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We introduce an iterative sequence and prove a weak convergence theorem for finding a solution
of a system of mixed equilibrium problems and the set of fixed points of a quasi-nonexpansive
mapping in Hilbert spaces. Moreover, we apply our result to obtain a weak convergence theorem
for finding a solution of a system of mixed equilibrium problems and the set of fixed points of a
nonspreading mapping. The result obtained in this paper improves and extends the recent ones
announced by Moudafi (2009), Iemoto and Takahashi (2009), and many others. Using this result,
we improve and unify several results in fixed point problems and equilibrium problems.

1. Introduction

Let C be a nonempty closed convex subset of a real Hilbert space H. A mapping T of C into
itself is said to be nonexpansive if |Tx — Ty|| < ||x — y|| for all x,y € C, and a mapping F is
said to be firmly nonexpansive if |Fx — Fy||* < (x — y,Fx — Fy) for all x,iy € C. Let E be a
smooth, strictly convex and reflexive Banach space; let | be the duality mapping of E and C
a nonempty closed convex subset of E. A mapping S : C — C is said to be nonspreading if

¢(Sx,Sy) + p(Sy, Sx) < $(Sx,y) + $(Sy, x) (1.1)

forall x,y € C, where ¢(x,y) = llx|]>=2(x, ]y)+||y||2 forall x, y € E; see, for instance, Kohsaka
and Takahashi [1]. In the case when E is a Hilbert space, we know that ¢(x, y) = [|x — y||2 for
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all x,y € E. Then a nonspreading mapping S : C — C in a Hilbert space H is defined as
follows:

2[|Sx = Sy||* < |sx ~y|I* + [l - Sy’ (1.2)

for all x,y € C. Let F(Q) be the set of fixed points of Q, and F(Q) be nonempty; a mapping
Q: C — Cissaid to be quasi-nonexpansive if |Qx — y|| < ||x — y|| for all x € C and y € F(Q).

Remark 1.1. In a Hilbert space, we know that every firmly nonexpansive mapping is
nonspreading and if the set of fixed points of a nonspreading mapping is nonempty, the
nonspreading mapping is quasi-nonexpansive; see [1].

Fixed point iterations process for nonexpansive mappings and asymptotically
nonexpansive mappings in Banach spaces including Mann and Ishikawa iterations process
have been studied extensively by many authors to solve the nonlinear operator equations. In
1953, Mann [2] introduced Mann iterative process defined by

Xne1 = (1= an)x, +a,Tx,, (1.3)

where a,, € [0,1] and satisfies the assumptions lim,,_, ,a, = 0 and >',-; a, = oo and proved
that in case E is a Banach space, and C is closed, and T is continuous, then the convergence
of {x,} to a point y implies that Ty = y. Recently, Dotson [3] proved that a Mann iteration
process was applied to the approximation of fixed points of quasi-nonexpansive mappings
in Hilbert space and in uniformly convex and strictly convex Banach spaces.

On the other hand, Kohsaka and Takahashi [1] proved an existence theorem of fixed
points for nonspreading mappings in a Banach space. Very recently, lemoto and Takahashi [4]
studied the approximation theorem of common fixed points for a nonexpansive mapping T
of C into itself and a nonspreading mapping S of C into itself in a Hilbert space. In particular,
this result reduces to approximation fixed points of a nonspreading mapping S of C into itself
in a Hilbert space by using iterative scheme

Xns1 = Xy + (1 = a,) Sxp. (1.4)

Letg : C — Rbeareal-valued functionand F : CxC — R an equilibrium bifunction,
thatis, F(u,u) = 0 for each u € C. The mixed equilibrium problem is to find x* € C such that

F(x*,y)+¢(y) —p(x*) >0 forall yeC. (1.5)

Denote the set of solutions of (1.5) by MEP(F,¢). The mixed equilibrium problems
include fixed point problems, optimization problems, variational inequality problems, Nash
equiliubrium problems, and the equilibrium problems as special cases (see, e.g., Blum and
Oettli [5]). In particular, if ¢ = 0, this problem reduces to the equilibrium problem, which is
to find x* € C such that

