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We prove the Hyers-Ulam stability of a 2-dimensional quadratic functional equation in a class of
vector variable functions in Banach modules over a unital C*-algebra.

1. Introduction

In 1940, Ulam proposed the stability problem (see [1]):

Let Gy be a group and let G, be a metric group with the metric d(:,-). Given € > 0, does there
exist a & > 0 such that if a mapping h : Gi — Gy satisfies the inequality d(h(xy), h(x)h(y)) < 6
for all x,y € G then there is a homomorphism H : Gy — Gy with d(h(x),H(x)) < ¢
forall x € Gy?

In 1941, this problem was solved by Hyers [2] in the case of Banach space. Thereafter,
we call that type the Hyers-Ulam stability. The authors investigated various functional
equations and their Hyers-Ulam stability [3-8]. This Hyers-Ulam stability is a classical type
of stability, but there is another kind of stability introduced by Risteski [9] for functional
equations spanned over an n-dimensional complex vector space too.

Let X and Y be real or complex vector spaces. For a mapping g : X — Y, consider the
quadratic functional equation

g(x+y) +g(x—y) =2g(x) +28(y)- (1.1)
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In 1989, Aczél and Dhombres [10] obtained the solution of (1.1) for the case that Y acts on
X. The result also holds when X and Y are arbitrary real or complex vector spaces. For a
mapping f : X x X — Y, consider the 2-dimensional quadratic functional equation:

flx+y,z-w)+f(x-y,z+w) =2f(x,z) +2f (y, w). (1.2)

The quadratic form f : RxR — R given by f(x,y) := ax? + by? is a solution of (1.2). In 2008,
the authors of [8] acquired the general solution and proved the stability of the 2-dimensional
quadratic functional equation (1.2) for the case that X and Y are real vector spaces as follows.

The results of [8, Theorems 3 and 4] also hold for complex vector spaces X and Y. In
this paper, we investigate the stability of (1.2) with two module actions in Banach modules
over a unital C*-algebra.

2. Preliminaries

Let A be a unital C*-algebra with a norm | - |, and let 4_# and 4/ be left Banach A-modules
with norms || - || and || - ||, respectively. Put Ay := {a € A | |a] = 1}, Ain == {a € A |
a is invertible in A}, Asa == {a € A | a* = a}, U(A) = {a € A | aa* = a*a = 1},
A" :={ae€ As | Sp(a) C[0,0)},and A7 := A; N A",

Definition 2.1. A 2-dimensional vector variable quadratic mapping F : A M x s M — AN
satisfying (1.2) is called A-quadratic if F(ax, ay) = a®F(x,y) foralla€ Aand all x,y € 4, M.

Definition 2.2. A unital C*-algebra A is said to have real rank 0 (see [11]) if the invertible
self-adjoint elements are dense in As,.

For any element a € A, a = a; + iay, where a; := (a + a*)/2 and a, := (a — a*)/2i are
self-adjoint elements; furthermore, a = aj — aj +iaj —ia,, where aj, a;, a; and a, are positive
elements (see [12, Lemma 38.8]).

3. Results
Theorem 3.1. Let ¢ : R x R — R be a function satisfying
g(s+t,u—v)+¢(s—t,u+v)=2¢(s,u) +2¢(t0) (3.1)
forall s, t,u,v € R. If the function ¢ is a Borel function, then it also satisfies
¢ (s,t) = Sg(1,0) + (0, 1) (32)

foralls,t € R.

Proof . By [8, Theorem 3], there exist two symmetric biadditive mappings S,T : RxR — R
such that ¢ (s,t) = S(s,s) + T(t,t) for all s,t € R. By the proof of Theorem 3 in [8], we gain

