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By using coincidence degree theory and Lyapunov functions, we study the existence and global
exponential stability of antiperiodic solutions for a class of generalized neural networks with
impulses and arbitrary delays on time scales. Some completely new sufficient conditions are
established. Finally, an example is given to illustrate our results. These results are of great
significance in designs and applications of globally stable anti-periodic Cohen-Grossberg neural
networks with delays and impulses .

1. Introduction

In this paper, we consider the following generalized neural networks with impulses and
arbitrary delays on time scales:

xB(t) = A(t, x()[B(t, x () + F(t, x)], teT, t#t, )
1.1
Ax(te) = x(tf) —x(t;) = I(x(t)), t=t, k€N,

where T is an w/2-periodic time scale and if t € T, 6 € E, thent+ 0 € T, E is a subset
of R© = (-o0,0], A(t,x(t)) = diag(ai(t,x1(t)), az(t, x2(t)), ..., an(t, x4(t))), B(t, x(t)) =
it x1(1), ba(t, x2(1), . ba(t, xa ) F(x) = (it %), falt, ), filt xs) =
filt, xi, %28, xmt), xit(0) = xi(t +60), t € T,0 € E, i = 1,2,...,n, and x(t;), x(t,)
represent the right and left limits of x(tx) in the sense of time scales, {t;} is a sequence of real
numbers such that 0 < t; <t <--- <t, — o asl — oo. There exists a positive integer g such
that tjyy = t) + w/2, Ixiq(u) = -Ix(-u), 1 € Z, u € R. Without loss of generality, we also
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assume that [0,w/2) N {t; : | € N} = {t,ts,...,t,}. For each interval I of R, we denote that
Iy = INT, especially, we denote that T* = T N [0, +00).

System (1.1) includes many neural continuous and discrete time networks [1-9]. For
examples, the high-order Hopfield neural networks with impulses and delays (see [8]):

xXj(t) = —ai(xi(t) | bi(xi(h) = D aij(D)g; (x;(1) = D b (£)gj (xj (t - 7;(t)))
p= =1

(1.2)
- biji(t) g (xj(t -7 (1))gi(x(t = (1)) + L(t) |, t#k,
=1 1=1
Axi(te) = xi(1) —xi(t;) = ex(xi(te)), i=12,...,n, k=1,2,..., (1.3)
the Cohen-Grossberg neural networks with bounded and unbounded delays (see [9]):
x'i(t) = —ai(x;(t)) [bi(xi(t)) - Zcij(t)fj(xj(t)) - Zcij(t)gj (xj(t—m;(t)))

=1 =1

] ] (1.4)
- Zdi,-(t)hj<f Kij(u)x;(t — u) du) + L-(t)], t#t,
=1 0

Ax;(t) =x,~(t;)—x,~(t;) =Lk(xi(ty)), i=12,...,n, k=1,2,..., (1.5)

and so on.

Arising from problems in applied sciences, it is well known that anti-periodic
problems of nonlinear differential equations have been extensively studied by many authors
during the past twenty years; see [10-21] and references cited therein. For example, anti-
periodic trigonometric polynomials are important in the study of interpolation problems
[22, 23], and anti-periodic wavelets are discussed in [24].

Recently, several authors [25-30] have investigated the anti-periodic problems of
neural networks without impulse by similar analytic skills. However, to the best of our
knowledge, there are few papers published on the existence of anti-periodic solutions to
neural networks with impulse.

The main purpose of this paper is to study the existence and global exponential
stability of anti-periodic solutions of system (1.1) by using the method of coincidence degree
theory and Lyapunov functions.

