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By using Doob’s martingale convergence theorem, this paper presents a class of strong limit
theorems for arbitrary stochastic sequence. Chow’s two strong limit theorems for martingale-
difference sequence and Loeve’s and Petrov’s strong limit theorems for independent random
variables are the particular cases of the main results.

1. Introduction

Let {X,, Fn,n > 1} be a stochastic sequence on the probability space (2, ¥, P) that is, the
sequence of o-fields {F,,n > 1} in ¥ is increasing in n (thatis ¥, 1), and {¥,} are adapted to
random variables { X, }.

Almost sure behavior of partial sums of random variables has enjoyed both a rich
classical period and a resurgence of research activity. Some famous researchers, such as Borel,
Kolmogorov, Khintchine, Loeve, Chung, and so on, were interested in convergence theorem
of partial sums of random variables and obtained lots of classical results for sequences of
independent random variables and martingale differences. For a detailed survey of strong
limit theorems of sequences for random variables, interested readers can refer to the books
[1,2].

In recent years, some work has been done on the strong limit theorems for arbitrary
stochastic sequences. Liu and Yang [3] established two strong limit theorems for arbitrary
stochastic sequences, which generalized Chung’s [4] strong law of large numbers for
sequence of independent random variables as well as Chow’s [5] strong law of large numbers
for sequence of martingale differences. Then, Yang [6] established two more general strong
limit theorems in 2007, which generalized a result by Jardas et al. [7] for sequences of
independent random variables and the results by Liu and Yang [3] for arbitrary stochastic
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sequences in 2003. In 2008, W. Yang and X. Yang [8] proved two strong limit theorems for
stochastic sequences, which generalized results by Freedman [9], Isaac, [10] and Petrov [2].
Qiu and Yang [11] established another type strong limit theorem for stochastic sequence in
1999. Then, Wang and Guo [12] extended the main result of Qiu and Yang in 2009. In addition,
Wang and Yang [13] established a strong limit theorem for arbitrary stochastic sequences in
2005, which generalized Chow’s [5] series convergence theorem for sequence of martingale
differences. Then, Qiu [14] extended the result of Wang and Yang in 2008.

The purpose of this paper is to discuss further the strong limit theorems for arbitrary
stochastic sequences. By using Doob’s [1] convergence theorem for martingale-difference
sequence, we establish a class of new strong limit theorems for stochastic sequences. Chow’s
two strong limit theorems for martingale-difference sequence, Loéve’s series convergence
theorem, and Petrov’s strong law of large numbers for sequences of independent random
variables are the particular cases of this paper. In addition, the main theorems of this paper
extend the main results by Wang and Guo in 2009, Qiu and Yang in 1999, and the result by
Wang and Yang in 2005, respectively. The remainder of this paper is organized as follows.
In Section 2, we present the main theorems of this paper. In Section 3, the proofs of the main
theorems in this paper are presented.

2. Main Theorems

In this section, we will introduce the main results of this paper.

Let {c,,n > 1} be a positive real numbers sequence and a(x) and b(x) two positive
real-valued functions on [0, +oo) satisfying a(x) > a > 0 when x € [0,¢,) and b(x) > b > 0
when x € (¢, +00).

Theorem 2.1. Let {X,,, ¥,, 1 > 1} be a stochastic sequence defined as in Section 1 and {¢,(x),n > 1}
a sequence of nondecreasing and nonnegative Borel functions on [0, +o0). For some 1 < p < 2, suppose
that

hy(x) = a(x)xP 1o, (x) + b(x) ], +0)(x), n2>1, (2.1)

where a(x),b(x) and c,, defined as above. Assume that
¢n(x) 2 hy(x), x€[0,+00). (2.2)

Set

A= {w : iE[(,bn(anD | ?n—l] < 00} (2.3)

n=1

(i) If there exists some c¢ > O such that

Pn(x) > cx (2.4)
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holds when x € [0, ¢,,), then

