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We introduce a general iterative method for finding the solution of the variational inequality
problem over the fixed point set of a nonexpansive semigroup in a Hilbert space. We prove that the

sequence converges strongly to a common element of the above two sets under some parameters
controlling conditions. Our results improve and generalize many known corresponding results.

1. Introduction

Let H be a real Hilbert space with inner product (-,-) and norm || - ||, respectively. Let C be
a nonempty closed convex subset of H and let Pc be the metric projection of H onto C. A
mapping T of C into itself is said to be nonexpansive if |Tx - Ty|| < ||x — y|| for each x, y € C.
We denote by F(T) the set of fixed points of T. A family S = {T'(s) : 0 < s < oo} of mappings of
C into itself is called a nonexpansive semigroup on C if it satisfies the following conditions:

(i) T(0)x = x forall x € C;
(ii) T(s+t) =T(s)T(t) forall x,y € Cand s,t > 0;
(iii) | T(s)x = T(s)y|| < ||lx = y|| forall x,y € C and s > 0;

(iv) forall x € C, s — T(s)x is continuous.

We denote by F(S) the set of all common fixed points of S, thatis, F(S) = {x € C: T(s)x =
x,0 < s < oo}. Itis known that F(S) is closed and convex.
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Let A be a strongly positive bounded linear operator on H: that is, there is a constant
¥ with property

(Ax,x) > 7|lx|* Vxe H. (1.1)

A typical problem is to minimize a quadratic function over the set of the fixed points
of a nonexpansive mapping on a real Hilbert space H:

1
in- - 1.2
r;gpz<Ax,x> (x,b), (1.2)

where K is the fixed point set of a nonexpansive mapping T on H and b is a given point in
H. In 2001, Yamada [1] presented the hybrid steepest descent method for problem (1.2). In
2003, Xu [2] proved that the sequence {x,} defined by the iterative method below, with the
initial guess xg € H, chosen arbitrarily:

Xps1 =ayb+ (I —a,A)Tx,, n>0 (1.3)

converges strongly to the unique solution of the minimization problem (1.2) provided the
sequence {a,} satisfies certain conditions.

On the other hand, Moudafi [3] introduced the viscosity approximation method
for nonexpansive mappings (see [4] for further developments in both Hilbert and Banach
spaces). Let f be a contraction on H such that | fx — fy|| < al|x — y||, where a € [0,1) is a
constant. Starting with an arbitrary initial xo € H, define a sequence {x,} recursively by

X1 = Puf (xn) + (1= u)Txn, n>0, (1.4)

where {f,} is a sequence in (0, 1). It is proved [3, 4] that under certain appropriate conditions
imposed on {p,}, the sequence {x,} generated by (1.4) converges strongly to the unique
solution X in K of the variational inequality

(I-f)x,x-x)>0, xeK. (1.5)

Recently, Marino and Xu [5] combine the iterative method (1.3) with the viscosity
approximation (1.4) and consider the following general iterative method:

Xn1 = oY f(xn) + (I — 2y A)Tx,, n2>0. (1.6)
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They proved that if the sequence {a,} of parameters satisfies appropriate conditions,
then the sequence {x,} generated by (1.6) converges strongly to the unique solution of the
variational inequality

((A-yf)x,x-X) >0, xeF(), (1.7)
which is the optimality condition for the minimization problem

rréilg%(Ax,x) - h(x), (1.8)

where h is a potential function for yf (i.e., W' (x) = y f for x € H).

Note that I — f and A — yf in problems (1.5) and (1.7) are strongly monotone and
Lipschitz continuous. Therefore, problems (1.5) and (1.7) can be solved by [1, 7, 8]. In [7, 8],
algorithms to accelerate the hybrid steepest descent method have been proposed.

Quite recently, for the nonexpansive semigroups S = {T(s) : 0 < s < oo}, Plubtieng
and Punpaeng [9] study the iteration process {x,} defined by

Xn+l = anf(xn) + ﬂnxn + (1 -y — ﬂn)SlJ‘ nT(S)xndS, n>0, (19)
nJ o

where xg € C, {a,},{pn} are two sequences in (0, 1), and {s,} is a positive real divergent real
sequence and prove a strong convergence theorem.