The initial conditions associated with system (1.1) are of the form

xo=¢, thatis, x;(0)=¢i(0), O€E, i=12,...,n (1.6)

Throughout this paper, we assume that

(Hy) ai(t,u) € C(T x R,R*), a;(t + w/2,-u) = a;(t,u), and there exist positive constants
a?‘,alM such that 0 < al" < a;(t,u) < aIM forallte T,ueR,i=1,2,...,n;



Journal of Inequalities and Applications 3

(Hy) bi(t,u) € C(T xR,R),b;(t + w/2,-u) = —b;(t,u). There exist positive constants p;
and Lf such that

abigz u) > Wi, |bi(t,u) — b;(t,v)| < Lf|u -, bi(t,0) =0, (1.7)

forallte T,u,veR,i=1,2,...,n;

(H3) fi € C(T xR",R), fi(t + w/2,-u) = —fi(t,u), fori = 1,2,...,n. There exist positive
constants ¢; such that

|fi(t1x1t1- --/xnt) _fi(t/ylt/'- -/ynt)| < Ciz|xjt _yjt|, (18)

j=1

forall (t,x1t, ..., %ut), (b, Yit, ..., Y) € TxR" and f;(t,0,...,0) =0, i=1,2,...,n;

(Hy) Iix € C(R,R) and there exist positive constants Lfk such that

Lk (u) = Iic(v)] < L Ju - o), (1.9)

forall u,ve R, ke N,i=1, 2, ...,n.
For convenience, we introduce the following notation:

w 1/2
WM = max [h(©), B = min @]l ( f |h(t)|2At) , (1.10)
€[0,w] 0

te[0,w]p

where h is an w-periodic function.

The organization of this paper is as follows. In Section 2, we introduce some definitions
and lemmas. In Section 3, by using the method of coincidence degree theory, we obtain the
existence of the anti-periodic solutions of system (1.1). In Section 4, we give the criteria of
global exponential stability of the anti-periodic solutions of system (1.1). In Section 5, an
example is also provided to illustrate the effectiveness of the main results in Sections 3 and 4.
The conclusions are drawn in Section 6.

2. Preliminaries

In this section, we will first recall some basic definitions and lemmas which can be found in
books [31, 32].

Definition 2.1 (see [31]). A time scale T is an arbitrary nonempty closed subset of real numbers

R. The forward and backward jump operators o, p : T — T and the graininess y : T — R*
are defined, respectively, by

o(t) :=inf{s € T: s> t}, p(t) ==sup{s€T:s <t} ut)=o(t) -t (2.1)
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Definition 2.2 (see [31]). A function f : T — R is called right-dense continuous provided it
is continuous at right-dense point of T and left-side limit exists (finite) at left-dense point of
T. The set of all right-dense continuous functions on T will be denoted by C;q4 = Cy4(T) =
Cw (T, R). If f is continuous at each right-dense and left-dense point, then f is said to be a
continuous function on T, the set of continuous function will be denoted by C(T).

Definition 2.3 (see [31]). For x : T — R, one defines the delta derivative of x(t), x*(t) to be
the number (if it exists) with the property that for a given ¢ > 0, there exists a neighborhood
U of t such that

|[X(0(t)) —x()] - x2(D[o(t) - s]| < elo(t) - sl, (2.2)

for all s € U.

Definition 2.4 (see [31]). If FA(t) = f(t), then one defines the delta integral by
t
J f(s)As = F(t) — F(a). (2.3)

Definition 2.5 (see [33]). For each t € T, let N be a neighborhood of t. Then, one defines the
generalized derivative (or dini derivative), D*u*(t) to mean that, given & > 0, there exists a
right neighborhood N (¢) C N of ¢ such that

u(o(t)) —u(s) <D*ul(t) +¢, (2.4)
p(t,s)
for each s € N(¢), s > t, where u(t,s) = o(t) —s.

In case t is right-scattered and u(t) is continuous at ¢, this reduces to

u(o(t) - u(t)

Drub(t) = o) -t

(2.5)

Similar to [34], we will give the definition of anti-periodic function on a time scale as
following.

Definition 2.6. Let T #R be a periodic time scale with period p. One says that the function
f T — Ris w/2-anti-periodic if there exists a natural number n such that w/2 = np,
f(t+w/2) =—f(t) forallt € T and w is the smallest number such that f(t +w/2) = —f(t).

If T = R, one says that f is w/2-anti-periodic if w/2 is the smallest positive number
such that f(t+w/2) = —f(t) forallt € T.