ZX” converges a.e. on A. (2.5)
n=1

(ii) If there exists some ¢ > 0 such that (2.4) holds when x € (c,, +o0), then

0

Z(X” —E[Xn | Fn-1]) converges a.e. on A. (2.6)

n=1

Corollary 2.2 (Chow). Let {X,, ¥n,n > 1} be a Lp martingale-difference sequence and {a,,n > 1}
be an increasing sequence of positive numbers. For 1 < p < 2, let

A= {w >l E[|Xl | Fua] < oo}. (2.7)
n=1
If ay, T oo, then
N
lim _in =0 ae. on A. (2.8)

Proof. By using Kroncker’s lemma, it is a special case of Theorem 2.1 when the random
variables X, are replaced by X,,/a, and ¢,(x) = |x|F. O

Theorem 2.3. Let {X,,n > 1} be a sequence of arbitrary random variables. Let , = 0(Xo, ..., Xn)
and Fo = {Q, D}, n > 1. Let ¢, and hy, be defined as Theorem 2.1. If

[ee]

SE[$u(XaD)] <o, (2.9)

n=1

then 3y Xy and 3,77 (X, — E[ Xy | Fn-1]) converge a.e. under the same conditions (i) and (ii) as in
Theorem 2.1, respectively.

Corollary 2.4 (Loeve). Let {X,,n > 1} be a sequence of independent random variables, and 0 <
1y < 2. Suppose that

D EX,|™ < o0. (2.10)

n=1

IfO<r, <1, then 377, X, converges a.e. If 1 < r, <2, then 377 1(X, — E[X,]) converges a.e.
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Corollary 2.5 (Petrov). Let {X,,n > 1} be a sequence of independent random variables. If 0 < a,, T
oo and

[ee] Ean|r
> T <o, (2.11)
n

then limy, o (1/an) 21 Xi = 0 ae. when 0 < 1, < 1, and limy, . »(1/a,) 1L, (Xi — E[X;]) =
0a.e whenl<r, <2

Theorem 2.6. Let {X,,, Fn,n > 1} be a stochastic sequence defined as in Section 1 and {¢p,(x),n >
1} a sequence of nondecreasing and nonnegative Borel functions with ¢n(x/y) < ¢n(x)/Pn(y) on
[0, +00). Let hy,(x) be defined as Theorem 2.1 and

i"&)) > ha(x), x€[0,+x), (2.12)

where {d,, n > 1} is a sequence of positive real numbers. Set

B =

{w' & E[$n(1Xl) | Fi] <Oo}_ (2.13)

' nzzl Pn(dn)

Under the same conditions (i) and (ii) as in Theorem 2.1, 350, d,' X, and 35, d,} (X, — E[X,, |
Fu-1]) converge a.e. on B, respectively.

Remark 2.7. By using Kronecker’s lemma, if d,, T oo, we have

1
nlgr;:d—néXk =0 a.e. onB, (2.14)
1 n
lim d—Z(Xk —E[Xx | ¥x-1]) =0 a.e. on B, (2.15)
k=1

respectively.

Theorem 2.8. Let {X,,, ¥, n > 1} be a stochastic sequence defined as in Section 1, {¢,,n > 1} a
sequence of nonzero random variables such that &, is Fn_1-measurable, and ¢, > 1, (n > 1) a sequence
of real numbers. Let ¢, (x), @, (x) be two sequences of nonnegative Borel functions on R. Suppose that
forp > 2, ¢n(x)/xP does not decrease as x > 0, and for 0 < x1 < x,

Pn ;:1) P i:z) (2.16)
1 2
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holds. Let
= w . E n Xn ?n— < 7
{ ;[%(Ié |>] [$n(1Xal) | Fai] }
(2.17)
e} §2
B= Y <
o 55 <]
Then,
Zc;l(Xn —E[Xy | Fn-1]) converges a.e. on AB. (2.18)
n=1
Furthermore, if ¢, T oo, one has
lim — Z(Xk— [Xk | Feo1]) =0 a.e. on AB. (2.19)

n—oC

Corollary 2.9 (Chow). Let {X,,, ¥n,n > 1} be a sequence of martingale differences, and let {a,, n >
1} be a sequence of positive real numbers with >,;"; a, < oo. For p > 2, let

