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We consider a class of nondifferentiable multiobjective programs with inequality and equality
constraints in which each component of the objective function contains a term involving the
support function of a compact convex set. We introduce G-Karush-Kuhn-Tucker conditions and G-
Fritz John conditions for our nondifferentiable multiobjective programs. By using suitable G-invex
functions, we establish G-Karush-Kuhn-Tucker necessary and sufficient optimality conditions, and
G-Fritz John necessary and sufficient optimality conditions of our nondifferentiable multiobjective
programs. Our optimality conditions generalize and improve the results in Antczak (2009) to the
nondifferentiable case.

1. Introduction and Preliminaries

A number of different forms of invexity have appeared. In [1], Martin defined Kuhn-Tucker
invexity and weak duality invexity. In [2], Ben-Israel and Mond presented some new results
for invex functions. Hanson [3] introduced the concepts of invex functions, and Type I, Type
IT functions were introduced by Hanson and Mond [4]. Craven and Glover [5] established
Kuhn-Tucker type optimality conditions for cone invex programs, and Jeyakumar and Mond
[6] introduced the class of the so-called V-invex functions to proved some optimality for a
class of differentiable vector optimization problems than under invexity assumption. Egudo
[7] established some duality results for differentiable multiobjective programming problems
with invex functions. Kaul et al. [8] considered Wolfe-type and Mond-Weir-type duals and
generalized the duality results of Weir [9] under weaker invexity assumptions.

Based on the paper by Mond and Schechter [10], Yang et al. [11] studied a class
of nondifferentiable multiobjective programs. They replaced the objective function by the
support function of a compact convex set, constructed a more general dual model for a class
of nondifferentiable multiobjective programs, and established only weak duality theorems
for efficient solutions under suitable weak convexity conditions. Subsequently, Kim et al.
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[12] established necessary and sufficient optimality conditions and duality results for weakly
efficient solutions of nondifferentiable multiobjective fractional programming problems.

Recently, Antczak [13, 14] studied the optimality and duality for G-multi-objective
programming problems. They defined a new class of differentiable nonconvex vector
valued functions, namely, the vector G-invex (G-incave) functions with respect to 7. They
used vector G-invexity to develop optimality conditions for differentiable multiobjective
programming problems with both inequality and equality constraints. Considering the
concept of a (weak) Pareto solution, they established the so-called G-Karush-Kuhn-Tucker
necessary optimality conditions for differentiable vector optimization problems under the
Kuhn-Tucker constraint qualification.

In this paper, we obtain an extension of the results in [13],which were established
in the differentiable to the nondifferentiable case. We proposed a class of nondifferentiable
multiobjective programming problems in which each component of the objective function
contains a term involving the support function of a compact convex set. We obtain
G-Karush-Tucker necessary and sufficient conditions and G-Fritz John necessary and
sufficient conditions for weak Pareto solution. Necessary optimal theorems are presented by
using alternative theorem [15] and Mangasarian-Fromovitz constraint qualification [16]. In
addition, we give sufficient optimal theorems under suitable G-invexity conditions.

We provide some definitions and some results that we shall use in the sequel.
Throughout the paper, the following convention will be used.

For any x = (x1,x2,... ,xn)T, y=W.Yy... ,yn)T, we write

x=y, iffx=y,Vi=12,...,n,
x<y, iffxi<y,Vi=12,...,n,

(1.1)
xSy, iffxi<y,Vi=12,...,n,

x<y, iffxiSy,x#yn>1
Throughout the paper, we will use the same notation for row and column vectors when the

interpretation is obvious. We say that a vector z € R” is negative if z < 0 and strictly negative
if z<0.

Definition 1.1. A function f : R — R is said to be strictly increasing if and only if
Vx,yeR, x<y= f(x)<f(y). (1.2)

Let f = (fi,..., fx) : X — RF be a vector-valued differentiable function defined on
a nonempty open set X C R”, and I,(X),i = 1,...,k, the range of f;, that is, the image of X
under f;.