¢(pu,qv) = S(pu,pu) + T(qv,qv) = p*S(u, u) + g°T(v,v) = p*¢(u,0) + g*¢(0,0)  (3.3)
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forallp,q € Qand all u,v € R. Letting p = v = 1 in the equality (3.3), we get
¢(u,q) = ¢(1,0) + ¢°¢(0,1) (3.4)
for all u € R and all g € Q. Putting u = v = 1 in the equality (3.3) again, we have
¢(p.a) =p'¢(1,0) +q'¢(0,1) (35)

for all p,g € Q. Since the function v — (1, v) is measurable and satisfies (1.1), by [13], it is
continuous. By the same reasoning, u — (1, v) is also continuous. Let s, € R be fixed. Since
¢ is measurable, by [14, Theorem 7.14.26], for every m € N there is a closed set F,, C [s,s + 1]
such that p([s, s+ 1]\ F;;) < 1/m and ¢|f, «r is continuous. Since yu(F,,) — 1, one can choose
Uy € F,, satistying u,, — s. Take a sequence {g,,} in Q converging to t. By the equality (3.4),
we get

(F(um/ t) = (P'(um/ r}g{}g%) = ;}EI;O([«‘(umr qn) = nlglgo [(P(umr O) + qilp(ol 1)] (3 6)

= ¢ (tm, 0) + £2¢(0,1)

for all m € N. For each fixed m € N, take a sequence {p,} in Q converging to u,,. By (3.5) and
the above equality, we have

¢ (U, t) = q;< lim pn,0> +#¢(0,1) = lim ¢s(pn, 0) + Py (0,1)

(3.7)
= lim p2g(1,0) + ¢ (0,1) = u2,¢6(1,0) + 2¢s(0, 1).
Hence we see that
(s, t) = tp< lim u,,, t) = lim ¢ (uy, t) = lim [ufn(p(l,O) + tzqr(O,l)]
= s%¢(1,0) + £y (0, 1),
as desired. O

Lemma 3.2. Let X and Y be normed spaces and r #2 a real number, and let f : X x X — Y bea
mapping such that

£ +y z-w) + fx -y z+w) =2f(x,2) = 2f (y, ) | < x| + [yl + |=]" + [zl
(3.9)
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forall x,y,z,w € X. Suppose f(0,0) = 0 for r > 2. If Y is complete, then there exists a unique

2-variable quadratic mapping F : X x X — Y such that

1
2 _9or-1

2l r r
ol 3l

If (xy) = F(xy) <

forall x,y € X. The mapping F is given by

lim %f(fo,ny) (r<2),

oo
F(x,y) := Cxy
Jmdr(55) ¢>2

forallx,y € X.

Proof. Letting y = x and w = —z in (3.9), we gain

|76+ -2 - 5 170,00+ peaw22)

for all x, z € X. Putting x = 0in (3.12), we get

[re2+r0-2- 1r0.0+ r0.22)

| <talr
for all z € X. Replacing z by —z in the above inequality, we have

Hf(O,—z) +f(0,z) - % [£(0,0) + £(0,-2z)]

<=l

for all z € X. By the above two inequalities, we see that
1£0,22) = £(0,-22)[| < 4ll=I"
for all z € X. Setting y = x and w = z in (3.9), we obtain that
[1f(2x,0) + £(0,22) = 4f (x, 2) || < 2(llx]" + II=]")
for all x, z € X. Replacing z by —z in the above inequality, we see that

|l f(2x,0) + £(0,-22) = 4f (x,—=2) || < 2(lIx|I" + lIz]")

r r 1
Cllxll” +3llwll") + 3170 (- <2),

' <l + J2I"

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)
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for all x, z € X. By the last two inequalities, we know that

[re.21- s - 170,220 - 0220 | < e peir (.19)

for all x, z € X. By (3.12) and (3.18), we obtain that

1 1 r r
“f(x, z) - g[f(O,Zz) - f(0,-22)] - 1 [£(0,0) + f2x,22)] || < llxI” + ||zl (3.19)
for all x, z € X. By (3.15) and the above inequality, we have
1 ry 3
|- 1 0+ fex 22| < i+ Sia (3:20)
for all x, z € X. Thus we obtain that
lf(zfx 2fz> . [f(o 0) +f(2f+1x 2f+1z)] <20 (|1 + 2|1z (3.21)
4i ’ 4+ 7 ’ - 2 '

for all x, z € X and all j. Replacing z by y in the above inequality, we see that

H%f<2fx, 2ly) - 4],1+1 [£(0,0)+ £(271x, 271y )|

<2 (| 5l 622

for all x, y € X and all j. For given integers I, m (0 < I < m), we obtain that

21(7—2) _ 2m(r—2) 3
< (I3 )

(3.23)

H4imf(2’”x,2’”y) - %f(le,21y> + %(% - 4im>f(010)

forall x,y € X.