S an P2E[IXul? | Fact] < 0. (2.20)

n=1

Then,

ZXn converges da.e. (2.21)

Corollary 2.10. Let {X,,, ¥n,n > 1} be an arbitrary stochastic sequence. For p > 2, let

A= {w : i(n log n)p/z_lE[anV” | Fni] < oo}. (2.22)

n=1

Then,

21
ZE( — E[X,, | ¥n-1]) converges a.e. on A,
n=1

(2.23)
lim — Z(Xk— [Xk | Fk-1]) =0 ae. on A,

n—owmn

where the log is to the base 2.
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Proof. 1t is a special case of Theorem 2.8 when ¢, = {/logn,c, = n, ¢,(x) = |xF, and @,(x) =
|x|P /nP/> " (log n)P~ (here, we set ¢y (x) = |x|F). O

3. Proofs of Theorems

We first give a lemma.

Lemma 3.1 (see [1]). Let {S, = X1y Xi, Fun, 1 > 1} be a martingale. Then, for some 1 <p <2, S,
converges a.e. on the set { 3 E[X! | Fi1] < oo}

Proof of Theorem 2.1. Let X} = X,,I(jx,|<c,) and k a positive integer number. Let Z,, = ¢, (|X,.),

Ai = [w : iE[Zn | Fn] < k},

n=1

(3.1)

i=1

n+l
Tk = min{n n>1, ZE[Zi | Fic1] > k},

where 7 = +oo, if the right-hand side of (18) is empty. Then, Z;k: 1Zn = 221 Iiion) Zn- Since
I(7,>n) is measurable ¥,-1, and Z, is nonnegative, we have

Tk [
E[Zzn] =E ZI(Tk2n>Zn]
| n=1

=E iE[I(Tan)Zn | ?n—l] } (32)

n=1

<E{ >E[Z, ]| %_1]} <k.
n=1
Since Ax = {Tx = +o0}, we have by (3.2)

s f Z,dP = S E[I) Z]
n=1" Ak n=1
g2 6
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By (2.1), (2.2), and (3.3), we obtain
S Pl X1 = 3 [ ap
n=1 n=1" Ak (X5 #Xx)

1
< — b(|X,|)dP
Zlbf (1%,

A (IXnl>cn)

1 [ee]
< EZI Z,dP (3.4)

Ak (|Xnl>cn)

It follows from Borel-Cantelli lemma and (3.4) that P(Ax (X}, # X,,) i.0.) = 0 holds. Hence, we
have

Z(Xn - X;) converges a.e. on Ay. (3.5)

n=1

Since A = |J; Ak, it follows from (3.5) that

Z(X,1 - X;) converges a.e. on A. (3.6)

n=1
Let

Y, = X; - E[X; | qn—l]‘ (37)

It is clear that {Y},, ., n > 1} is a sequence for martingale difference. By using Cr inequality,
we have

E[Y | Fua] < ZE[CG) | F0a] SPE[XGP [ Faa] ae (3.8)
By using (2.1) and (2.2), we have
X3P < e (X)) < ~pu(IX). (39)
a(|X*]) a
Thus, the following inequality holds from (2.3), (3.8), and (3.9)

iE[Y,ﬁ’ | s7:n_1] <o ae. onA. (3.10)
n=1
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By using Lemma 3.1, we obtain

ZY” converges a.e. on A. (3.11)
n=1

Hence, it follows from (3.6), (3.7), and (3.11) that

0

Z(X" - E[X}, | Fn-1]) converges a.e. on A. (3.12)

n=1

The following argument breaks down into two cases.