Definition 2.7 (see [31]). A function p : T — R is called regressive if 1 + u(t)p(t) #0 for all
t € T, where pu(t) = o(t) — t is the graininess function. If p is regressive and right-dense
continuous function, then the generalized exponential function e, is defined by

t
ep(t,s) = exp {f ur) (p(7)) AT } (2.6)
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for s,t € T, with the cylinder transformation

Log@+h2) ¢ h s,
in(2) = h (27)
z, if h=0.

Letp,q: T — R be two regressive functions, we define

p
L+pp

peq:=p+q+pupq, Op:=- , preq=po(eq). (2.8)

Then the generalized exponential function has the following properties.

Lemma 2.8 (see [31, 32]). Assume that p,q: T — R are two regressive functions, then
(i) eo(t,s) =1land ey(t, t) =1;

(i) ep(o(t),s) = (1 + pu(t)p(t))ey(t, s);

(iii) ey (t, 0 (s)) = ep(t, )/ (1 + p(s)p(s));

(1V) 1/ep(tl S) = eep(t/ S);

(V) ep(t,s) = 1/ep(s,t) = ecp(s,t);

(vi) ey(t, s)ep(s, 1) = ey(t, 1),

(vii) e, (-, ) = pep (-, 5).

Lemma 2.9 (see [31]). Assume that f, g : T — R are delta differentiable at t € T*. Then
(f9)" (1) = FAg(t) + flo))g* (1) = F(O* (D) + FA(Dg(o(1)). (2.9)

The following lemmas can be found in [35, 36], respectively.

Lemma 2.10. Let t1,t; € [0, w]q. If x : T — R is w-periodic, then
x(t) <x(ty) + f |xA(s)'As, x(t) > x(tp) —f |xA(s)|As. (2.10)
0 0

Lemma 2.11. Let a, b € T. For rd-continuous functions f,g : [a,b] — R, one has

b b 1/2 b 1/2
f |f()g(t)|At < <f |f(t)|2At> <f |g(t)|2At> . (2.11)

Definition 2.12. The anti-periodic solution x*(t) = (xT(t),x;(t),...,x;(t))T of system (1.1) is
said to be globally exponentially stable if there exist positive constants € and M = M(e) > 1,
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for any solution x(t) = (x1(t), x2(t), ... L xn ()T of system (1.1) with the initial value ¢(t) =
(P1(t), P2(D), ..., ¢,,(t))T € C(Et,R™), such that

zn:|xi(t) —xi(t)| < M(e)ece(t, a) (2.12)

where

I —x*|| = ZSUP |pi(s) - x;(s)|, a€En. (2.13)

i=1 s€Er

The following continuation theorem of coincidence degree theory is crucial in the
arguments of our main results.

Lemma 2.13 (see [37]). Let X, X be two Banach spaces, Q C X be open bounded and symmetric
with 0 € Q. Suppose that L : D(L) ¢ X — Y is a linear Fredholm operator of index zero with

D(L)N Q#0and N: Q — Yis L-compact. Further, one also assumes that
(H) Lx - Nx#AM(-Lx — N(-x)) forall x e D(L)n0Q, A€ (0,1].

Then the equation Lx = Nx has at least one solution on D(L) N Q.

3. Existence of Antiperiodic Solutions

In this section, by using Lemma 2.13, we will study the existence of at least one anti-periodic
solution of (1.1).

Theorem 3.1. Assume that (Hy)—(Hx) hold. Suppose further that

(Hs) E = (€ij) yxn 1s a nonsingular M matrix, where, fori,j =1,2,...,n,

way" - w? a aMLb - wa"‘ZL ZL (— +waj )af\’lwci, i=j,
eij = . k=1 Hita (3.1)
—<—+wa >a1chi, 1#].
Wi
Then system (1.1) has at least one w /2-anti-periodic solution.
Proof. Let Ck[0, w; ti,oootgtgn, byl = {x 0 [Qw]lr — R™™|xk(t) is a piecewise

continuous map with first-class discontinuity points in [0, w];N{#x}, and at each discontinuity
point it is continuous on the left}. Take

X = {x € Cl0,wit1, . by tget, - bag| x(t+ 5) = —x(t), Vte |0, %]T} )
3.2

Y = X x R™4
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are two Banach spaces with the norms