In this paper, motivated and inspired by the above results, we prove a strong
convergence of the iterative scheme in a real Hilbert space by

X1 = AnY f (Xn) + Prxn + (1= Pu)] - anA)ij‘ZnT(s)xnds, n>0. (1.10)

Furthermore, we show that if the sequences {a,} and {f,} of parameters satisfy appropriate
conditions, then the sequence {x,} converges strongly to the unique solution of the
variational inequality

((A-yf)x,x-x)>0, xe€F(T), (1.11)

which is the optimality condition for the minimization problem

1
xg}rl(rrl)§<Ax’x> - h(x), (1.12)

where h is a potential function for yf (i.e., W'(x) = yf for x € H). The results of this paper
extended and improved the results of Xu [2], Moudafi [3], Marino and Xu [5], and Plubtieng
and Punpaeng [9].
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2. Preliminaries

Recall that given a closed convex subset K of a real Hilbert space H, the nearest point
projection Px from H onto K assigns to each x € H its nearest point denoted by Pxx in
K from x to K; that is, Pxx is the unique point in K with the property

lx - Pxx|| < ||x-y| VyeK. (2.1)

The following Lemmas 2.1 and 2.2 are well known.

Lemma 2.1. Let K be a closed convex subset of a real Hilbert space H.Given x € H and z € K. Then
z = Pxx if and only if there holds the following relation:

(x-z,y-z)<0 VYyeKk. (2.2)

Lemma 2.2. Let H be a real Hilbert space. There hold the following identities.

(@) Ilx + ylI? < IxI” +2(y, x +y),Yx,y € H.
(if) fltc + (1= Oy II* = tllacl* + (1 = Dl = tA = )l ~ yI* Y,y € H, £ € [0,1].
Definition 2.3 (Opial’s condition [10]). A space X is said to satisfy Opial’s condition if for each

sequence {xy ),y in X which converges weakly to point x € X, we have

lim inf||x, — x|| < lim inf||x, — y
n— oo n— oo

, VyeX, y#x (2.3)

It is well known that Hilbert spaces satisfy Opial’s condition.

Lemma 2.4 (Browder [6]). Let E be a uniformly convex Banach space, K a nonempty closed convex
subset of E, and T : K — E a nonexpansive mapping. Then I — T is demiclosed at zero.

Theorem 2.5 (Shimizu and Takahashi [11]). Let C be a nonempty closed convex bounded subset
of a real Hilbert space H and let S = {T(s) : 0 < s < oo} be a nonexpansive semigroup on C. For
x € Candt > 0. Then, forany 0 < h < oo,

t t
%J‘OT(s)x ds—T(h) <%JOT(s)x ds>

Theorem 2.6 (Marino and Xu [5]). Assume that A is a strong positive linear bounded operator on
a Hilbert space H with coefficient y > 0and 0 < p < A|I™Y. Then ||I - pA| <1-py.

lim sup
t=%yeC

‘ =0. (2.4)

Theorem 2.7 (Xu [12]). Assume that {a,} is a sequence of nonnegative real numbers such that

a1 < (1=yn)an +6,, n>0, (2.5)
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where {y,} is a sequence in (0,1) and {6, } is a sequence in R such that

(1) X021 1m = oo
(ii) limsup, |  6,/yn <001 3721 16,] < oo.

Then lim,_ ca, = 0.

3. Main Results

Theorem 3.1. Let C be a nonempty closed convex subset of a real Hilbert space H. Let S = {T(s) :
0 < s < oo} be a semigroup of nonexpansive mapping on C such that F(S) is nonempty. Let {a,}
and {Pn} be the sequences of real numbers in (0,1) satisfying lim,,_, ,a, = 0, lim,_, B, = 0 and
D1 ay = oo. Let f be a contraction of C into itself with a coefficient a € (0,1), {s,} be a positive
real divergent sequence, and A a strong positive bounded linear operator on C with coefficient y > 0,
and 0 < y <y/a. Let the sequence {x,}be defined by xy € C and

X1 = Y f (Xn) + Puxn + (1= Pu)I - anA)ifznT(s)xnds, n>0. (3.1)

Then {x,} converges strongly to X, where X is the unique solution in F (S) of the variational inequality
((A-yf)x,x-%X)>0, x€F(S) (%)

or equivalent to X = Pr(s)(I - A+Yyf)(X), where P is a metric projection mapping from H onto F(S).

Proof. Since lim,, _, a, = 0 by the assumption, we may assume, without loss of generality, that
a, < ||A||™" for all n. From Theorem 2.6, we know that if 0 < p <||A[I™", then || - pAl| < 1-py.