Case 1. If there exists some ¢ > 0 such that (2.4) holds when 0 < x < ¢,,, then

[00) 1 [e0)
DEX [ Fual < EZE[%(IXZI) | F-i1]

"~ - (3.13)

1 =3

< EZE[¢"(|X"|) | ?n—l] a.e.
n=1
By using (2.3) and (3.13), we obtain

iE[X; | Fu-1] converges a.e. on A. (3.14)

n=1

It follows from (3.12) and (3.14) that (2.5) holds.

Case 2. If there exists some ¢ > 0 such that the inequality (2.4) holds when x > ¢,,, then

|E[Xn | Fn1] = E[X; [ Fuall
< E[IXn = X5 | Fna]

< E[Xl | Fat] (3.15)
1
< EE[¢n(|Xn|) | ?n—l] a.e.
By using (2.3) and (3.15), we obtain that
Z(E[Xn | Fn-1] — E[X}; | Fn1]) converges a.e. on A. (3.16)
n=1

It follows from (3.12) and (3.16) that (2.6) holds. The theorem is proved. O
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Proof of Theorem 2.3. Since >,,°1 E[¢n(1Xul)] = 2ei E{E[@n(IXnl) | Fn-1]}, we have by (2.9)

[ee]

D ELE[$n(1Xal) | Faa]} < 0. (3.17)

n=1

It follows from the nonnegative property of ¢, (x) that

ZE[¢H(|X,1|) | 1]  converges a.e. (3.18)

n=1

That is P(A) = 1. By Theorem 2.1, the conclusion of Theorem 2.3 holds. The theorem is
proved. O

Proof of Theorem 2.6. 1t is a similar way with Theorem 2.1 except Z,, = ¢, (| Xu|) / Pn(dy). O

Proof of Theorem 2.8. Forn > 1,let Z, = X,,/cn, Y = Zy, — E[Z,, | Fn-1]. Then, {Y,, Fn,n > 1} is
a martingale-difference sequence. It follows from p > 2 and Jensen’s inequality that

E[Y2| Fua| = E[Z2 | Fua| - B2 Z0 | Fun]

S EI:ZEL | ?n—l]

(3.19)
= E[|Z:P" | Fi]
SEYP(|Zy) | Fua] ace.
Furthermore,
EPZoP | Faal = BV (\Zal | Fu] [Lioiqizpig 1< e + Timiizapis, o ch |
< §+EZ/P[|Z P | Fua]l
=3 PIEA Bz F0)
&/ch
/2 (3.20)
LB B (B Fal ",
Ta a\ g/a EPUZ | Fa]
&/ch
2 2 X 14
< g—’; + g—;E[—L nl ] a.e.
cn o cn L&l | Fna
It follows from (2.16) that
X, P X
Xl? _ $u(Xa) 6o

&al” ™ @n(lénl)
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holds when |¢,| < |X,|. By (3.21), we have

Xo X,
||§n||” | Fo- 1] - E[<||§n||p >I<\xn|<|§n|> | Fu- 1]

+E K'I(% %)QI';x el | Fa- 1] (3.22)
<1+E <Pn(|§n|) | Fr- 1] a.e.

Note that ¢, > 1, it follows from (3.19), (3.21), and (3.22) that

) Pu(%)
E[¥ 1%, 1]<2 2 an PR 1]
(3.23)
<25 o [ 5 | E[gXa) | ] ae
> Cn+ (Pn(|§n ¢n n n-1 -C.

And it follows from (2.17) and (3.23) that

2 o) 2
ZE[YH% 1] <2 Zé [(p ég I)] [¢n(1Xn]) | Fn1] <o ae. on AB. (3.24)
n=1Cn  n=1 nilon

It follows from Lemma 3.1 that (2.18) holds. Furthermore, when ¢, T oo, it follows from
Kronecker’s lemma that (2.19) holds. The theorem is proved. O
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