7

n
X = Xlxily,  2IY = %X+ |ly
i=1

respectively, where |x;|y = maxe[ow, |xi(t)],i=1,...,n, -] is any norm of R™.
Set

L:Dom LNX—Y, x— (% Ax(t),..., Ax(t)),

where
w w
DomL = {x eC! [0,w;t1,... by x(t + E> =—x(t), Vte [O, i]qr}'
N : X —Y,
Aq(t) L (x1(t)) Lig(x1(tg))
Nx = , yeooy s
An(t) Inl (xn(tl)) Inq (xn(tq))
where

Ai(i’) :ai(t, xi(t)) [bi(t, x,-(t)) + fi(t, xt)], i= 1, 2, P (B

It is easy to see that

Ker L = {0}, ImL = {z= (f,C1,...,Cy) eY:wa(s)As =O} =Y.
0

Thus, dim KerL = 0 = codim ImL, and L is a linear Fredholm mapping of index zero.

Define the projectors P: X — KerLand Q : Y — Y by

w
Px = f x(s)As =0,
0

Qz=Q(f,Cy,...,C,) = <%f:f(s)As,O,...,O),

(3.3)

(3.4)

(3.5)

(3.6)

(3.7)

(3.8)

(3.9)
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respectively. It is not difficult to show that P and Q are continuous projectors such that

ImP =Kerl, ImL=KerQ =Im(I - Q). (3.10)

Further, let L;} = Lipom rnker p and the generalized inverse Kp = Ll‘,1 is given by

w/2

t q
Kez= [ foass $0-3 [ foas- 3300 (3.11)
k=1

>t

in which Cyy; = -C; forall 1 <i <gq.

Similar to the proof of Theorem 3.1 in [38], it is not difficult to show that QN Q),
Kp(I - Q)N(Q) are relatively compact for any open bounded set Q C X. Therefore, N is
L-compact on Q for any open bounded set Q C X.

Corresponding to the operator equation Lx — Nx = A(-Lx — N(-x)),A € (0,1], we

have
A A +
() = 5 G0 - T Gl -2, e T, th,
1 )L (3.12)
Ax(ty) = Ik(x(tk)) Ik( x(tx)), t=tx, k€N,
or
A ‘)‘ +
S(t) = G (t, x) - 1+)tGi(t,—x), teT", t#ty,
(3.13)
Axi(ty) = 1k(xz(tk)) 1T )L Lk (=xi(ty)), t=t,, i=1,2,...,n, k€N,
where
Gi(t, x) = ai(t, xi(t)) [bi(t, x; () + fi(t, x1)] ,
(3.14)

Gi(t, —.’X,') = ai(t, —x,-(t)) [bi(t, —x,-(t)) + fi(t, —xt)], i= 1, 2, ...n
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Setty=t; =0, ty1 =w,inview of (3.13), (H1)-(Hy) and Lemma 2.11, we obtain that

w 2q+1 Aty
(o
“Jo 1+

29
+2
k=1
1
- m 1+J\

2q
x ()| Aat+ ) Axi (b
k=1

—Gi(t,x) - Gi(t,—x) | At

A
1+A

() = T )|

f max{|Gi(t, x)|, |Gi(t, -x)|} At

1
1+A

I ! ]
+ m]émaxﬂ ik (xi (b)) |, ik (=26 (i) ) [}

< jo max{|ai(t, x:(D) [bi(t, x:(8) + filt, x)] |,
|ai(t, —xi(t)) [bi(t, —xi (1)) + fi(t,—x;)] | } At
29 3.15
+ > max{ [T (i (b)), | Tk (=i (1) |} (319

k=1
<aM Uw max{|bi(t, x;(t)) — b;(t,0)|, |b;(t, —xi(t)) — bi(t,0)|} At
0
+I max{|fi(t, x1t, ..., %) — fi(£,0,...,0)|,
0

|fi(t,—JC1t,--',_xnt) —fi(t,O,...,0)|}At]

