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We obtain the generalized Hyers-Ulam stability of the Cauchy-Jensen functional equation 2 f (x +
¥, (z+w)/2) = f(x,2) + f(x,w) + f(y,2) + f(y, w).

1. Introduction

In 1940, Ulam proposed the general Ulam stability problem (see [1]).

Let Gy be a group and let G, be a metric group with the metric d(-,-). Given € > 0, does there
exist a &6 > 0 such that if a mapping h : Gy — G; satisfies the inequality d(h(xy), h(x)h(y)) < 6 for
all x,y € Gy then there is a homomorphism H : Gi — Gy with d(h(x), H(x)) < € forall x € G;?

In 1941, this problem was solved by Hyers [2] in the case of Banach space. Thereafter,
we call that type the Hyers-Ulam stability.

Throughout this paper, let X and Y be vector spaces. A mapping g : X — Yiscalled an
additive mapping (respectively, an affine mapping) if g satisfies the Cauchy functional equation
g(x+y) = g(x)+g(y) (respectively, the Jensen functional equation 2g((x+y)/2) = g(x)+g(y)).
Aoki [3] and Rassias [4, 5] extended the Hyers-Ulam stability by considering variables for
Cauchy equation. Using the method introduced in [3], Jung [6] obtained a result for Jensen
equation. It also has been generalized to the function case by Gavruta [7] and Jung [8] for
Cauchy equation, and by Lee and Jun [9] for Jensen equation.

Definition 1.1. A mapping f : X x X — Y is called a Cauchy-Jensen mapping if f satisfies the
system of equations
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f(x+y,2) = flx,2)+ f(y,2),

2f<x’yT+z) = f(x,y) + f(x,2). (1.1)

When X =Y =R, the function f : RxR — R givenby f(x,y) := axy +bx is a solution
of (1.1). In particular, letting x = y, we get a function ¢ : R — R given by g(x) = f(x,x) =
ax? + bx.

For a mapping f : X x X — Y, consider the functional equation

+ w

2f (x+y,= . ) = f(x2) + flxw) + f(y,2) + £ (y,0). (1.2)

Definition 1.2 (see [10, 11]). Let X be a real linear space. A quasi-norm is real-valued function
on X satisfying the following.

(i) |lx]l > 0 for all x € X and ||x|| = 0 if and only if x = 0.
(i) ||[Ax]| = |A|||x]|| for all A € R and all x € X.
(iii) There is a constant K > 1 such that ||x + y|| < K(||x|| + ||ly||) for all x, y € X.

The pair (X, ||-||) is called a quasi-normed space if ||-|| is a quasi-norm on X. The smallest

possible K is called the modulus of concavity of || - ||. A quasi-Banach space is a complete quasi-
normed space. A quasi-norm || - || is called a p-norm (0 < p < 1) if
[l + 1" < 1<l + [l 1" (1.3)

for all x, y € X. In this case, a quasi-Banach space is called a p-Banach space.
The authors [12] obtained the solutions of (1.1) and (1.2) as follows.

Theorem A. A mapping f : X xX — Y satisfies (1.1) if and only if there exist a biadditive mapping
B: X xX — Y and an additive mapping A : X — Y such that f(x,y) = B(x,y) + A(x) for all
x,yeX.

Theorem B. A mapping f : X x X — Y satisfies (1.1) if and only if it satisfies (1.2).

In this paper, we investigate the generalized Hyers-Ulam stability of (1.1) and (1.2).

2. Stability of (1.1) and (1.2)

Throughout this section, assume that X is a quasi-normed space with quasi-norm || - ||x and
that Y is a p-Banach space with p-norm || - ||y. Let K be the modulus of concavity of || - [|y.
Letgp: X xXxX — [0,00) and ¢ : X x X x X — [0, o0) be two functions such that

fim 217<P(2"x, 2"y,z) =0,  lim 2174’ (2"x,y,2) =0, (2.1)

. 1 n : 1 n n
lim 3_n‘/’(x'y'3 z) =0, nlgr;os—nq;(x,B y,3"z) =0 (22)

n—oo
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forall x,y,z € X, and

X1 . .

M(x,y,z) = Zﬁ(p@]x,zfy, z)p < oo, (2.3)
j=0
1

N(x,y,z) := 237](,0<x 3y, 3]z> © (2.4)
j=0

forall x,y,z € X.

Theorem 2.1. Suppose that a mapping f : X x X — Y satisfies the inequalities

If(x+y,2) - f(x,2) - f(w, 2y <9 (x,y,2), (2.5)
o (= 457) - £ - )| <wtew2) 26)
forall x,y,z € X. Then the limits
1 : 1 .
Fe(x,y) = iILTOEf(ZJx, y), Fi(x,y) = ]_h_)rggf(x, 3]y> (2.7)

exist for all x,y € X and the mappings Fc : X x X — Y and F; : X x X — Y are Cauchy-Jensen
mappings satisfying

1
1f () = Fe(x ) lly < sM(x )7, (2.8)

1F ey - f 0 - FrGeylly < SNy, y)" 2.9)

forallx,y € X.