Definition 1.2 (see [11]). Let C be a compact convex set in R”. The support function s(x | C)
is defined by

s(x|C) := max{xTy "Y€ C}. (1.3)
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The support function s(x | C), being convex and everywhere finite, has a subdifferential, that
is, there exists z such that

s(y|C)>s(x|C)+z"(y-x), VYyeD. (1.4)
Equivalently,
zTx = s(x | C). (1.5)
The subdifferential of s(x | C) at x is given by

0s(x | C) := {zeC:szzs(xlC)}. (1.6)

Now, in the natural way, we generalize the definition of a real-valued G-invex function. Let
f=(f1,..., fx) : X — RFbe a vector-valued differentiable function defined on a nonempty
openset X CR", and I,(X),i=1,...,k, the range of f;, that is, the image of X under f;.

Definition 1.3. Let f : X — R" be a vector-valued differentiable function defined on a
nonempty set X C R" and u € X. If there exist a differentiable vector-valued function
Gs = (Gp,...,Gp) : R — R such that any of its component Gy, : I;,(X) — R is a strictly
increasing function on its domain and a vector-valued function 77 : X x X — R" such that, for
allx € X (x#u) and foranyi=1,...,k,

Gy (fi(x)) = G (fiw) 2 )G'1, (fi(w))V fi(wn (x, u), (1.7)

then f is said to be a (strictly) vector G¢-invex function at u on X (with respect to 77) (or
shortly, G-invex function at u on X). If (1.7) is satisfied for each u € X, then f is vector
Gy-invex on X with respect to 7.

Lemma 1.4 (see [13]). In order to define an analogous class of (strictly) vector G s-incave functions
with respect to 1, the direction of the inequality in the definition of Gy-invex function should be
changed to the opposite one.

We consider the following multiobjective programming problem.

(NMP) Minimize (Gp, (f1(x) +s(x | C1)),...,Gp (fx(x) +s(x | Ck)))
subject to (Gg,(g1(1)),--- Gy (gn(x))) <0, w8

(Gh (m1(x)), -, G, (p(x)) ) =0,

where f; : X — R, iel={1,...,k}, g: X =R, jeJ={1,....m}, h : X - R, teT=
{1,...,p}, are differentiable functions on a nonempty open set X C R". Moreover, Gr,,i € I,
are differentiable real-valued strictly increasing functions, Gg,j € J, are differentiable real-
valued strictly increasing functions, and Gp,,t € T, are differentiable real-valued strictly
increasing functions. Let D = {x € X : Gg(gj(x)) = 0, j € J,Gp(h(x)) = 0,t € T} be
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the set of all feasible solutions for problem (NMP), and F; = f;(:) + (-)Tw;. Further, we denote
by J(z) := {j € ] : G4 (gj(z)) = 0} the set of inequality constraint functions active at z € D
and by I(z) := {i € I : A; > 0} the objective functions indices set, for which the corresponding
Lagrange multiplier is not equal 0. For such optimization problems, minimization means in
general obtaining weak Pareto optimal solutions in the following sense.

Definition 1.5. A feasible point X is said to be a weak Pareto solution (a weakly efficient
solution, a weak minimum) of (NMP) if there exists no other x € D such that

Gata (f(x) +5(x | C)) < Gz, (f (%) +5(X | €)). (1.9)

Definition 1.6 (see [17]). Let W be a given set in R” ordered by < or by <. Specifically, we
call the minimal element of W defined by < a minimal vector, and that defined by < a weak
minimal vector. Formally speaking, a vector z € w is called a minimal vector in W if there
exists no vector z in W such that z < z; it is called a weak minimal vector if there exists no
vector z in W such that z < z.

By using the result of Antczak [13] and the definition of a weak minimal vector, we
obtain the following proposition.

Proposition 1.7. Let X be feasible solution in a multiobjective programming problem and let
Gfi(') +(-)Tw,-/i = 1,...,k, be a continuous real-valued strictly increasing function defined on
I, ()7, (X). Further, we denote W = {Gy, (), ()7, (f1(0)+8(x | C1)), -, G ()70 (e (X) +5(x |
C)) = x € X} C BN and 2 = (Gp,(yyyrap, (i@ + ST | C1))sv., Gy g7, @) + 5(T |
Ck)) € W. Then, X is a weak Pareto solution in the set of all feasible solutions X for a multiobjective
programming problem if and only if the corresponding vector z is a weak minimal vector in the set W.