2q 2q
+ > max{| T (xi(t)) = Lic0)], L (—xi (t)) = L (0)} + DLk (0)]
k=1 k=1

29
[Lbf |x1<t>|At+f chIx]tlAt] +Zlelleo+Zlfik<0>l
k=1

< aMLbyw| x|, + aM CZZ”JC]” \F+ZL |xl|0+Z|Lk(0

wherei=1,2,...,n. Integrating (3.13) from 0 to w, we have from (H;)—-(Hj) that

“ailt, xi(D)bi(t, xi(t))  Aai(t, —xi(£))bi(t, _xi(t))] At}
1+ 1+
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“lailt, xi(#)bi(t, xi(t)) = Aai(t, xi(t))bi(t, xi(t))
,[0 [ 1+A " 1+A ] At‘

_ fwa,»<t,xi<t>>bi(t,xi<t>>At‘
0

- |z | st xorse - [ at-xose -xar

1 3 L
+mé1ik(xi(tk)) - m;lik(_xl’(tk))

7

< asz max{ | fi(t, X1, ..., xu) — | fi(£,0,...,0)
0

|fi(t1_x1t/° --/_xnt) - |fl(t10110)|}At
2q 29
+ > max{ [T (xi(t)) = T (0)], [Tix (=i (tk)) = T (0]} + DTk (0))]
k=1 k=1

n 2q 2q
<aMe . ||xj|l,vew + D Lilxilo + D lIx(0),  i=1,2,...,n,
= k=1 k=1

(3.16)
by (H;), we obtain that
w 1 " 13 13
J‘ ai(t;xi(t))xi(t)At‘ < —aMc; Y ||xj ||,V + = D Lilxily + — D (0)], (3.17)
0 Hi i1 Hita Hiio
wherei=1,2,...,n. From Lemma 2.10, for any #|,#, € [0,w],i=1,2,...,n, we have
w w . w w
f ai(t, xi(£)x: (£) At gj ai(t,xi(t))xi(t;)AHI ai(t,xi(t))<f |xf(t)|At> At,
0 0 0 0
(3.18)
[ attmnxoar [ atxwm(E)ae- [ atxo)([ [ o]ar)a
0 0 0 0
(3.19)

Dividing by jg’ a;i(t, x;(t)) At on the both sides of (3.18) and (3.19), respectively, we obtain that

xl<tll> > m f: al(t,xl(t))xl(t)At— J‘:|xlA(t)|At, i= 1,2,...,7’1,
o dill,Xi
| 1 ) o B (3.20)
Xi(t2> < mfo ai(t,xi(t))xi(t)At+ J‘O |xl~ (t)|At, 1= 1,2,...,71.
o dill,Xi
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Let t;, t, € [0,w]y, such that x; () = %aﬁ xi(t), xi(t;) = mine[o.w),Xi(t), by the arbitrariness
te[0,w]r

of £, £, in view of (3.15), (3.17), (3.20), we have

()Y >— J(t xi () xi (D) A — At | At
* < 1> [o ai(t, xi(t)) At jo ailt, xi(5) (1) —[0 'xl ( )|
1 ’[w w A
_— ai(t,xi(t))xi(t)At‘ —J x2 ()| At
Jo ai(t, xi(t))At1)o 0 ' |
1 [1 Vo L . 1
>2—0r | —a ci||xj|l,Vw + — > Ly |xilg + — > |Lix (0)]
o | et Sl e S Lo+ 3l

n 2q 2q
- [af”L?x/E llill, + @i D llx; |, vew + D Liglocilo + ZIL-k(O)I] ,
j=1 k=1 k=1