F(x*,y)>0 forallyeC. (1.6)
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The set of solutions of (1.6) is denoted by EP(F). Numerous problems in physics,
optimization, and economics reduce to find a solution of (1.6). Let F;,F, : C xC — R
be two monotone bifunctions and A > 0 is constant. In 2009, Moudafi [6] introduced an
alternating algorithm for approximating a solution of the system of equilibrium problems:
finding (x*, y*) € C x C such that

Fl(x*,z)+%(y*—x*,x*—z>20, VzeC,
(1.7)
* 1 * * *
Fz(y,z)+x<x -yLy -z)>0, VzeC

Let Fi, F> : CxC — Rbe two monotone bifunctions and A, y > 0 are two constants. In
this paper, we consider the following problem for finding (x*, y*) € C x C such that

—_

Fi(x*,z) + 9(z) —p(x*) + =(y* —x*,x*-2) >0, VzeC(C,

—

(1.8)
1
F(y*,z) +p(z) —o(y*) + /:(x* -yy -z)>0, Vze(C,

which is called a system of mixed equilibrium problems. In particular, if A = y, then problem
(1.8) reduces to finding (x*,y*) € C x C such that

—_

Fi(x*,z) + 9(z) —p(x*) + =(y* —x*,x*-2) >0, VzeC(,

—

(1.9)
1
By, 2) +9(z) —9(y") + 1 (x" -y y" -2) 20, vzeC

The system of nonlinear variational inequalities close to these introduced by Verma [7]
is also a special case: by taking ¢ = 0, Fi(x,y) = (A(x),y — x), and F>(x,y) = (B(x),y — x),
where A, B : C — H are two nonlinear mappings. In this case, we can reformulate problem
(1.7) to finding (x*,y*) € C x C such that

(M) +x*—y*,z-x") >0, VzeC(C,
(1.10)
(UB(y") +y* - x*,z-y*) 20, VzeC,

which is called a general system of variational inequalities where A > 0 and g > 0 are two
constants. Moreover, if we add up the requirement that x* = y*, then problem (1.10) reduces
to the classical variational inequality VI(A, C).

In 2008,Ceng and Yao [8] considered a new iterative scheme for finding a common
element of the set of solutions of MEP and the set of common fixed points of finitely many
nonexpansive mappings. They also proved a strong convergence theorem for the iterative
scheme. In the same year, Yao et al. [9] introduced a new hybrid iterative algorithm for
finding a common element of the set of fixed points of an infinite family of nonexpansive
mappings, the set of solutions of the variational inequality of a monotone mapping, and the
set of solutions of a mixed equilibrium problem. Very recently, Ceng et al. [10] introduced and
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studied a relaxed extragradient method for finding a common of the set of solution (1.10)
for the a and p-inverse strongly monotones and the set of fixed points of a nonexpansive
mapping T of C into a real Hilbert space H. Let x; = u € C, and {x,} are given by

Yn = Pc(x, — uBxy),
(1.11)
X1 = Al + BuXy + YT Pc(yn — MAy,), neN.

Then, they proved that the iterative sequence {x,} converges strongly to a common element
of the set of fixed points of a nonexpansive mapping and a general system of variational
inequalities with inverse-strongly monotone mappings under some parameters controlling
conditions.

In this paper, we introduce an iterative sequence and prove a weak convergence
theorem for finding a solution of a system of mixed equilibrium problems and the set of fixed
points of a quasi-nonexpansive mapping in Hilbert spaces. Moreover, we apply our result to
obtain a weak convergence theorem for finding a solution of a system of mixed equilibrium
problems and the set of fixed points of a nonspreading mapping.

2. Preliminaries

Let H be a real Hilbert space with inner product (-,-) and norm || - ||, and let C be a closed
convex subset of H. For every point x € H, there exists a unique nearest point in C, denoted
by Pcx, such that

lx = Pex|| < ||x - y|| forall y eC. (2.1)

Pc is called the metric projection of H onto C. It is well known that Pc is a nonexpansive
mapping of H onto C and satisfies

(x -y, Pcx - Pcy) > || Pex - Pcy”2 (2.2)
for all x, y € H. Moreover, Pcx is characterized by the following properties: Pcx € C and

<x_PCx/y—PC]/>SO/
, . , (2.3)
l|x = y|I” > llx = Pex|* + ||y - Pey|

for all x € H,y € C. Further, forallx e Hand y € C, y = Pcx ifand only if (x -y, y — z) >0,
forall z € C.