Note that F(S) is a nonempty closed convex set. We first show that {x,} is bounded.
Let g € F(S). Thus, we compute that

Y f (%) + Puxn + (1= Pn)I — an,A) iIOWT(s)xnds - q‘

[l =l =

1 (°
< anlly f(xa) - Aql| + Pullxn gl + | (1= pu)I - anA||“§fo T(s)xnds - q“
<an(|lyfGen) =vf @I + lvf(a) - Aql]) + Bullxn - 4|
N Y
(=) - ) [ @ - gllds
< anyal|lxn = ql| +anllyf(q) = Aql| + (1 - a¥) [|x0 — 4|
1

= (1= =y =l + (F - y@)as (==l f(a) - Aa]])

lyf(q) —Aqll}-

<max{||x -4 !
—_ n ’?—Ya

(3.2)
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By induction, we get

1
yoya

I =l < max{ llvo - all, ==y (@) - Aqll |, >0 63

Therefore, {x,} is bounded. {(1/ sn)fg”T(s)xnds} and {f(x,)} are also bounded. Put zy =
Prsyxoand D = {z € C : |1z = zoll < llxo - zoll + (1/(F = ya)lly £ (z0) = A(z0)[l}. Then D is a
nonempty closed bounded convex subset of C. Since T'(s) is nonexpansive for any s € [0, +o0),
D is T (s)-invariant for each s € [0, c0) and contains {x,}. Without loss of generality, we may
assume that S = {T(s) : 0 < s < oo} is a nonexpansive semigroup on D. By Theorem 2.5, we
get

lim =0, (3.4)

le"T(s)xnds - T(h)( ! ISHT(s)xnds>

Sn SnJo

for every h € [0, o). Next we show ||x,, — T(h)x,|| — 0asn — oo. Notice that

lxn41 = T(h)xps1|l < +

1
Xps1 — —f T(s)x,ds
snJo

Sle"T(s)xnds ~T(h) ( ! .[:T(S)x"ds>

n STl

+

T(h) (}J?T(smds) T ()X

<2

Slfsnr(s)x,,ds “T(h) <San's"T(s)xnds>

nJ 0 0

1 (°
Xpsl — —J T(s)x,ds|| +
Sn 0

1 ("
<2a, Xy — —f T(s)x,ds
snlo

Y f (%) - Aslnf:T(s)xnds

+ 2Py,

lf:nT(s)xnds ~T(h) (if:ir(s)xnds>

+|s |

(3.5)

Froma, — 0,3, — 0,and (3.4), we get ||x,+1 — T(h)xus1|| — 0, and hence
llxn = T (h)xn|| — 0. (3.6)

Let X be the unique solution of the variational inequality (*); we show that
limsup((A-rf)X,x, —X) >0, x€F(S). 3.7)
Since {x,} € D is bounded, there is a subsequence {x,,} of {x,} such that

lim ((A-7f)X, x,, — X) = limsup((A - 7f)X, x, - X), (3.8)

] n—oo
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and x,; — g. By Opial’s condition, we have g € F(S). In fact, if g# T (h)q for some h € [0, c0),
we have

minx, - 4| <liminf| z, - T(h)q
gnjrgglf( 0, = T || + [ TO0)x, - T()))) (3.9)
<lim inf| —2,‘||.

This is a contradiction. Therefore, we have g = T (h)g for some h > 0, that is § € F(S). Hence,
by (), we obtain

limsup((A-rf)X,x, - X) = ((A-rf)X,§-X) >0 (3.10)

n—oo

as required. Finally we shall show that x, — X. For each n > 0, we have

2

(Y f(xn) = AX) + Bu(xn — X) + (1= )] — 2, A) (%IOHT(s)xnds - 3?)

2

%1 = X|I* =

< ” (1= )] - a,A) <iJ‘:T(s)xnds - f) + Bu(xn — %)

+ 20, (y f(xn) — AX, Xp41 — X)
2
~12
+ Pallxn — X||

= (| = BT — an Al Slf "T(s)xnds - %
nJo

+2ﬁn<((1 B - a,,A)< j (5)xndls — )xn—§>
200 (f () = A, 2001 - F)

< (=) - 7)o [ 17615, - HPels i, - 57
+ 26| (1= Bu)T = @Al = EI* + 20y (f (x2) = £ (%), X1 - %)

+2a, (Y f(X) = AX, Xp1 — X)

< (1= Bu) = a¥) N0 = ZIP + B2lln = FI + 2B (1 = Bu) = aa¥) 120 = XII

+ 2anyallx, — X||||xne1 — X|| + 20, (y f (X) — AX, Xp11 — X)
<(1-a,7) lxn—F| + cxn}fa<||xn — F|? + [|ne1 — J~c||2> + 20 (Y f (%) — AT, X1 — X)