(3.21)
' ! Jm At fw| A(t)|At
xi(th) < —-————— | a;(t, x;(t))x;(t + X
(1) Tt mat ), MmO |
1 “ “Ia
<— a-t,x-tx-tAt+I x2 (b)) | At
STy [ axomoar« [ |0
1|1y < 13, 13
< —ac; » ||xill,vw + =Y L |xilg + — > [Tk (0)]
wa;n i i l;” ]”2 ﬂlkz:ﬂ ik17+110 I/l1kz:; t
n 2q 2q
+ | Livew [|xg|l, + afei 3 [l ]|, vew + 3 Liglacil + 3 ik (0)]
=1 k=1 k=1
wherei=1,2,...,n. Thus, we have from (3.21) that
|xilo = tg&i])ﬂxi(t)l
1|1y < Vo L . 13
< —a; ¢ Xj w+— > Lo |xilg+— > | (0
woar | llelleve s o Lidelo + 22 MO (322)
n 2q 2q
+ | @M Livew llxilly + aen Y |l (|, v + 3 Liglxily + 3T (O)] |,
=1 k=1 k=1
wherei=1,2,...,n. In addition, we have that
w 1/2
IIxi||z=<f le-(s)lAs) < Vw max |x;(t)] = Vwlxily, i=1,2,...,n (3.23)
0 te[0,w]p
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By (3.22), we obtain that,

1 n
wal"|xily < [;a{"lci2||xj||2\/5+ ZL |xi]y + Z|Lk(0 ]
1 ]':1

’kl

n 2q 2q
+wal" [alMLib\/(TJ llxill, + aiMciZ1 ||, Ve + kZL{k |xilo + kz|1,~k(0)| ]
j: =1 =1

(3.24)
< —a wch|x]|0 + —ZL |xilo + —Z|Ilk 0)|
Hito Hito
n 2q 2q
+wa™ | aMLlw|x;|, + aleciZ|x]-|0 + ZLfk|xi|o + Z|L-k(0)| i
=1 k=1 k=1
wherei=1,2,...,n. Thatis,
1
[wa - w?amaMLl - wamZL - —ZL :||x1|0 [(— + wa?’)aleci] ESIN
k=1 Hiio Hi
(3.25)
< —ZlLk(on + wamka(on =D;, i=12,...,n
Hiia
Denote that,
Ixlo = (Ix1lo, [x2lo, -/ [%ulg)", D =(D1,Da,...,Dy)". (3.26)
Then (3.25) can be rewritten in the matrix form
Elx|, £ D. (3.27)
From the conditions of Theorem 3.1, E is a nonsingular M matrix, therefore,
Ix|lp SE'D £ (My, My, ..., M,)". (3.28)
Let
n
M=>M;+1 (Clearly, M is independent of 1). (3.29)
i=1
Take

Q={xeX:|x|y <M} (3.30)
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It is clear that €2 satisfies all the requirements in Lemma 2.13 and condition(H) is satisfied. In
view of all the discussions above, we conclude from Lemma 2.13 that system (1.1) has at least
one w/2-anti-periodic solution. This completes the proof. O

4. Global Exponential Stability of Antiperiodic Solution

Suppose that x*(t) = (x](t), x5(t), ..., xfl(t))T is an w/2-anti-periodic solution of system (1.1).
In this section, we will construct some suitable Lyapunov functions to study the global
exponential stability of this anti-periodic solution.

Theorem 4.1. Assume that (Hy)—(Hs) hold. Suppose further that

(He) there exist positive constants L} such that

lai(t,u) — ai(t,v)| < Lflu-v|, VYuveR, i=12,...,n (4.1)

(Hy) forallu,v e R,i=1,2,...,n, there exist positive constants Lfb such that

[ai(tl u)bi(tl u) - ai(tl U)bi(t/ v)](u - 'U) < 0/ i= 1/ 2/ ..o N,
(4.2)
|[11'(t, u)bi(t/ ’Ll) - ai(t/ U)bi(t/ U)l 2 L;'Zb|u - U|, i= 1/ 2/ o N

(Hsg) there are w-periodic functions r;(t) such that r;(t) = sup,|fi(t,u)|,i=1,2,...,n;

(Ho) there exists a positive constant € such that

Wie ) = [e+ (14 ep®) (-1 + 1))
(4.3)

n
+ Z(l +eu(t—0))e(t-0,t)aMc; >0, i=1,2,...,m
=1

(Hyo) impulsive operator L (x;(t) satisfy

L (xi(tx)) = —Yik(xi(i‘k)), O<yi<2, i=1,...,n, ke N. (4.4)

Then the w/2-anti-periodic solution of system (1.1) is globally exponentially stable.