Proof. Let x be a weak Pareto solution. Then there does not exist x* such that
G ey (fild) +5(x" | C)) < Gy g1, (fi®) + (% | C). (1.10)
By the strict increase of Gy, (7, involving the support function, we have
Gy (filx) +x77) < Gy, (filx™) +8(x" | Ci)). (1.11)

Therefore, z = (Gfl(-)+(-)Tw1 (fi(x) +s(x | Cl)),...,Gfk(.)Jr(.)ka(fk(E) +s(x | Cx))) is a weak
minimal vector in the set W. The converse part is proved similarly. O

Lemma 1.8 (see [13]). In the case when Gr,(a) = a, i = 1,...,k, for any a € Ir,(X), we obtain a
definition of a vector-valued invex function.

2. Optimality Conditions

In this section, we establish G-Fritz John and G-Karush-Kuhn-Tucker necessary and sufficient
conditions for a weak Pareto optimal point of (NMP).
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Theorem 2.1 (G-Fritz John Necessary Optimality Conditions). Suppose that Gr,, i € I, are
differentiable real-valued strictly increasing functions defined on Ir,(D), ng, j € J, are differentiable
real-valued strictly increasing functions defined on Iy (D),and Gy, t € T, are differentiable real-

valued strictly increasing functions defined on I, (D), and let F; = f;(-) + (Y w;. Let X € D be a weak
Pareto optimal point in problem (NMP). Then there exist A € RX, ¢ € R™, u € RP, and w; € C; such
that

k m
NG (fi3) + X w0:) (VAiE) + i) + 381Gy, (8;(3)) V& ()
i=1 j=1

P
+ Y G, (h(®) V(%) = 0,
=1 1)

§iGg (gj(X)) =0, je],
(w;,xy=s(x|Cy), i=1,...,k,
L2020, (Moo, i e i, i) 0.

Proof. Let bj(x) =s(x | C;), i=1,...,k. Since C; is convex and compact,

lim b; (% + A\d) - bi(%)
bi(x;d) = 122 < (2.2)

is finite. Also, for all d € R”,

(Gr(fi+b:)) (x;d)
)Llin(hGpi (f,(f +Ad) + b;(x + )Ld)) -Gr, (fl (x) + bi(f))

A 2.3)
=G (fi+bi)(Vfi+b))(x;d)

= (GF, (fi® + bi(®) (Vfi(®) + b)), d).
Since x is a weak Pareto optimal point in (NMP)

(G (fi®) + bi®) (Vi@ +B(@),d) <0, i=1,..k
(G (@) Vg@),d) <0, je]@), (24)

(G, (@) VI, d) = 0, teT,
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has no solution d € R". By [15, Corollary 4.2.2], there exist \; 2 0, i = 1,...,k, ¢ =20, j €
J(x),and p, t =1,...,p, not all zero, such that for any d € R",

k

S A( G (fi®) + bi(®) (VAE) + b)), d)
i=1
(2.5)

p
+ > 5(Clg (i) Vi), d )+ (Gl (i (%) Vhu(3), d) 2 0.
jeJ (%) t=1

Let A = (S5 MGRfiE) + bi@)(VAE) + w)] + Zim &G (8(X)Vgi(x) +

le ‘utG'ht(ht(E))Vht(E) | w; € obj(x),i = 1,...,k}. Then 0 € A. Assume to the
contrary that 0¢ A. By separation theorem, there exists d* € R", d*#(0,...,0) such
that for all a € A, (a,d*) <0, that is, for all w; € b;(x)

k

S (G (fi®) +bi(®) (V) +b(®)d" )

i=1

(2.6)
P
+ 2 5(Gy (g@) V&), d" ) + (G, ((3) Vi (%), d" ) <0,
jeJ(x) t=1
This contradicts (2.5).
Letting ¢ = 0, for all j £ J(x), we get
k
D NG (fi(@) +5(xX | C)) (Y fi(%) + 0bi(X))
i=1
m p
+ 226Gy (8i(3) Vg (%) + D Gy, (h:(%)) VI (X) = 0,
j=1 t=1 (2.7)
D 4iGg (81(X)) =0,
=1
(M, M, 81,000 Em) #0.
Since 0b;(x) = {w; € C; | (w;, x) = s(x | C;)}, we obtain the desired result. O