Consider the case r < 2. By (3.23), the sequence {(1/4/)f(2/x,2/y)} is a Cauchy
sequence for all x,y € X. Since Y is complete, the sequence {(1/4/) f(2/x,2/y)} converges
forall x,y € X. Define F : X x X — Y by F(x,y) :=lim;_,(1/4/)f (2/x,2y) forall x,y € X.
By (3.9), we have

%f(zj(x+y),27(z—w)> + %f(zf(x—y),zf(z+w)>

(3.24)
2 N2 L
3 f (@ 22) = L (@2 | <2l =]+ el

for all x,y,z,w € X and all j. Letting j — oo, we see that F satisfies (1.2). Setting I = 0
and taking m — oo in (3.23), one can obtain inequality (3.10). If G : X x X — Y is another
2-dimensional vector variable quadratic mapping satisfying (3.10), by [8, Theorem 3], there
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are four symmetric biadditive mappings S,T,U, V : X x X — Y such that F(x,y) = S(x, x) +
T(y,y) and G(x,y) = U(x,x) + V(y,y) for all x, y € X. Thus we obtain that

|F(x,y) - G(x,y)|l = [|S(x,x) + T(y,y) -U(x,x) - V(y,y)|

= 4ln |S(2"x,2"x) + T(2"y,2"y) - U (2"x,2"x) - V (2"y,2"y) |
1 n n n n
- Ljr@2y) - 0@ 2|

1 n n n n 1 n n n n
< g IF@x2') - f@'x 2|+ IF (2" 2"y) - G@"x,2'y) |

2"(7‘*2) , , 21—211
< s el + 3yl + S 0.0

— 0, asn—

(3.25)

for all x, y € X. Hence the mapping F is the unique 2-dimensional vector variable quadratic
mapping, as desired.
Next, consider the case r > 2. Since f(0,0) = 0, by inequality (3.20), we gain

47 (3. 2) - £ 2)|| < s @Al +30211) (326)

for all x, z € X. Thus we get

() (55)

for all x, z € X and all j. Replacing z by y in the above inequality, we have

41'+1f<2]x+1 2]“)_ 1f< >

for all x, y € X and all j. For given integers I, m (0 < I < m), we obtain that

< 27T (o||x|” + 3)|z]") (3.27)

<PE " + 3yl (3.28)

- . Xy 22—7_2(2—r)(m+1) , ,
f (o) 47 (5 3|« o — @l 3l 629
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for all x,y € X. By (3.29), the sequence {4/ f (x/2/,y/2/)} is a Cauchy sequence for all x,y €

X. Since Y is complete, the sequence {4/ f(x/2/,/2/)} converges for all x,y € X. Define
F:XxX — Yby F(x,y) :=lim; .4/ f(x/2/,y/2) for all x,y € X. By (3.9), we have

xX+y z-—w -y z+w (X z (Y w
4] 4] T _2'4] 7 _2'4] 7
(5T ) (55 (e s) 2 v (53)

<2E (|l + QN + =17+ 3llel")

(3.30)

forall x,y,z,w € X and all j. Letting j — oo, we see that F satisfies (1.2). Setting [ = 0 and
taking m — oo in (3.29), one can obtain inequality (3.10). If G : X x X — Y is another 2-
dimensional vector variable quadratic mapping satisfying (3.10), by in [8, Theorem 3], there
are four symmetric biadditive mappings S,T,U, V : X x X — Y such that F(x,y) = S(x, x) +
T(y,y) and G(x,y) = U(x,x) + V(y,y) for all x, y € X. Thus we obtain that

|F(x,y) -G(x, )| = ||S(x, %) + T(y,y) —U(x,x) - V(y,y)||

=455 30) + T e) U 30) V(3o 30)
=4n F(;z zyn> G(zxn zyn)i -
<#F (50 30) 1 Go 3|+ G 30) -SG50