Proof. Letting y = x and replacing z by y in (2.5) then,
1f @) =2f G )lly < 9(xxy) (210)

for all x, y € X. Replacing x by 2"x in the above inequality and dividing by 2"*!, we get

+ 1 n 1 n n
2n+1f< 2" x )- 5 f (2 x,y)”Y < 2n+1tp(2 x,2"x,y) (2.11)
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for all x, y € X and all nonnegative integers n. Since Y is a p-Banach space, we have

P

n
YSZ

L f(@ny) - ey

(2.12)

for all x,y € X and all nonnegative integers n and m with n > m. Therefore we conclude
from (2.3) and (2.12) that the sequence {(1/2")f(2"x,y)} is a Cauchy sequence in Y for all
x,y € X. Since Y is complete, the sequence {(1/2") f(2"x,y)} convergesin Y for all x,y € X.
So one can define the mapping Fc : X x X — Y by

1
Fe(x,y) = nlgr;o Z—nf(Z"x, Y) (2.13)

for all x,y € X. Letting m = 0 and passing the limit n — oo in (2.12), we get (2.8). Now, we
show that F¢ is a Cauchy-Jensen mapping. It follows from (2.1), (2.11), and (2.13) that

1
IFe(2x,) ~2Fe (el = Jim | 52 £ @) = o Fre |
_ : 1 n+l n
= ZnIEIC}O 2n+1f<2 x, y) - z—nf(Z x,y)“y (2.14)

< lim — (p(Z”x,2”x,y) 0

TlHOO

for all x,y € X. So Fc(2x,y) = 2Fc(x,y) forall x,y € X.
On the other hand it follows from (2.1), (2.5), (2.6), and (2.13) that

[Fe(x +y,2)~Fe(x,2)-Fe(y, 2) [y = 11m—||f(2"x+2"ylz) f@"%,2)-f 2"y, 2)lly

—>oo n
< lim — (2"x,2"y,z) =0
_n—>002n(P &Y, ’

.1
ST

+z
HzF(_‘<X,y2 )_FC(xry)_FC(y’z)
Y

F(20 55 )-F @ y)-r @) |

IN

1
lim 2—n(p(2”x, ¥,z)=0
(2.15)

for all x,y,z € X. Thus Fc is a Cauchy-Jensen mapping. Next, setting z = —y in (2.6) and
replacing y by —y and z by 3y in (2.6), one can obtain that

12 (x,0) = f(x, ) = F(x, =) ly < w(xy,-y),
12f (x, ) = f(x,—y) = f(x,39)|ly < ¢(x,-y,3y),

(2.16)
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respectively, for all x, y € X. By two above inequalities,
13f(x, ) = 2f (x,0) = f(x,39) |, < K(g(x,y,-y) + ¢(x,~y,3y)) (2.17)

for all x,y € X. By the same method as above, one can find a Cauchy-Jensen mapping F;
which satisfies (2.9). In fact, Fj(x, y) = limj_ (1/37) f(x,3/y) forall x,y € X. O

From now on, let y : X x X x X x X — [0, o0) be a function such that

lim %(p(Z"x, 2"y,3"z,3"w) =0, (2.18)
n— oo
L(x,y,z,w) := OOE i)((2]'35 2y,3/z 3jw)p <o (2.19)
4 4 7 . j:O 6Pj 7 4 4 .

forall x,y,z,w € X.
We will use the following lemma in order to prove Theorem 2.3.

Lemma 2.2 (see [13]). Let 0 < p < 1and let x1,x3, . .., x, be nonnegative real numbers. Then

P
<Zx,-> < b (2.20)

j=1 j=1

Theorem 2.3. Suppose that a mapping f : X x X — Y satisfies f(x,0) = f(0,x) = 0 and the
inequality

Z+w

|2f (x+v.°57) - fx2) - frw) - f2) - fyw)| < x(ryzw)  @21)

forall x,y,z,w € X. Then the limit F(x,y) := lim; o, (1/6/) f(2/x, 3]y) exists for all x,y € X and
the mapping F : X x X — Y is the unique Cauchy-Jensen mapping satisfying

If(x,v) - Fxy)ly < %g(x,y)“”, (2.22)

where

1 . . . N
v(x,y):=> —|3yv(2/x,2/x,3y, -3/
X(xy) ;06,,,[ x( y,-3y)