A space X is said to satisfy Opial’s condition if for each sequence {x,};.; in X which
converges weakly to point x € X, we have

liminf||x, — x|| < liminf||x, - y||, Vye€X, y#x,

(2.4)
limsupl|x, — x| <limsup||x, - v||, YyeX, y#x.

n—oo n—oo
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The following lemmas will be useful for proving the convergence result of this paper.
Lemma 2.1 (see [11]). Let (E,(:,-)) be an inner product space. Then for all x,y,z € Eand a, B,y €
[0,1] with a + p+y =1, we have

llax + py + yz|* = allxl + BllylI” + izl - apllx - y|I* - aylx =l - pylly — =[I".  (25)

Lemma 2.2 (see [12]). Let H be a Hilbert space, C a closed convex subset of H, and T : C — Ca
nonexpansive mapping with F(T) #0. If {x,} is a sequence in C weakly converging to x € C and if
{(I =T)x,} converges strongly to y, then (I - T)x = y.

Lemma 2.3 (see [1]). Let H be a Hilbert space and C a nonempty closed convex subset of H. Let S
be a nonspreading mapping of C into itself. Then the following are equivalent:

(1) there exists x € C such that {S"x} is bounded;
(2) F(S) is nonempty.

Lemma 2.4 (see [1]). Let H be a Hilbert space and C a nonempty closed convex subset of H. Let S
be a nonspreading mapping of C into itself. Then F(S) is closed and convex.

Lemma 2.5 (see [4]). Let H be a Hilbert space, C a closed convex subset of H,and S : C — C
a nonspreading mapping with F(S) #0. Then S is demiclosed, that is, x, — u and x, — Sx, — 0
imply u € F(S).

Lemma 2.6 (see [13]). Let C be a closed convex subset of a real Hilbert space H and let {x,} be a
sequence in H. Suppose that for all u € C,

[[xns1 =l < lxn —ull (2.6)

foreveryn =0,1,2,.... Then, { Pcx,} converges strongly to some z € C.

Lemma 2.7 (see [14]). Assume {a,} is a sequence of nonnegative real numbers such that

ans1 < (1-ay)ay +6,, n>0, (2.7)

where {a,} is a sequence in (0,1) and {6,} is a sequence in R such that
(1) 221 an = oo,
(2) limsup, _,_ (6n/a,) <0o0r 37216, < oo.

Then lim,, _, xa, = 0.

For solving the mixed equilibrium problems for an equilibrium bifunction F : CxC —
R, let us assume that F satisfies the following conditions:

(A1) F(x,x) =0forallx € C;
(A2) F is monotone, thatis, F(x,y) + F(y,x) <0forall x,y € C;
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(A3) for each y € C, x — F(x, y) is weakly upper semicontinuous;

(A4) for each x € C, y — F(x, y) is convex, semicontinuous.
The following lemma appears implicitly in [5, 15].

Lemma 2.8 (see [5]). Let C be a nonempty closed convex subset of H and let F be a bifunction of
C x C into R satisfying (A1)—(A4). Let r > 0 and x € H. Then, there exists z € C such that

F(z,y)+%(y—z,z—x>20 for all y € C. (2.8)

The following lemma was also given in [15].

Lemma 2.9 (see [15]). Assume that F : C x C — R satisfies (A1)—(A4). For r > 0 and x € H,
define a mapping T, : H — C as follows:

Tr(x)z{zeC:F(z,y)+%<y—z,z—x>20, VyeC} (2.9)

forall z € H. Then, the following hold:

(1) T, is single-valued;

(2) T, is firmly nonexpansive, that is, for any x,y € H, |T,x - T,y|* < (T,x - T,y, x — y);
(3) F(T;) = EP(F);

(4) EP(F) is closed and convex.