2(2 r)(n+l

< W(lexll +3ly|l")

— 0, asn— oo

for all x, y € X. Hence the mapping F is the unique 2-dimensional vector variable quadratic
mapping, as desired. O

Theorem 3.3. Let r #2 be a real number, and let f : s M x o M — 4 N be a mapping such that

||f(ax +ay,az - aw) + f (ax — ay,az + aw) - 2a°f (x,z) - 2a° f (y, w) ” (332)

<"+ Myl + D=1+ el

forallae Avandall x,y,z,w € 4 M. If f(tx,ty) is continuous in t € R for each fixed x,y € A M,
then there exists a unique 2-dimensional vector variable A-quadratic mapping F : o M x o M — AN
satisfying (1.2) and (3.10) for all x,y € 4 M.

Proof. Suppose r < 2. By Lemma 3.2, it follows from the inequality of the statement for a = 1
that there exists a unique 2-dimensional vector variable quadratic mapping F : s M x s M —
4 satisfying (1.2) and inequality (3.10) for all x, y € 4 M.

Let xo, yo € 4 M be fixed. And let L : 4/ — R be any continuous linear functional,
that is, L is an arbitrary element of the dual space of 4 N. For n € N, consider two
functions §, : R — R and ¢, : R — R defined by {,(t) := (1/4")L[f(2"tx0,0)] and
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&n(t) = (1/4")L[f(0,2"tyo)] for all t € R. By the assumption that f(tx,ty) is continuous
int € R for each fixed x,y € 4, the functions ¢, and ¢, are continuous for all n € N. Note
that ¢,(t) = (1/4"L[f(2"x0,0)] = L[(1/4") f(2"tx0,0)] and &,(t) = (1/4")L[f(0,2"ty0)] =
L[(1/4™")f(0,2"tyo)] for all n € N and all t € R. By [8], the sequences {(,(t)} and {&,(t)}
are Cauchy sequences for all t € R. Define two functions { : R — Rand ¢ : R — R by
¢(t) = limy, o Cu(t) and &(¢) = lim,, o &, (¢) for all t € R. Note that {(t) = L[F(tx,0)] and
&(t) = L[F(0,tyo)] for all t € R. Since F satisfies (1.2), we get
C(s+t)+¢(s—t) = L(F[(s +t)xo,0]) + L(F[(s — t)x0,0])

= L(F[(s + t)x0,0] + F[(s = t)x0,0]) = L[F(sxq + txo,0) + F(sxq — tx0,0)]

= L[2F (sxo,0) + 2F (tx0,0)] = 2L[F(sx0,0)] + 2L[F (tx0,0)] = 2¢(s) +2¢(t),
é(s+t)+é(s—t) =L(F[0,(s+t)yo]) + L(F[O, (s - )yo])

=L(F[0,(s+tyo] + F[0, (s — t)yo]) = L[F(0, syo + tyo) + F(0,syo — tyo)]

= L[2F(0,syo) +2F(0,tyo)] = 2L[F(0,syo)] + 2L[F(0,tyo)] = 2é(s) + 2&(t)

(3.33)

for all s,t € R. Since ¢ and ¢ are the pointwise limits of continuous functions, they are Borel
functions. Thus the functions ¢ and ¢ as measurable quadratic functions are continuous (see
[13]), so have the forms {(t) = #2¢(1) and &(t) = t?¢(1) for all t € R. Since F satisfies (1.2), by
[8, Theorem 3], there exist two symmetric biadditive mappings S,T : X x X — Y such as
F(x,y) =S(x,x) + T(y,y) for all x, y € X. Hence we have

L[F(txo,tyo)] = L[F(tx0,0) + F(0,tyo)] = L[F(tx0,0)] + L[F(0,tyo)] = &(F) + é(t)
= £2¢(1) + £2¢(1) = L[F (xo,0)] + L[F (0, 0)]
= 2L[F(x0,0) + F(0,10)] = £*L[S(xx0, x0) + T (0, y0)]

= t*L[F (xo,¥0)] = L[tZF(XO,yo)]

(3.34)

forallt € R. Since L is any continuous linear functional, the 2-dimensional quadratic mapping
F: o Mx oM — A satisfies F(txo, tyo) = t2F(xo, yo) for all t € R. Therefore we obtain