+ K% <X<27x, 2x,-3y, 37y>P + X(ij, 2x,3ly, 3jy>p> (2.23)

o o P, .
+ szx<21x,27x, —3’y,3]+1y>p + 12<—px<27x,27x,37+1y,37+1y>p]

orall x,y € X.
f y
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Proof. Letting y = x in (2.21), we get
||2f<2x, z-kTw> -2f(x,z) - 2f(x,’w)||Y < x(x,x,z,w) (2.24)
for all x, z, w € X. Putting z = y and w = —y in (2.24), we get
12f (x, y) + 2f (x, =)l < x (%%, v, ~y) (2.25)
for all x, y € X. Replacing z by —y and w by -y in (2.24), we get

| f@2x,~y) =2f (x,-p)]ly < %X(x, xX,~Y,~Y) (2.26)

for all x, y € X. By (2.25) and (2.26), we have
1
12/ Ge,y) + f2x,=y)ly < K <x(xr Xy, =y) + 5x(0 % -y, —y)) (2.27)
for all x, y € X. Setting z = y and w = -3y in (2.24), we get

| f2x,-y) - f(x,y) - f(x,-3y)]|y < %x(x, X, Y, -3y) (2.28)

for all x, y € X. By (2.27) and the above inequality, we get

1 K
[13f Ge,y) + £, =3y)ly < K (x(x/ XY, =) + 5x(x % -y, —y)> + 5 x(xx,y,-3y)
(2.29)

for all x, y € X. Replacing y by 3y in (2.26), we get
1
£ @x,-3y) - 27 (x, -3yl < 5x(x,x, -3y, -3y) (230)

for all x, y € X. By (2.29) and the above inequality, we have

ll6f (x,y) + f(2x,-3y) ||y < K> 2x(x,x,y,-y) + x(x, x, -y, -y)) + K’x(x,x,,-3y)

+ %x(x, x,-3y,-3Yy)
(2.31)
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for all x, y € X. Replacing y by —y in the above inequality, we get

ll6f (x,—y) + f(2x,3y) ||y < K*Qx(x,x, -y, y) + x(x, %, v,y)) + K> x(x,x,-y,3y)

K (2.32)
+ 5 x(x,x,3y,3y)
for all x, y € X. By (2.25) and the above inequality, we get
l6f (x,v) — £(2x,3y) ||, < x«(x,v), (2.33)
where
X-(x,y) = 3Ky (x, x, y,=y) + K* (2 (x, %, -y, y) + x (%, %, y,y)) + Ky (x, x, -y, 3y)
(2.34)

KZ
+ 7x(x, x,3y,3y)
for all x, y € X. Replacing x by 2"x and y by 3"y in the above inequality and dividing 6"*!,we
get

1 n n 1 n+l n+l 1 n n
gf(Z x,3"y) - 6"+1'f<2 x,3 y>||y < %X*(Z x,3"y) (2.35)

for all x, y € X and all nonnegative integers n. Since || - ||y is a p-norm, we have
n

52

=m

6121% (2x,37y)"

6n+l f(2n+1 X 3n+1y) _f(zmx’ 3" 6]+1

f<2j+1x’3j+1y> _ lf(zjx,3iy)“p
6/ Y

(2.36)

for all x,y € X and all nonnegative integers n and m with n > m. Therefore we conclude
from (2.18) and (2.36) that the sequence {(1/6")f(2"x,3"y)} is a Cauchy sequence in Y for
all x,y € X. Since Y is complete, the sequence {(1/6")f(2"x,3"y)} converges in Y for all
x,y € X. So one can define the mapping F : X x X — Y by

F(xy) = lim L f(2"%,3"y) 237)

for all x,y € X. Letting m = 0, passing the limit n — oo in (2.36), and applying lemma,
we get (2.22). Now, we show that F is a Cauchy-Jensen mapping. By lemma, we infer that
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lim, . (1/6™) x«(2"x,3"y) = 0 for all x,y € X. It follows from (2.18), (2.35), and the above
equality that

: 1 n n 1 n n
IF@x39) 6Pyl = fim || £ 3y - o fer 3|

6n1

=6lim

n—oo

;Tf(znﬂ n+1y) (an, 3ny)ll (238)
Y

< lim x*(Z”x 3"y) =0

n—oo

forall x,y € X. So F(2x,3y) = 6F(x,y) forall x,y € X.
On the other hand it follows from (2.18), (2.21), and (2.37) that

"2F(x+y, ) F(x,z) - F(x,w)—F(y,z)—F(y,w)”Y
3"z + 3"w
= nhm — “f(Z"x +2"y, T) - f(2"x,3"z) - f(2"x,3"w)

(2.39)
-f(2"y,3"z) - f(2"y,3"w) HY

lim x(Z"x 2"y,3"z,3"w) =0

n—>oo

for all x,y,z,w € X. Hence the mapping F satisfies (1.2). To prove the uniqueness of F, let
G : X — Y be another Cauchy-Jensen mapping satisfying (2.22). It follows from (2.19) that

lim L L(2"x,2"y,3"2,3"w) = Tim Z— x(2x,27y,3z,3w) =0 (2.40)

n— oo GP1

for all x,y,z,w € X. Hence limnéw;Wf(Z"x, 3"y) = 0 for all x,y € X. So it follows from
(2.22) and (2.37) that

1FG ) =Gyl = Jim ]l F 2, 3) - G, 3')
o (2.41)
< Jim g E ) =0

forallx,y € X.So F = G. O
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