We note that Lemma 2.9 is equivalent to the following lemma.

Lemma 2.10. Let C a nonempty closed convex subset of a real Hilbert space H. Let F : C x C — R
be an equilibrium bifunction satisfying (A1)-(A4) and let ¢ : C — R be a lower semicontinuous and
convex functional. For r > 0 and x € H, define a mapping S,(x) : H — C as follows.

Sr(x) = {yeC :F(y,z) +9(z) —o(y) + %(y—x,z—y) >0, VZEC}, Vx e H. (2.10)

Then, the following results hold:
(i) for each x € H, S,(x) #0;

(ii) S, is single-valued;

(iii) S, is firmly nonexpansive, that is, for any x,y € H,
15 (x) = S, I < (S+ () = S () x ~y); (211)

(iv) F(Sr) = MEF(F, ¢);
(v) MEE(F, o) is closed and convex.
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Proof. Define G(x,y) = F(x,y)+¢(y)+¢(x), forall x, y € H. Thus, the bifunction F : CxC —
Rsatisfies, (A1)-(A4). Hence, by Lemmas 2.8 and 2.9, we have (i)—(v). O

Lemma 2.11 (see [6]). Let C bea closed convex subset of a real Hilbert space H. Let Fy and F, be two
mappings from C x C — R satisfying (A1)~(A4) and let Sy, and S, , be defined as in Lemma 2.10
associated to Fy and F, respectively. For given x*,y* € C,(x*,y*) is a solution of problem (1.8) if
and only if x* is a fixed point of the mapping G : C — C defined by

G(x) = S10(S2x), VYxeC, (2.12)

where y* = Sy, x*.

Proof. By a similar argument as in the proof of Proposition 2.1 in [6], we obtain the desired
result. O

We note from Lemma 2.11 that the mapping G is nonexpansive. Moreover, if C is
a closed bounded convex subset of H, then the solution of problem (1.8) always exists.
Throughout this paper, we denote the set of solutions of (1.8) by Q.

3. Main Result

In this section, we prove a weak convergence theorem for finding a common element of the
set of fixed points of a quasi-nonexpansive mapping and the set of solutions of the system of
mixed equilibrium problems.

Theorem 3.1. Let C be a closed convex subset of a real Hilbert space H. Let Fy and F, be two
bifunctions from C x C — R satisfying (A1)—(A4). Let \,u > 0 and let Sy and S, be defined
as in Lemma 2.10 associated to Fy and F», respectively. Let T be a quasi-nonexpansive mapping of C
into itself such that F(T) N Q# (. Suppose xo = x € C and {x,}, {yn}, {zn} are given by

zn €C, Fa(zn, z) +¢(2) —(z4) + i(z —Zn,Zn—Xy) 20, Vze(,

1 3.1
Yn€C, Fi(yn z)+¢(z)—9(ya) + X<Z ~YnYn—2n) >0, VzeC, (3.1)

Xn+l = AnXpy + (1 - an)Tyn,

forall n € N, where {a,} C [a,b] for some a,b € (0,1) and satisfy liminf, _, &, (1 — a,) > 0. Then
{xn} converges weakly to X = limy,_, o Pr(r)nxn and (X,y) is a solution of problem (1.8), where
Y =5,X.
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Proof. Let x* € F(T)NQ. Then x* = Tx* and x* = 51,(Sz,x"). Put y* = Sy ,x*, y» = S1,12z, and
Zy = Sp,u%y. Since

[y =7 = [[S1a20 = S1ay”]|

<|zw -y
llzn =7l 52)
= ”Slﬂxn = Soux” |
< o = 7|,
it follows by Lemma 2.1 that
l|%p1 — x*|| = ||, + (1 - crn)Tyn”2
= ||lan(xn — x*) + (1 — ) (Tyn — x¥) |2
= ot = x| + (1= @) || Ty = | = (1 = @) || Ty = 2 ||
< apllxn = x|+ (1 - an) ||y - x*||2 —an(1-an)||Tyn - xn||2 (3.3)
< = 7 + (1= ) 20 = 1 = (1 = ) | Ty — x|