Theorem 2.2 (G-Karush-Kuhn-Tucker Necessary Optimality Conditions). Suppose that
Gr,, i € 1, are differentiable real-valued strictly increasing functions defined on Ir,(D), G, j € ],
are differentiable real-valued strictly increasing functions defined on Ig (D), and Gp, t € T, are
differentiable real-valued strictly increasing functions defined on Iy, (D), and Gy, t € T, are linearly
independent, and let F; = fi(-) + (Y w;. Moreover, we assume that there exists z* € R" such that
(G, (8i(0))Vgj(x),z*) <0, j € J(x), and (G, (h(X))Vhi(x),z*) =0, t =1,...,p. Ifx € D
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is a weak Pareto optimal point in problem (NMP), then there exist . € RX, ¢ € R™, u € RP, and
w; €C;, i=1,...,k such that

k m
Zl MG'r (fi®) + 7)) (Vi) + i) + zllgjc'gj (81(%)Vg;(®)
i= j=

14
+ DG, (h(%)) Vhi(X) = 0,
- = . (2.8)
g]'ng (g](x)) = 0/ ] € ]/

(wi,x) =s(x|Ci), i=1,...,k

k
A>0, D=1, =0
i=1

Proof. Since X is a weak Pareto optimal point of (NMP), by Theorem 2.1, there exist A € R¥, ¢ e
R?, peRP,and w; € Cj,i =1,...,k such that

k

SNGE (fi3) + % w;) (V£i(®) +wi) + > &Gy (8i(3)) V()
j=1

i=1

14
+ DG, (i (X)) Vhi(%) = 0,
=1 (2.9)
§iGg (3i(X) =0, je],
(wi, Xy =s(x|C), i=1,...,k

Xgol 520/ <X1/'-'/Xk/§1/'--/gmrﬁ‘l/--'/ﬁp>760-

Assume that there exists z* € R" such that (Gfg]_ (gi(x))Vgj(x),z*) < 0,j € J(x), and
(G’ht(ht(i))Vht(E),z*) =0,t=1,...,p. Then (A,..., L) #(0,...,0). Assume to the contrary
that (A1,..., ) = (0,...,0). Then (&1,...,&m fi1, .-, fip) #(0,...,0). If ¢ = 0, then f2#0. Since
Gp,, t € T, are linearly independent, ji1Gy, (b1 (X)) + -+ + ﬁthP(hP(E)) = 0 has a trivial
solution yi = 0, this contradicts to the fact that ji#0. So ¢ > 0. Define ;cjx) > 0, &j¢jx = 0.
Since (G:g/_ (gj(x))Vgj(x),z*) <0, j € J(x), we have Z;’il(G’g}_ (gj(x))Vgj(x),z*) < 0and so
Z;’il(G;j (gj(x))Vgj(x),z*) + ZL(G’h,(ht(E))Vht(?),z*) < 0. This is a contradiction. Hence
(Xl, .. .,Xk) #(0,...,0). Indeed, it is sufficient only to show that there exist A € R’j, ¢ e R”,
and p € R? such that 3% \; = 1. We set

1
A= ——+——, forsomegcelx),
1 Zf:l,i;éj i 7
A i foriel, i¢q,

= k—
1+ Zi:l,i;ej)‘i
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3
¢j=——7——, forje]j,
I+ le'czl,i#j)‘i
He = +, forteT.
L+ XiizjAi

(2.10)

It is not difficult to see that the G-Karush-Kuhn-Tucker necessary optimality conditions are
satisfied with Lagrange multipliers, there exist A € R¥, ¢ € R™; and p € RP given by (2.10).
O

We denote by T*(x) and T~ (x) the sets of equality constraints indices for which a
corresponding Lagrange multiplier is positive and negative, respectively, that is, T*(x) = {t €

T:p>0and T~ (x) = {t €T : us < 0}.

