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We establish some new Hermite-Hadamard-type inequalities involving product of two functions.
Other integral inequalities for two functions are obtained as well. The analysis used in the proofs
is fairly elementary and based on the use of the Minkowski, Holder, and Young inequalities.

1. Introduction

Integral inequalities have played an important role in the development of all branches of
Mathematics.

In [1, 2], Pachpatte established some Hermite-Hadamard-type inequalities involving
two convex and log-convex functions, respectively. In [3], Bakula et al. improved Hermite-
Hadamard type inequalities for products of two m-convex and (a,m)-convex functions.
In [4], analogous results for s-convex functions were proved by Kirmaci et al.. General
companion inequalities related to Jensen’s inequality for the classes of m-convex and (a, m)-
convex functions were presented by Bakula et al. (see [5]).

For several recent results concerning these types of inequalities, see [6-12] where
further references are listed.

The aim of this paper is to establish several new integral inequalities for nonnegative
and integrable functions that are related to the Hermite-Hadamard result. Other integral
inequalities for two functions are also established.
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In order to prove some inequalities related to the products of two functions we need
the following inequalities. One of inequalities of this type is the following one.

Barnes-Gudunova-Levin Inequality (see [13-15] and references therein)

Let f, g be nonnegative concave functions on [a, b]. Then, for p,q > 1 we have

b Vp s b 1/q b
<j f(x)”dx> <j g(x)”dx) SB(p,q)J f(x)g(x)dx, (1.1)

where

6(b _ a)(l/p)+(1/q)71
B(p’q): 1/p 1/11.
(p+1)""(g+1)

(1.2)

In the special case g = p we have

b Vp s w 1/p b
<f f(x)”dx> <f g(x)*’dx) SB<p,p>f f(x)g(x)dx (1.3)

with

_6(b—-a)?P!

B(p,P) - (p+1)2/p (14)

To prove our main results we recall some concepts and definitions.

Let x = (x1,x2,...,x,) and p = (p1,p2,...,pn) be two positive n-tuples, and let r €
R U {+00,—00}. Then, on putting P, = >;_; Pk, the rth power mean of x with weights p is
defined [16] by

k=1

( 12 1/r

(P—Zpkx£> , r# +00,0,—o0,
" 1/P,

Y <szk> . =0 (15)
k=1

min(xy,x3,...,X,), T =-0c0,

max(xi, Xo,...,Xy), T =o0.
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Note that if —co < 7 < s < o0, then
1l ¢ pqle] 1
M, < M, (1.6)

(see, e.g., [10, page 15]).
Let f : [a,b] — R and p > 1. The p-norm of the function f on [a, b] is defined by

b 1/p
p
151, = (fJﬂx”dX> o 1sp<e (1.7)
sup| f(x)], p=co,

and LP([a, b]) is the set of all functions f : [a,b] — R such that ||f||p < oo.
One can rewrite the inequality (1.1) as follows:

b
171, sl < B@.a) [ feogas a9

For several recent results concerning p-norms we refer the interested reader to [17].
Also, we need some important inequalities.

Minkowski Integral Inequality (see page 1 in [18])

Letp>1, 0< J's f(x)Pdx < o0,and 0 < fs g(x)Pdx < oo. Then

b 1/p b 1/p b 1/p
<f (f () + g(x))" dx> s( f f(x)”dx> +<f g(x)r’dx> . (1.9)

Hermite-Hadamard'’s Inequality (see page 10 in [10])

Let f : I C R — Rbe a convex function on interval I of real numbers and a,b € I with a < b.
Then the following Hermite-Hadamard inequality for convex functions holds:

b 1 (° b
f(“; ) < f F(x)dx < w (1.10)

If the function f is concave, the inequality (1.10) can be written as follows:

b
f(a);f(b) sbia’[ f(x)def(a;b) (1.11)

For recent results, refinements, counterparts, generalizations, and new Hermite-Hadamard-
type inequalities, see [19-21].
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A Reversed Minkowski Integral Inequality (see page 2 in [18])

Let f and g be positive functions satisfying

0<m< M <M, (x€]ab]. (1.12)

g(x)

Then, puttingc = (M(m+ 1)+ (M +1))/((m+1)(M + 1)), we have

b 1/p b
<f f(x)pdx> + (I g(x)”dx)

One of the most important inequalities of analysis is Holder’s integral inequality
which is stated as follows (for its variant see [10, page 106]).

1/

P b 1/p
< c<f (f(x) + g(x))pdx> : (1.13)

Holder Integral Inequality

Letp>1land 1/p+1/q=1.1f f and g are real functions defined on [a, b] and if || and |g|
are integrable functions on [a, b], then

b b 1/p b 1/q
f|f(x)g(x)|dx§ <f |f(x)|pdx> <I |g(x)|qu> , (1.14)

with equality holding if and only if A|f(x)|” = B|g(x)|? almost everywhere, where A and B
are constants.

Remark 1.1. Observe that whenever, f7 is concave on [a, b], the nonnegative function f is also
concave on [a, b]. Namely,

(f(ta+ (1 =t)b))’ >tf(a)f + (1 -t)f(b), (1.15)
that is,
flta+ (1 -t)b) > (tf(@)f + (1 -t)f(b)")"” (1.16)
and p > 1; using the power-mean inequality (1.6), we obtain
flta+ (1 -1t)b) > tf(a)+ (1-1t)f(b). (1.17)

For g > 1, similarly if g9 is concave on [a, b], the nonnegative function g is concave on

[a,b].
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2. The Results

Theorem 2.1. Let p,q > L and let f, g : [a,b] — R, a < b, be nonnegative functions such that f?
and g9 are concave on [a, b]. Then

f(a)+f(b) gla)+g(b) 1 ’
g BOTER < B | Fostods @)
and if 1/p +1/q =1, then one has
b b b
5 | Feoswar < (10)5(457). @2

Here B(-,-) is the Barnes-Gudunova-Levin constant given by (1.1).