”xn - x*”z - an(l - “n)”Tyn - xn”

<l = x|

Hence {||xp+1 — x*||} is a decreasing sequence and therefore lim,,_, o ||x, — x*|| exists. This
implies that {x,}, {y.}, {z4}, and {Ty,} are bounded. From (3.3), we note that

(1 = ) | Ty = 20| < llxn = %°|* = |01 = |1, (3.4)

Since 0 < a < a, <b <1 and lim,_ o |x, — x*||* = imy,_, o || %ns1 — x*||*, we obtain
a(1 = b) || Ty = xul| < 6 = 7[> = 01 = x> — 0. (3.5)

This implies that lim,, ., o || Ty, —xx[| = 0. Since 51, and S5, are firmly nonexpansive, it follows
that

20 = v |17 = 1Szt = S|

< <S2,/4xn - SZ,‘ux*/ Xn = x*> (36)

1
= 51z =y I+ loow =P = 20 = " = 20+ 277
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and so ||z, — ¥*||> < |lxn — x*|* = ||zn — x4 + x* — y*||*. By the convexity of | - ||>, we have

s =21 = [Jtat + (1= @) Ty
= ”an(xn - X*) + (1 - Lln) (Ty" - x*) ”2

< apllxn = 2|7 + (1 - a) | Ty = x*||°

. . (3.7)
<l = X|I7+ (1 _an)”yn - X ”
< an“-xn - x*”2 + (1 - an)llzn - ]/*”2
< “n“xn - x*llz + (1 - an) [”xn - x*||2 - ”Zn —Xp+x" - ]/*”2 ]
This implies that
(1= an)||2n = %0 + X = y*||” < N0 = x| = [ 201 — 27 ||* (3.8)

Since0 < a<a, <b<1landlim,_ ,|x, - x*||2 =limy, - o ||t — x*||2, we obtain lim,, _, .||z, —
Xp + x* — y*|| = 0. Similarly, we note that

2

lyn = || = [|S1020 - Sty
<(S1azn = S10Y" 20— Y*)

1 * * * * (39)
= z(llyn —2 Pz =y P = v =2 = 2o+ 7 I)
1 * * * *
< 5 (Il = [+ v = %I = [lyn = 20 = " + 7|
and so ||y, — x*||? < |lxn — x*|1> = |yn — 20 — x* + y*||%. Thus, we have
%41 = X5 < ctallacy = 2|7 + (1 = o) [y — x*||°
, (3.10)
< = 2P + (1= @) llxn = %17 = [ym = 20 = 2+ ]
and hence
(= )| yn = 20 = x* + y*||* < llxn = 12 = 2001 — 2| (3.11)

It follows from 0 < a < a, < b < 1 and lim, _ o|lx, — x*[|> = lim, o |lxm1 — x*|* that
lim, - o ||y — 20 — x* + y*|| = 0. Hence

1Ty = yull < (| Tyn = xal| + |20 = 20 = X" + Y| + |20~y + x* = y*|| — 0, (3.12)
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and therefore
=l < I = Tyl + 19 = 0 — . (.13)

Since {y,} is a bounded sequence, there exists a subsequence {vy,,} C {y,} such that {y,,}
converges weakly to X. From Lemma 2.5, we have x € F(T). Let G be a mapping which is
defined as in Lemma 2.11. Thus, we have

lyn = Gyl = [IS1aS2u2n = G(yn) | = [|G(xn) = G(yu) || < |20 = yu|, (3.14)
and hence
llxn = GOe I < [|2tn = Y|l + [|ym = G(yn) | + [|G(yn) = G(xu) || < 3[[xn = ym|| — 0. (3.15)

From lim,, o |[xy — ¥4|| = 0 and y,, — X, we get x,, — Xx. According to Lemmas 2.2
and 2.11, we have x € Q. Hence x € F(T) N Q. Since y,, — x and ||y, — x,|| — 0, we obtain
Xy, — X. Let {x,;} be another subsequence of {x,} such that {x, } converges weakly to x.
We may show that X = X, suppose not. Since lim,, _, o, ||x, — x*|| exists for all x* € F(T) N Q, it
follows by the Opial’s condition that

lim ||x, — || = liminf||x,, — X|| < liminf||x,, — X|| = lim ||x, — X||
n—oo i— o0 i— o0 n— o

