 0 i=1 i=1

where h o ¢! is the convex function.
We obtain these generalized means by setting f = hog™!, u(x) = gou(x) and applying
h! to (1.34).

Corollary 1.16. By similar setting in (1.32), we get the monotonicity of generalized means, given in
(1.38):

M;(x,p) = Mj, . (x,p;1) 2+ 2 M (x,p; k) 2+ 2 M3 (x,p), (1.39)

where f = ho g7l is convex and h is increasing, or f = ho g~ is concave and h is decreasing;

M;(x,p) = M, (x,p;1) <~ < My, (x, p; k) <= < M (x,p), (1.40)

where f = g o h™! is convex and g is decreasing, or f = g o h™' is concave and g is increasing.

Remark 1.17. In fact unweighted version of these results were proved in [6], but in Remark
2.14 from [6], it is written that the same is valid for weighted case.

For convex function f, we define

Q' (x,p, f) :ffn/n(x,p)—f,irn(x,p), fori=1,3; 1<m<k<n, fori=2,; 1<m<k

(1.41)
from (1.4), (1.16), and (1.24), in the way that
Q(x,p, f)>0, i=1,23, (1.42)
combining (1.42) with (1.12) and (1.33), we have
Qi(x,p,f) >0, i=1,...,5 (1.43)

for any convex function f.
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The exponentially convex functions are defined in [7] as follows.
Definition 1.18. A function f : (a,b) — R is exponentially convex if it is continuous and

D &igif (xi+x;) 20 (1.44)

ij=1

for all n € N and all choices ¢; € Rand x; + x; € (a,b),1<i,j <n.
We also quote here a useful propositions from [7].

Proposition 1.19. Let f : (a,b) — R be a function, then following statements are equivalent;

(i) f is exponentially convex.

(ii) f is continuous and

ié:-é;f(xi ; il > >0, (1.45)

ij=1

for every & € R and every x;, x; € (a,b),1<i,j <n.

Proposition 1.20. If f : (a,b) — R* is an exponentially convex function then f is a log-convex
function.

Consider ¢ : (0,0) — R, defined as

X
s(s—1)’
¢s(X) =9 _logx, s=0, (1.46)

s#0,1,

xlogx, s=1

and ¢; : R — [0, o0), defined as

¢s = (1.47)

It is easy to see that both ¢, and ¢, are convex.

In this paper we prove the exponential convexity of (1.43) for convex functions defined
in (1.46) and (1.47) and mean value theorems for the differences given in (1.43). We also
define the corresponding means of Cauchy type and establish their monotonicity.

2. Main Result

The following theorems are the generalizations of results given in [6].
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Theorem 2.1. (i) Let the conditions of Theorem 1.1 be satisfied. Consider
Q= (@)= (@) i=1015, @D

where QL is obtained by replacing convex function f with @s for s € R, in Q' (x,p, f) (i=1,...,5).
Then the following statements are valid.

i

p . oy . . .
(s1+52) /Z]I,m:1 is a positive semidefinite

(a) For every p € Nand sy,...,s, € R, the matrix [Q
matrix. Particularly

. k
det [Q ]l 20, fork=12,...,p. (2.2)

(si+sm)/2

(b) The function s — QL is exponentially convex on R.
Proof. (i) Consider a function

k
p(x) = D wiimps,, (x), (2.3)

I,m=1

fork =1,2,...,p, u; € R, 4, and u,, are not simultaneously zero and s;,, = (s; + 51n) /2. We
have

k
Px) = D wpyxn?,

I,m=1

‘ 2
= u"(x) = <Zu1x3’/2_1> > 0.
1=1

(2.4)

It follows that p is a convex function. By taking f = p in (1.43), we have

k A k
0< (D wumgl,, - D wmys,,
I,m=1 mn [m=1 kn

- ﬁ ulum<(()oslm)m,n - (‘PSzm)k,n> (2.5)

I,m=1

k .
= Z ulqu’Slm.