F(tx,ty) = F(x,y) (3.35)

forallt € Rand all x,y € 4. Let j be an arbitrary positive integer. Replacing x and z by 2/x
and 2/z, respectively, and letting y = w = 0 in inequality (3.32), we gain

||f(zfax,2faz) - a2 f(2x,2/z) - a2£(0,0) || <2 (x| + |1z (3.36)

forall a € A and all x,z € 4. Note that there is a constant K > 0 such that the condition

llav]| < Klal|[| (3.37)
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for each a € A and each v € 4 (see [12, Definition 12]). Foralla € A; and all x, y € 4.,
we get

1 . . . . P(r—2)— r r K|a|2
E”f(zfax,zfay) - a2 f(2x,2y) | < 20D () + leoll) + —lfo]—o 638
as j — oo. Hence we have
1 . . 1 S
F(ax,ay) = ]lirgozf (2] ax, 2]ay) = azjllngozf<2]x, 27y> = a’F(x,y) (3.39)

forall a € A; and all x,y € 4. Since F(ax,ay) = a®F(x,y) for each a € A;, by (3.35), we
obtain

_ 2ty = 1aPE( Ex Ly = 2
F(ax,ay) = F<|a||a|x,|a||a|y> |al F<|a|x, |a|y> a’F(x,y) (3.40)

for all nonzero a € A and all x,y € 5. By (3.35), we get F(0x,0y) = 0°F(x,y) for all
X,y € s M. Therefore the mapping F : 4 M x oM — 4N is the unique 2-dimensional vector
variable A-quadratic mapping satisfying (1.2) and (3.10).

The proof of the case r > 2 is similar to that of the case r < 2. O

Theorem 3.4. Let r #2 be a real number and A of real rank O, and let f : A Mx oM — AN bea
mapping such that

| f (ax + ay, bz — bw) + f (ax — ay, bz + bw) - 2abf (x,z) - 2ab(y, w) ||
(3.41)
<l + liyll” + l1zl" + llzoll”

forall a,b € (A] N Ajn) U {i} and all x,y,z,w € M. For each fixed x,y € 5_M, let the sequence
{(1/4)) f (2 ax,2/by)} converge uniformly on Ay x Ay. If f(ax, by) is continuous in (a,b) € (A1 U
R)? for each fixed x,yy € 4_M, then there exists a unique 2-dimensional vector variable mapping
F: g Mx oM — 4N satisfying (1.2) and (3.10) such that F(ax,by) = abF(x,y) for all a,b €
AT Uli}andall x,y € 4 M.

Proof. Suppose r < 2. By [8, Theorem 4], there exists a unique 2-dimensional quadratic
mapping F : s Mx 4, M — 4N satisfying (1.2) and inequality (3.10) on 4 M x 4 M. Let
X0, Yo € aM be fixed. And let L be an arbitrary element of the dual space of 4 . Forn € N,
consider the functions ¢, : R x R — R defined by ¢,(s,t) = (1/4") L[f(2"sxo,2"tyo)]
for all s,t € R. By the assumption that f(ax,by) is continuous in (a,b) € (A; U R)? for
each fixed x,y € ,_M, the function ¢, is continuous for all n € N. Note that ¢,(s,t) =
(1/4™) L[f(2"sx0,2"tyo)] = L[(1/4") f(2"sxo,2"tys)] for all n € N and all s,t € R. By [8],
the sequence ¢, (s, t) is a Cauchy sequence for all s,t € R. Define a function ¢ : RxR — R by
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(s, t) == lim, . n (s, t) for all s,t € R. Note that ¢ (s,t) = L[F(sxo,tyo)] for all t € R. Thus
we have