(3.16)
= liminf

jooo

Xn; = J?” < liminf

jooe

Xy, —X|| = lm ||, — X]|.
/ n— oo

This is a contradiction. Thus, we have x = x. This implies that {x,} converges weakly to
x € F(T) N Q. Put u,, = Pr(r)noxy. Finally, we show that X = lim,,_, ,u,,. Now from (2.2) and
x € F(T)nQ, we have

(X = up, upy — x,) > 0. (3.17)

Since {||x,—x*||} is nonnegative and decreasing for any x* € F(S)N&2, it follows by Lemma 2.6
that {u, } converges strongly to some x € F(T) N Q and hence

(x-%,%-%) >0. (3.18)

Therefore, x = x. ]

Corollary 3.2. Let C be a closed convex subset of a real Hilbert space H. Let Fy and F, be two
bifunctions from C x C — R satisfying (A1)-(A4). Let A\, u > 0 and let Sy, and S, , be defined as
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in Lemma 2.10 associated to Fy and F,, respectively. Let T be a nonspreading mapping of C into itself
such that F(T) N Q# (. Suppose xg = x € C and {x,}, {yn}, {zn} are given by

2, €C, Fa(zn, z) +0(z) —(zy) + %(z —Zn,Zn—Xy) 20, Vze(,

1 3.19
Yn €C, Fi(yn z) +9(z) —p(yn) + X<Z —YnYn—2n) 20, Vz€C, (319)

Xn+l = ApXy + (1 - an)Tynr

forall n € N, where {a,} C [a,b] for some a,b € (0,1) and satisfy liminf, _, ., (1 — &) > 0. Then
{xn} converges weakly to x = lim,_, o Prrynexn and (x,Vy) is a solution of problem (1.8), where
Y =5,X.

Setting A = g and T = I in Theorem 3.1, we have following result.

Corollary 3.3. Let C be a closed convex subset of a real Hilbert space H. Let Fy and F, be two
bifunctions from C x C — R satisfying (A1)—(A4). Let p > 0 and let Sy, and S, be defined as in
Lemma 2.10 associated to Fy and Fy, respectively, such that Q# . Suppose xo = x € C and {x,},
{yn}, {zn} are given by

zn €C, Fa(zn, z) +¢(z) —(z,) + i(z —Zn,Zn—Xy) 20, Vze(,

yn€C Fi(yn 2) +9(2) = 9(yn) + %<z ~Yuyn-2z)20, vzec, G20

Xpi1 = AnXy + (1= ap)Yn,

for all n € N, where {a,} C [a,b] for some a,b € (0,1) and satisfy liminf,_, ,a,(1 — a,) > 0.
Then {x,} converges weakly to x = lim,,_, o, Pox, and (X,y) is a solution of problem (1.9), where
Y =5,X.

Setting F, = ¢ = 0 in Theorem 3.1, we have the following result.

Corollary 3.4. Let C be a closed convex subset of a real Hilbert space H. Let Fy be a bifunction from
C x C — R satisfying (A1)—(A4). Let X > 0 and let Ty, be defined as in Lemma 2.9 associated to
Fi. Let T be a quasi-nonexpansive mapping of C into itself such that F(T) N EP(F;) #®. Suppose
xo =x € Cand {x,} and {y,} are given by

1
w€C;, Fi(Yn,2)+—(z2-Yun,Yn—x,) >0, VzeC(C,
y 1(Yn2) + 72 = Yu Y = Xn) (321)

Xpi1 = Xy + (1 = ay) Ty,

forall n € N, where {a,} C [a,b] for some a,b € (0,1) and satisfy liminf, _, ., (1 — a,) > 0. Then
{x,} converges weakly to X = lim,, _, o Pr(r)ngp(r)Xn and (X,y) is a solution of problem (1.7), where
Yy =Tp)X.
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