= (1= @) + anya) Iy = 3P + anyaliacnn - FI + 2, (y f (%) - A%, x01 - 5),
(3.11)
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which implies that

— —\2
s — 5[ < L2 @) arey o 2 A% )
" - 1-ayya " 1-ayya T
2(y —ya)a, _ any 2 _
- [1 - %] O PR T
ny & 1-a,ya
2a, ~ ~ ~
+ ——(yf(X) - AX, xp11 — X)
1-apya (3.12)
2(7 - ya)ay, 2(7 - ya)a,
. [1 20 -yma ]”xn g ATy
1-a,ya 1-ayya
ay°M 1
o + = (%) - AF, X1 - X
{Z(Y—Ya) Fyaltf o >}

= (1-6,)||xn — X||* + 6,B,

where M = sup{||x, — *:neN), 6, = 2(y —ya)a,/(1 — ayya), and B, := ((xn?2M)/2(? -
ya) + (1/(y — ya)){yf(X) - AX, x,11 — X). It is easily to see that 6, — 0, >,;"; 6, = oo and
limsup, _, B, < 0by (3.10). Finally by using Theorem 2.7, we can obtain that {x,} converges
strongly to a fixed point X of T. This completes the proof. O

4. Applications

Theorem 4.1. Let C be a nonempty closed convex subset of a real Hilbert space H. Let S = {T(s) :
0 < s < oo} be a strongly continuous semigroup of nonexpansive mapping on C such that F(S) is
nonempty. Let {a,} be a sequence of real numbers in (0, 1) satisfying lim, _, a, = 0and 3,2 ay =
oo. Let f be a contraction of C into itself with a coefficient a € [0,1), {s,} a positive real divergent
sequence, and A a strong positive bounded linear operator on C with coefficienty > 0and0 <y <y/a.
Let the sequences {x,} defined by x, € C and

S

X1 = any fxn) + (I - anA)slf "T(s)xnds, n30. 4.1)
nJ 0

Then {x,} converges strongly to X, where X is the unique solution in F (S) of the variational inequality
((A-yf)X,x-%)20, xeF(S) (4.2)

or equivalent to X = Pr(s)(I - A+7yf)(X), where P is a metric projection mapping from H onto F(S).
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Proof. Taking f3, = 0 in Theorem 3.1, we get the desired conclusion easily. O

Corollary 4.2 (Marino and Xu [5]). Let C be a nonempty closed convex subset of a real Hilbert
space H. Let T be a nonexpansive mapping on C such that F(T) is nonempty. Let {a,} be a sequence
of real numbers satisfying 0 < a, < 1, lim,_ ,a, = 0 and >,7°, a, = oo. Let f be a contraction
of C into itself with a coefficient a € [0,1) and A be a strong positive bounded linear operator
on C with coefficient y > 0 and 0 < y < y/a. Then the sequence {x,} defined by xo € C
and

Xn+1 = oY f(xn) + (I =y A)Tx,, n2>0. (4.3)

Then {x,} converges strongly to X, where X is the unique solution in F (S) of the variational inequality

(A-yf)X,x-X)>0, x€F(S) (4.4)

or equivalent X = Prry(I — A + yf)(X), where P is a metric projection mapping from H into
F(T).

Proof. Taking S = {T(s) : 0 < s < oo} = {T} and B, = 0 in the in Theorem 3.1, we get the
desired conclusion easily. O

Corollary 4.3 (Plubtieng and Punpaeng [9]). Let C be a nonempty closed convex subset of a real
Hilbert space H. Let S = {T(s) : 0 < s < oo} be a strongly continuous semigroup of nonexpansive
mapping on C such that F(S) is nonempty. Let {a,} and {p,} be the sequences of real numbers in
(0,1) satisfying lim,, _, xa,, = 0, lim, _, 3, = 0, and 3,72, a, = co. Let f be a contraction of C into
itself with a coefficient a € [0,1) and let {s,} be a positive real divergent sequence. Let the sequence
{xn} be defined by xo € C and

X1 = O f (Xn) + fun + (1 — atn — ﬂn)%J‘:nT(s)xnds, n>0. (4.5)

Then {x,} converges strongly to X, where X is the unique solution in F(S) of the variational
inequality

((I-f)Zx-%)>0, xeF(S) (4.6)

or equivalent to X = Pr(s)(f)(X), where P is a metric projection mapping from H into F(S).

Proof. Taking y =1 and A = I in Theorem 3.1, we get the desired conclusion easily. O
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