Theorem 2.3 (G-Fritz John Sufficient Optimality Conditions). Let (x,\, ¢, u, w) satisfy the G-
Fritz John optimality conditions as follow:

k
SNGE (fi(®) + % ;) (Vi) + i)
i=1

(2.11)
m P
+ >¢iGy (81() Vg (X) + D G, (hi () Vhu(%) =0,
]':1 t=1
ngg]. (g]-(i)) =0, jeJ, Vx €D, (2.12)
(wj,x)=s(x|C;), i=1,...,k, (2.13)
L=20,¢20, M, oo Ak, 81,00, 8m) #0. (2.14)

Further, assume that F(= f(-) + (Y w) is vector Gp-invex with respect to 1 at X on D, g is
strictly Gg-invex with respect tonat x on D, hy, t € T*(x),is Gp,-invex with respect to at x on D,
and hy, t € T™(X),is Gp,-incave with respect to 1 at X on D. Moreover, suppose that G (0) = 0 for
j € Jand Gy, (0) =0fort € T*(x)UT™ (x). Then X is a weak Pareto optimal point in problem (NMP).

Proof. Suppose that x is not a weak Pareto optimal point in problem (NMP). Then there exists
x* € D such that Gr,(fi(x*) + s(x* | Ci)) < Gr,(fi(x) +s(x | Cy)), i =1,...,k. Since (w;, X) =
s(x|Cy),i=1,...,k,
Gr, (filae®) +xTw;) < Gr(fila®) +s(x* | C1))
<Gr(fi(x) +s(X| Cy)) (2.15)
= Gr, (fi(f) + fTWi)-
Thus we get

Gr,(fitx) + xTw;) < Gr(fi(®) + % wi), i€l (2.16)
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By assumption, F(= f(-) + ()Tw) is Gp-invex with respect to 7 at ¥ on D. Then by

Definition 1.3, for any i € I,

(G (fix) + xTwy)| = [Gr (fil®) + 3w )|

> 61 (G +%'w) (VAE) +w)|n(x", ).
Hence by (2.16) and (2.17), we obtain
[Gr (@) + T w) (VA +w))|n(x, 7 <0, i€l

Since (X, A, ¢, p, w) satisfy the G-Fritz John conditions, by A 2 0,

k
[inc’ﬂ, (fi®) + X" w;) (Vi) + wi):l n(x,%) <0, i€l
i=1

Since g is strictly G¢-invex with respect to 77 at x on D,
Gy, (8i(x7) = Gg,(81(%)) > Gy (8i(x)) Vg (X)n(x", ).
Thus, by ¢ = 0,
§iGg(81(x")) = &Gy (8i(X)) Z ¢iGy (8;(%)) Vg (X)m(x”, X).

Then, (2.12) implies

> &G (/@) Vg (®)n(x", %) < 0.
j=1

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)

By assumption, h;, t € T*(X), is Gp,-invex with respect to 77 at X on D, and hy,t € T~ (x), is

Gp,-incave with respect to 77 at x on D. Then, by Definition 1.3, we have,

G, (he(x")) = Gy, (h(X)) 2 G, (e (%)) Vi (X)n(x*, %), teT*(x),
G, (he(x")) = Gi, (ht(X)) = G, (he(x)) VR ()1 (x", %), tE€T (X).

Thus, forany t € T*,

G, (h(x%)) = G, (e (%)) 2 G, (e (X)) Vi (X) 7 (x”, X).

(2.23)

(2.24)
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Since x* € D and x € D, then the inequality above implies

P
> G}, (e (%)) Vi (X) 7 (x", %) < 0. (2.25)

t=1

Adding both sides of inequalities (2.19), (2.22), (2.25), and by (2.14),

k
[ZAiG'F,. (fi®) +X"w:) (Vfi(®) + w)
i=1

(2.26)
S — — 4 ! — — * =
+3°4G, (8(®) Vg (@ + S G, (ht<x>>vm(x>] n(x', %) <0,
j:l t=1
which contradicts (2.11). Hence, x is a weak Pareto optimal for (NMP). O