I,m=1

. . i p
This means that the matrix [Ql(sl v5) /2]l,m:

(ii) It was proved in [6] that Q! is continuous for s € R. By using Proposition 1.19, we
get exponential convexity of the function s — Q. O

. is a positive semidefinite, that is, (2.2) is valid.
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Theorem 2.2. Theorem 2.1 is still valid for convex functions ¢s = ;.

Theorem 2.3. Let n > 3 and k be positive integers such that 2 < k < n—1and let f € C?[a,b],
Qi (x,p; x%) #0, then there exists ¢ € [a, b] such that

Q(x,p, f) = %f”(é)Qi(X,p, x2>, i=1,...,5. (2.6)

Proof. Since f € C?[a,b] therefore there exist real numbers m = minye[ap)f”(x) and M =
maXye[ap] f (x). It is easy to show that the functions ¢ (x), ¢ (x) defined as

M
hix0) = 25 f),
(2.7)
m
$2(x) = f(x) - 3352
are convex.
We use ¢; in (1.43),
Q <x, P, %xz —f(x)) >0,
(2.8)
. M .
Q(x,p, f(x)) < ?Q’ <x, P, x2>.
Similarly, by using ¢, in (1.43), we get
Q <x, p, f(x) - %x2> >0,
" (2.9)
i 2 i
TQ <x,p,x ) <Q'(x,p, f(x)).
From (2.8) and (2.9), we get
m i 2 i M 2
EQ (x,p,x > <Q'(x,p, f(x)) < 79 (x,p,x ) . (2.10)
Since Qi (x, p, x?) #0, therefore
< M < M. (2_11)
Qi(x,p, x?)
Hence, we have
i 1 " i
Q'(xpf) = 3£ O (xp,2). 2.12)
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Theorem 2.4. Let n > 3 and k be positive integer such that 2 < k <n—1and f,g € C*[a,b], then
there exists ¢ € [a,b] such that

Q(xp.f) _ f'©)
Q(xpg) §Q 213)

provided that the denominators are non zero.

Proof. Define h € C?[a,b] in the way that

h=af-ag, (2.14)
where ¢; and ¢; are as follow;
c1=9Q(x,p,g)
. (2.15)
o =Q(x,p, f).
Now using Theorem 2.3 with f = h, we have
f”(é) g"(é) i 2\ _
<01 > —CZT>Q (x,p,x ) =0. (2.16)
Since Q};,n (x, p, x%) #0, therefore (2.16) gives
Qopf) _f'@) o)
Qi(xpg) &"©) -

Corollary 2.5. Let x and p be positive n-tuples, then for distinct real numbers I and r, different from
zero and 1, there exists & € [a, b], such that

g - Tr=D o x') (2.18)
CI(1-1) Qix,p;x7)’ .

Proof. Taking f(x) = x' and g(x) = x7, in (2.13), for distinct real numbers I and r, different
from zero and 1, we obtain (2.18).

O
Remark 2.6. Since the function ¢ — ¢!, I#7 is invertible, then from (2.18), we get

; 1/(1-r)
r(r-1) Qi(x, p; x')
< < . .
m_<l(l—1) O pr) <M, r#l rl#0,1 (2.19)
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3. Cauchy Mean

In fact, similar result can also be find for (2.13). Suppose that f”/g" has inverse function.

Then (2.13) gives
= ﬂ _1<Qi(x’P’f)> 31
: <g"> Qi(xpg) ) oD

We have that the expression on the right hand side of above, is also a mean. We define Cauchy
means

I(I-1) Qi(x, p;x")

; 1/(1-r)
_ (&P rl
Qi(x, p; ¢r) ’

. 1/(-r)
) _ Qi ol
M, = (r(r L) (X’P’x)> . r#l 11#0,1,

(3.2)

Also, we have continuous extensions of these means in other cases. Therefore by limit, we
have the following:

M =ex 1-2r - Qi(X,p;(pr(po) r#0,1
r,r p r(r—l) Qi(X,P,’(Pr) 4 s
; Qi 7 / o
Mj, =exp( -1- 0 pigop) ) (3.3)
’ 2Q1(x, p; 1)
: Q' (x,p; 95
Mg, = exp 1——,(XP(PO) .
’ 20 (x, p; o)

The following lemma gives an equivalent definition of the convex function [4, page 2].