Proof. According to Theorem 3.1, we know that system (1.1) has an w/2-anti-periodic
solution x*(t) = (xT(t),x;(t),...,x;(t))T with initial value x*(s),s € Er, suppose that



14 Journal of Inequalities and Applications
x(t) = (x1(), x2(),...,x.(8))T is an arbitrary solution of system (1.1) with initial value

¢(s), s € Er. Then it follows from system (1.1) that

(xi(t) - JC;-‘(f))A = ai(t, x;(t))bi(t, x;(t)) — a; (t, x; (£)) bi (t, x] (t)) + ai(t, xi(t)) fi(t, x¢)
—a;i(t,xI () fi(t,x{), teT*", t#k, (4.5)

A(xi(tk) - x:(tk)) = _Yik(xi(tk) - x;(tk))l t=tg, ke N/ i= 1/2/' .. .
In view of system (4.5), fort € T*,t #t,,k € N,i=1,2,...,n, we have

(xi(t) = x1 (1) = ai(t, x; (1) bi(t, x;(£)) — a; (t, x () bi (t, x} ()
+a;(t, x;(t) fi(t, x¢) — ai (t, x; () fi(t, x})

= [ai(t, xi(1)bi(t, xi(t)) — ai(t, x; (1)) bi (¢, x (1))] o
+ [ai(t, xi (1)) — ai (t, x5 (8))] filt, x0) + ai (£, x5 (£)) [ fi(t, x2) = filt, x])].
Hence, we can obtain from (Hg)—(Hy) that
D*|xi(t) - %1 (8)] < L8 |xi(t) - x; (1) + LErM |x:(t) - x; (1)
+afw§ci|x]-(t+6) -x;(t+9)| )
= (L + L) i) - x; ()] + alMciin,-(t +0) - xi(t+0)],
i
fori=1,2,...,n,and we have from (Hj,) that
|xi(8) = xF (5| = |1 = yir| |xi (b)) = xF (t)|,  i=1,2,...,n, keN. (4.8)
For any a € E, we construct the Lyapunov functional
V() = Vi(t) + Va(t),
Vi(t) = gee(t, a)|xi(t) — xi(t)], (9)

Va(t) = ft 6(1 +ep(s—0))ee(s —0,a)aci|x;(s) - x;(s)|As.

t+

2

n n
i=1 j=1
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For t € T*,t#t, k € N, calculating the delta derivative D*V(H)2 of V(1) along solutions of
system (4.5), we can get

D Vi) < 3 eeclt @) |xi(t) — x;(B)] + Sec(o(®), )D* [xi(t) - x; (1)
i=1 i=1

IN

i { eee(t, a)|xi(t) — x; (t)| + ec(o(t), a)
i1

x [(—Lf‘b+L?riM>|xi(t)—x;.*(t)|+alMcizn:|xj(t+9)—x;(t+9)|]} (4.10)

j=1
> e+ (1+ ept) (=L + LErM) |ectt @) xilt) - x; (1)
i=1

+ (1 +eu(t))ec(t, a)CiiiazM

i=1 j=1

xj(t+0) - X3 (t +6)

7

DVt < 33 (1+ eult - 0))ec(t - 6, a)ac,

x;(t) - x;f(t)|

i=1 j=1
(4.11)
- ZZ(l + ey(t))es(t,a)afwci|xj(t +0) - xj(t+0) |
i=1 j=1
By assumption (Hj), it concludes that
D*V(#)® = D*V1(t)® + D"V, (1)
< [e + (1 +eu(t)) <—Lf‘b + LfriM>]ee(t, a)|xi(t) = xi(1)|
i=1
+ Z(l +epu(t-0))ec(t-0, cx)alMciixj(t) - x}“(t)'
i=1 j=1
! (4.12)

M=

< {[e+(1+€#(t))<—L§1b+L?rzM>]

1

Il
—_

+ i (1+eu(t-0))e(t-0, t)a?/fci}ee(t,a)|xl~(t) —-xi ()]

j=1

<0, teT", t#tx, keN.
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Also,
V(t;) = Vi(t) + Va(t)

n
= Dee(ti @) |xi(t) - 7 (1)
i=1

non etf
s3I arents - Mects - matilxis) - xi(9)] as

i=1 j=1 7 t;+0
(4.13)

< S et @) |xilh) - x; (t4)]
i1

+ ii Ltl:e(l +ep(s —0))ec(s —6,a)aMci|xj(s) - x;(s)|As

i=1 j=1

=V(t), keN.