Theorem 2.4 (G-Karush-Kuhn-Tucker Sufficient Optimality Conditions). Let (x, A, ¢, u, w)
satisfy the G-Karush-Kuhn-Tucker conditions as follow:

k m
;xic’p,- <fi(i) + sz,-) (Vfi(x) +wi) + ;gjc;’gi (gi(%))Vg;(x)

(2.27)
P
+ > Gy, (e (X)) VI (%) = 0,
t=1
¢iGg (gi(X)) =0, je], VxeD, (2.28)
(wi,x)=s(x|C)), i=1,...,k (2.29)
k
A>0, D=1, ¢=0. (2.30)

Further, assume that F(= f(-) + (Y w) is vector Gp-invex with respect toat x on D, g is
strictly Gg-invex with respect tonat x on D, hy, t € T*(X),is Gp,-invex with respect tonat x on D,
and hy,t € T~ (x),is Gp,-incave with respect to n at x on D. Moreover, suppose that ng(O) =0
for j € Jand Gp,(0) = 0 for t € T*(x) UT™(x). Then x is a weak Pareto optimal point in problem
(NMP).

Proof. Suppose that x is not a weak Pareto optimal point in problem (NMP). Then there exists

x* € D such that Gr,(fi(x*) + s(x* | Ci)) < Gr,(fi(x) +s(x | Cy)), i =1,...,k. Since (w;, X) =
s(x|Cy),i=1,...,k,

Gr, (filx®) +xTw;) < Gr(fila®) +s(x* | C1))
< Gpi (fl(f) + S(y | C,)) (2.31)

= Gr, (i) + X w;).
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Thus we get
Gr, ( Filx®) + x*Twi> <Gr, ( fi(x) + yTwi), iel (2.32)

By assumption, F(= f(-) + ()Tw) is Gp-invex with respect to 5 at ¥ on D. Then by
Definition 1.3, forany i € I,

(G (fix) + xTwy)| = [Gr (fil®) + i)

(2.33)
> (Gl (fi®) + % wi) (Vi) +00) | n(x, ).
Hence by (2.32) and (2.33), we obtain
[Gr (@) + 7)) (VA:G) +w)|n(x, 3) <0, i€l (2.34)
Since (x, A, ¢, p, w) satisfy the G-Karush-Kuhn-Tucker conditions, by A > 0,
k
izzl)q [G}i ( £i(x) + ETwl) (Vi(x) + w,»)]q(x*,z) <0, iel (2.35)
Since g is strictly G¢-invex with respect to 77 at x on D,
Gy, (8j(x")) = Gg, (8j(x)) > Gy (8(%)) Vg (X)n(x”, ). (2.36)
Thus, by ¢ 20,
§iGg, (8i(x")) = §iGg, (8i(X)) = ¢;Gy, (8i(x)) Vg (X)m(x", ). (2.37)
Then, (2.28),(2.30) imply
iéjcé, (8i(¥))Vgj(x)n(x",x) < 0. (2.38)
i

By assumption, h;, t € T*(x), is Gp,-invex with respect to 77 at x on D, and h;, t € T™(X), is
Gp,-incave with respect to 77 at x on D. Then, by Definition 1.3, we have,

G, (he(x")) = Gi, (h(X)) 2 G, (e (X)) Vi () (x*, %), tE€T*(x),

(2.39)
G, (he(x")) = G, (h+(%)) = G}, (he(%)) VI (X) (7, %),  t €T (%).

Thus, forany t € T*,

wiGp, (h(x*)) = i Gp, (h (%)) 2 ‘utG'ht(ht(f))Vht(E)q(x*,E). (2.40)
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Since x* € D and x € D, then the inequality above implies

P
> G, (e (%)) Vi (X) 7 (x", %) < 0. (2.41)

t=1

Adding both sides of inequalities (2.35), (2.38) and (2.41),

k
[inc'ﬂ (fil®) + ") (Vfi(®) + w)
i=1

(2.42)
S — — 4 ! — — * =
+35GL () Vg () + G, (e (%) Vi (®) | n(x", %) <0,
j:l t=1
which contradicts (2.27). Hence, x is a weak Pareto optimal for (NMP). O
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