Proof. Since f?, g7 are concave functions on [a, b], then from (1.11) and Remark 1.1 we get

(f(a)r';f(b)v>1/” < (b—la)w <J:f(x)l’dx> Sf(a;'b>,

1/p

(2.3)
g(@)? +g(b)"\ " 1 b Vi sawh
< > > < b <L g(x)Tdx < g( > )
By multiplying the above inequalities, we obtain (2.4) and (2.5)
f@y + fBPN" / g@)! + g(b)T\ ! 1 ‘ v
(e (s (o),

X <£y g(x)qu>l/q,
(b_a)lw (Jb f(X)”dx> N (Jb g(x)qu> " < f(a 5 b)g( = b). (2.5)

If p, g > 1, then it easy to show that

<f(a)” + f(b)”)”” , fla)+ f(b)
2 - 2 ’

y (2.6)
<g(a)q + g(b)q> 7 gla) +g(b)
2 - 2 '

Thus, by applying Barnes-Gudunova-Levin inequality to the right-hand side of (2.4) with
(2.6), we get (2.1).
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Applying the Holder inequality to the left-hand side of (2.5) with 1/p +1/q = 1, we
get (2.2). O

Theorem 2.2. Let p > 1, 0 < [0 f(x)Pdx < o0, and 0 < [* g(x)Pdx < oo, and let f, g : [a,b] — R
be positive functions with

0<m§£§M, Vx € [a,b], a<b. (2.7)

Then

2 2
AL, + Nl 1

—_— > - =2, (2.8)
A lell, s

where s = M/((M + 1)(m + 1)).

Proof. Since f, g are positive, as in the proof of the inequality (1.13) (see [18, page 2]), we have

that
b 1/p b 1/p
() <ifomesere)

b 1/p 1 b 1/p
<f g(x)de> <— <f (f(x) + g(x))”dx> :

By multiplying the above inequalities, we get

(2.9)

2/p

b r s @ 1/p b
<f f(x)pdx> <f g(x)pdx> 55<J (f(x)+g(x))pdx> . (2.10)

1/ 1/
Since ([ f(x)’dx) " = ||fll, and (f! g(x)’dx) " = ||g||,, by applying the Minkowski integral
inequality to the right hand side of (2.10), we obtain inequality (2.8). O

Theorem 2.3. Let f¥ and g7 be as in Theorem 2.1. Then the following inequality holds:

(f(a) + f(0))"(g(a) + g(®)" _
2(p+q) - (

1
e [ 1 )

Proof. If fP, g9 are concave on [a, b], then from (1.11) we get

F@rsfoy 1t
e =l R

q b)4 b
g(a) ‘2"8( ) < (bia)J‘ g(x)7dx,

(2.12)
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which imply that
b

P b)? q b)? b
[f (@) + £ (b) ]4[g(a) +8® _ (b_la)2 <Lf(x)pdx> <I g(x)qu>, (2.13)

On the other hand, if p, g > 1, from (1.6) we get

1/ 1/
(f(a)p+f(b_)p) 22 f @)+ 0], <_g(a—)q§ g(b_)q> "2 2 [gta) + g0, @19

2
or
JM >27P[f(a) + f(b)]", w >271[g(a) + g®)]?, (2.15)
which imply that
[f(a) + f(b)p]4[g(a)q +8(b)7] > (f(a) + (b)) (g(a) + g(b))T2 P+
(2.16)
Combining (2.13) and (2.16), we obtain the desired inequality as
(f(a) + F(B))F (g(a) + g(b)) T2 ¥ < (b_la)z I£17 18115 (2.17)
that is,
2(p+9)
(f(a) +f(0))"(g(a) +g(b)" < z1f BN (2.18)
(b-a) prena 0
To prove the following theorem we need the following Young-type inequality (see [7,
page 117]):

=1. (2.19)

1 1 1
xy< —xP+ =y, forany x,y>0, p>1, =
Yy P qy y X,y p P

Theorem 2.4. Let f, g : [a,b] — R* be functions such that f?,gP, and f g arein Ly [a, b], and

O<m< (Jg% <M, Vx€]lab], abe]|0, ). (2.20)
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b P P q q
[ soastate e < ;- ||g||p> < I+ ||g||q>, o)

Then

where

G2, a2 o)

g \m+1

and 1/p+1/q=1 withp > 1.

Proof. From 0 <m < f(x)/g(x) < M, for all x € [a,b], we have

f) < T () + 8(x)),

: (2.23)
80 < ——(£(x) + ().
From (2.19) with (2.23) we obtain
b b b
f f(x)g(x)dx < % f f(x)Pdx + éJ‘ g(x)Tdx
1/ M \F (" 1/ 1 \7(
< l;< N 1) L (f(x) + g(x))’dx + a<m+ 1> L (f(x) + g(x))"dx.
(2.24)

Using the elementary inequality (c + d)? < 2P71(c? + dP), (p > 1 and ¢, d € R,) in (2.24), we
get

b
[ fegax <

() 2 [y + st
1
q

1 \1 b
+ <m+1> Zq‘lfa[f(x)“g(x)q]dx (2.25)
wr M NLIAHNSIEN 207 1 N/ AN+ sl
=?<M+1> < 2 +E<m+1> 2 '

This completes the proof of the inequality in (2.21). O
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