@(s1+Sy,t1 —t) + (51 —s2, b1 + £2)
= L(F[(s1 + s2)x0, (t1 — t2)yo] ) + L(F[(s1 — s2)x0, (t1 + £2) o] )
= L(F[(s1 + s2)x0, (t1 — t2)yo]| + F[(s1 — s2)x0, (t1 + t2) 0] )
= L[F(s1x0 + $2x0, tiyjo — tayo) + F (810 — $2x0, t1y0 + £2/0) | (3.42)
= L[2F (s1x0, t1y0) + 2F (s2x0, t2y0)]
= 2L[F(s1x0,t1y0)] + 2L [F (s2x0, t2y0)]
=2¢(s1,t1) +2¢(s2, )

for all sq,s5,t1,t, € R. Since ¢ is the pointwise limit of continuous functions, it is a Borel
function. By Theorem 3.1, we gain ¢ (s, t) = s>¢(1,0) + t2¢s(0, 1) for all s, € R. Hence we get

L[F (sxo,tyo)] = ¢(s,t) = s*¢(1,0) + t2¢(0,1) = s°’L[F(x0,0)] + *L[F (0, yo)]
(3.43)
- L[st(xo,O) +2F(0, yo)]

for all s,t € R. Since L is any continuous linear functional, the 2-dimensional quadratic
mapping F : 4 M x o M — 4N satisfies F(sxo,tyo) = s*°F(x0,0) + ?F(0,yo) for all s, € R.
Therefore we obtain

F(sx,ty) = s*F(x,0) + £*F(0,y) (3.44)

forall s,t € Rand all x,y € 4. Let j be an arbitrary positive integer. Replacing x and z by
2/x and 2/z, respectively, and letting y = w = 0 in the inequality (3.41), we get

||f(2iax,2sz) - abf<zfx, zfz) —abf(0,0) ” <2 (Jlx|l” + 12" (3.45)

foralla,b € (A{NAiy)U{i} and all x,z € oM. By condition (3.37), forall a,b € (A]NA;,)U{i}
and all x,y € 4 M, we have

1 . : o o) K|al|b|
- _ (r-2)-1 r r
ol (Fax.2by) —abf (27x,27y) | <2027 (1 + I1217) + == 1£0,0)] .6)
—0, asj— oo.
Hence we obtain that
F(ax,by) = lim l.f<2jax 27by> = ab lim l.f(ij ij> = abF(x,y) (347)
]__)004] 7 ]_}004] ’ 7

forall a,b € (AN Ajp)U{i}andallx,y € 4 M.
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Let c,d € A] \ Ajn. Since Aj,; N Ag, is dense in Ag,, there exist two sequences {c;}

and {d;} in Aj, N Asy such that¢; — cand d; — dasj — o. Putp; = (1/|cj|) ¢; and

j = (1/|d;])d;. Then p; — cand q; — dasj — oo.Set a; := \/p;*p; and b; := 1/q;*q;. Then

aj —» candb; — dasj — ooand aj,b; € A] N Aj,. Since {(1/47) f (2 ax,2'by)} is uniformly

converges on A; x Ay and f(ax, by) is continuous in a,b € A;, we see that F(ax, by) is also
continuous in a, b € A; for each x,y € 4 M. In fact, we gain

1
lim F(ax,by) = —f(2/ax,2/by) = lim  lim 2ax,2'b
(a,b) = (c,d) ( y) (ab)ﬂ(cd)]—mo f< y> ]Loo(ab)a(cd)ﬁl] ( y>
(3.48)
= lim —f <2]cx 2]dy> = F(cx,dy)
jmo4
forall x,y € 4 M. Thus we get
lim F(ajx, bjy) = F(lim ajx, lim bjy> = F(cx,dy) (3.49)
] — j— o j—o

for all x,y € oM. By equality (3.47), we have

IF(ajx, bjy) = cdF (x,y) || = |a;biF (x,y) = cdF (x,y) || — [ledF (x,y) - cdF (x, y) || 5 0 |
3.50

asj — ooforall x,y € 4 M. By equality (3.49) and the above convergence, we see that

1 (ex, dy) = edF (x,y)|| < || F(ex, dy) = F(ajx, by) || + | (a;x, bjy) ~ edF (x, )| 351
— 0 asj— o0 '

for all x,y € A M. By equality (3.47) and the above convergence, we obtain F(ax,by) =
abF(x,y) forall a,b € AJ U {i} and all x,y € 4. O

The proof of the case r > 2 is similar to that of the case r < 2.
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