It follows that V() < V(0) for all t € T*.
On the other hand, we have

V(0) = V1(0) + V2(0)

= Zee 0, a) |xi(0) - x; (0)|

i=1

+ ZZ fo(l +ep(s —0))ec(s - G,a)aiMci|xj(s) - x;(s)|As
e (4.14)

n n 0
< Z {eE(O,zx) + ZI (1+epu(s—0))ec(s—6, a)alMciAs}sup |xi(s) = x} (s)|
ia e

i=1 seEr

< M(e) Y sup|di(s) — x}(s)|,

i=1 S€ET

where

a€cE

M(e) = {Eiﬁ{sup <e€(0 a) + ZJ‘ (1+eu(s-0))ec(s—6,a)a: cl]As> } (4.15)
It is obvious that

Zee«) @) |xi(t) = X[ (1) < V() < V(0) < M(e)supz|¢,(s) x; (s)]- (4.16)

s€ET j=1
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So we can finally get

S |xi(t) ~ ()] < M(e)ewe (0, a)sup Y [¢i(s) — x1(s)| = M(e)ece(0,a)|[¢ - x°[|.  (417)
i=1

s€Er j=1

Since M(e) > 1, from Definition 2.12, the w/2-anti-periodic solution of system (1.1) is
globally exponential stable. This completes the proof. O

5. An Example

Example 5.1. Consider the following impulsive generalized neural networks:

x®(t) = A(t,x(t)[B(t, x(t)) + F(t,x;)], teT, t#t,

(5.1)
Ax(te) = x(t]) —x(t;) = I(x(t)), t=tx, k€,
where
. 2 2
A(t,u) = dlag{lo + —arctan |u|, 11 + — arctan |u| },
x a
2
i t . .
1 /u ;C (H)gj(xjt)
B(t,u) = — JE(tx) = | ) i
100 \ 1
Dcil)gi(xji) (5.2)
=1

1 /sinu 1 (sint I L
(gj)2xl_m sinu/’ (Ci)2X1_1000 cost)’ (k)zxz_ﬁ -u ~u)’

w=2m, [0,27]pN{tx:k €N} = {t,tr},

when T = R, system (5.1) has at least one exponentially stable sr-anti-periodic solution.

Proof. By calculation, we have a" = 10,aM = 11,a = 11,4y = 12,L§ = L§ = 2/, L} = L} =
1/100,c¢M = 1/1000, ¢ = 1/1000,L1, = LY = LI, = L), = 1/500, and p1 = po = 1/100.
It is obvious that (H1)-(H4), (Hs)—(Hs), and (Hio) are satisfied. Furthermore, we can easily
calculate that

752 -12.74
b= <—11.25 3.61 ) (53)

is a nonsingular M matrix, thus (Hs) is satisfied.
When T =R, u(t) =0.Take ¢ =0.01,0 = -1, we have that

W (e,t) =-0.04<0, Wy(et)~-003<0. (5.4)
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Hence (Hjo) holds. By Theorems 3.1 and 4.1, system (5.1) has at least one exponentially stable
sr-anti-periodic solution. This completes the proof. O

6. Conclusions

Using the time scales calculus theory, the coincidence degree theory, and the Lyapunov
functional method, we obtain sufficient conditions for the existence and global exponential
stability of anti-periodic solutions for a class of generalized neural networks with impulses
and arbitrary delays. This class of generalized neural networks include many continuous
or discrete time neural networks such as, Hopfield type neural networks, cellular neural
networks, Cohen-Grossberg neural networks, and so on. To the best of our knowledge, the
known results about the existence of anti-periodic solutions for neural networks are all done
by a similar analytic method, and only good for neural networks without impulse. Our results
obtained in this paper are completely new even if the time scale T = R or Z and are of great
significance in designs and applications of globally stable anti-periodic Cohen-Grossberg
neural networks with delays and impulses .
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