Lemma 3.1. Let f be a convex function defined on an interval I CRand1 < v, r <u, l#r, u#v.
Then

fO-f() _ f@) - f) (3.4)

I-r v—-1uU

Now, we deduce the monotonicity of means given in (3.2) in the form of Dresher’s
inequality, as follows.

Theorem 3.2. Let Mil be given as in (3.2) and r,1,u,v € R such that r < v, < u, then

M., < M, (3.5)
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Proof. By Proposition 1.20 Q] is log-convex. We set f(I) = log Q! in Lemma 3.1 and get

log Q) —log Q, < log Q! —log QL' (3.6)
I-r - v-u
This together with (2.1) follows (3.5). O

Corollary 3.3. Let x and p be positive n-tuples, then for distinct real numbers I, r, and s, all are
different from zero and 1, there exists & € I, such that

i ! i :
rir—s) (MiuopiR) = (M, (opik +1) (37)
S I-s) (Miy(x,p;k) - (Miy(x,p;k+1))"

él—r

Proof. Set f(x) = x/* and g(x) = x"/%, then taking x; — x in (2.13), we get (3.7) by the virtue
of (1.2), (1.18), (1.26) and (1.35) for non zero, distinct real numbers [, r and s. O

Remark 3.4. Since the function ¢ — ¢! is invertible, then from (3.7) we get

. I . I\ /(-1
rr—s) (Miopik)) - (M (o pik+1)) oy .
T\ =) (Miy(xpik) - (M pk+1)) - '
where [, ¥, and s are non zero, distinct real numbers.
The corresponding Cauchy means are given by
. 1 . I\ /(-7)
l_ rr—s) (M xpik)) = (M (opik +1) 69)

e\ M=) (M pi k) - (Ms(xpik + 1))
where [, r, and s are non zero, distinct real numbers. We write (3.9) as

Mi

Lr;s

- 1/(-r)
- <M> 147 (3.10)
QL (x5, p; ¢r/s)
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where x° = (x7,...,x;) and the limiting cases are as follows:

; - Qi 5P ¥r/s
M, .. =ex (s=21) _ (x Pi¢r/s0) , r(r—s)#0, s#0,
n T(T—S) SQI(XSIP;(PT/S)

Qi S p; 2
Xp<%— (=, ¢5) >’ s#0,

25Qi (x5, p; o)

M =exp i_m , 570, G
s,5;5 s 25Qi (XS/ p; (Pl)

=
k)
7
Il
o

~ -2 Qi(logx,p; xp,
Mi = exp -2, Qllogxpixd)
" r Qi(logx,p; $r)

M =ex w
000 = P\ 301 (log %, p; o) /)’

where logx = (log x1,...,log x,).
Now, we give the monotonicity of new means given in (3.10), as follows:

Theorem 3.5. Let [,r,u,v € R such that | < v, r < u, then

i
< Mv,u;sl

Mi

Lr;s =

i=1,...,n, (3.12)

where Mj is given in (3.10).

Proof. We take € as defined in Theorem 2.1. Qi are log-convex by Proposition 1.20, therefore
by Lemma 3.1 for ,r,u,v € R, I <v,r <u, we get

i\ 1/(-r) . 1/(v-u)
o i
—L < 2, . (3.13)
Qi Qi

Fors>0,wesetx;=x;,1=1/s,r=r/s,u=u/s,v=v/s € Rsuchthatl/s<v/s,r/s<u/s,
in (2.1) to obtain (3.12) with the help of (3.13).

Similarly for s < 0, weset x; = x{,l =1/s,r =r/s,u = u/s, v = v/s € R such that
v/s<1/s,u/s <r/s,in (2.1) and get (3.12) again, by the virtue of (3.13).

In the case s = 0, since s — Q! for s € R is continuous therefore We get required result
by taking limit. O
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