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Let {X,; n > 1} be a standardized non-stationary Gaussian sequence, and let denote S, = >}_; Xk,
on = v/Var(S,). Under some additional condition, let the constants {u,; 1 <i < n,n > 1} satisfy
Sii(1-D(uu)) — Tasn — oo for some 7 > 0 and miny<ic, Uy > c(log 1), for some ¢ > 0, then,
we have lim,, _, . (1/logn) >;_, (1 /k)I{ﬁf‘:1 (Xi < uki), Sk/ox < x} = e 7D(x) almost surely for any
x € R, where I(A) is the indicator function of the event A and ®(x) stands for the standard normal
distribution function.

1. Introduction

When {X, X,;;n > 1} is a sequence of independent and identically distributed (i.i.d.) random

variables and S, = >}, Xk, n > 1, M, = maxj<k<n Xk for n > 1. If E(X) = 0, Var(X) =1, the
so-called almost sure central limit theorem (ASCLT) has the simplest form as follows:
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almost surely for all x € R, where I(A) is the indicator function of the event A and
@(x) stands for the standard normal distribution function. This result was first proved
independently by Brosamler [1] and Schatte [2] under a stronger moment condition; since
then, this type of almost sure version was extended to different directions. For example,
Fahrner and Stadtmiiller [3] and Cheng et al. [4] extended this almost sure convergence for
partial sums to the case of maxima of i.i.d. random variables. Under some natural conditions,
they proved as follows:
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for all x € R, where aj > 0 and by € R satisfy

P<Mka—_bk < x) — G(x), ask— oo (1.3)
k

for any continuity point x of G.

In a related work, Cséki and Gonchigdanzan [5] investigated the validity of (1.2) for
maxima of stationary Gaussian sequences under some mild condition whereas Chen and
Lin [6] extended it to non-stationary Gaussian sequences. Recently, Dudzinski [7] obtained
two-dimensional version for a standardized stationary Gaussian sequence. In this paper,
inspired by the above results, we further study ASCLT in the joint version for a non-stationary
Gaussian sequence.

2. Main Result

Throughout this paper, let {X,;n > 1} be a non-stationary standardized normal sequence,
and o, = \/Var(S,). Here a < b and a ~ b stand for a = O(b) and a/b — 1, respectively.
@(x) is the standard normal distribution function, and ¢(x) is its density function; C will
denote a positive constant although its value may change from one appearance to the next.
Now, we state our main result as follows.

Theorem 2.1. Let {X,;n > 1} be a sequence of non-stationary standardized Gaussian variables
with covariance matrix (rij) such that 0 < rij < pjj for i#j, where p, < 1 for alln > 1 and

sup,, Sl pi < (logn)'?/ (loglogn)'™*, & > 0. If the constants {u,;1 < i < n,n > 1} satisfy

> (1= ®D(uyi)) — Tasn — oo for some T > 0 and minj<icpty > c(log n)1/2,for some ¢ > 0,
then

Sk

n k
1I{m(xl < uki)/ O_k < x} = eiT(I)(x)l (21)
k

lim — ) —
ngrgolognkzlk 1

almost surely for any x € R.

Remark 2.2. The condition sup_., >l pi < (log n)'/2/ (log log n)'*¢,& > 0 is inspired by
(al) in Dudzinski [8], which is much more weaker.

3. Proof

First, we introduce the following lemmas which will be used to prove our main result.

Lemma 3.1. Under the assumptions of Theorem 2.1, one has

w2+ u?, C
Z ni nj
" Xp <_2(1 +7ij) > : e G

1<i<j<n ~ (loglogn)

Proof. This lemma comes from Chen and Lin [6]. O
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The following lemma is Theorem 2.1 and Corollary 2.1 in Li and Shao [9].

Lemma 3.2. (1) Let {¢,} and {n,} be sequences of standard Gaussian variables with covariance
matrices R! = (rilj) and R° = (r?j), respectively. Put p;; = max(lri1j|, |r?].|). Then one has

Q=) Q=)

< % <arcsin<rilj> - arcsin<r3>>+ exp <—%> ,

<]5

D:

"

£
\_/
(‘\
&D=

(3.2)

for any real numbers u;, i =1,2,...,n.
(2) Let {&n;n > 1} be standard Gaussian variables with r;; = Cov(¢;, &;). Then

u+u ]2
Z |r1]|exp< 2(1+|1’z]|)> (3.3)

j=1 1<1<]<n

P<ﬁ{ <”J> HP<§J<“J)

for any real numbers u;, i =1,2,...,n

Lemma 3.3. Let {X,} be a sequence of standard Gaussian variables and satisfy the conditions of
Theorem 2.1, then for 1 < k < n, one has

" Sn n S» k C
P<ﬂ {XiSum’},O_—nSy>—P<ﬂ{Xi§um’}/o_—§y> St (34)

i=k+1 i=1 n (loglogn)

foranyy € R.

Proof. By the conditions of Theorem 2.1, we have

=, n+2 D rij>n, (3.5)
1<i<j<n

then, for 1 <i <n, by sup,,, >l pi < (logn)'/?/(loglog n)'*¢, e > 0, it follows that

Si\_ 1 1¢ (logn)"”?
Cov (X,-, —) <—+— << . (3.6)
On Vn \/ﬁkz:;p vn(loglogn)'*

Then, there exist numbers 6, 1y, such that, for any n > ny, we have

sup Cov(Xi, %) <6< % (3.7)

1<i<n
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We can write that

< P( ) (X < ), Sy> —P< N x Sum-}>p(yn Sy)‘
i=k+1 n ikt
+ P<ﬁ{X1 < um}/ﬁ < y> —P<ﬁ{Xl < um}>P(Yn < y)‘ (38)
i=1 n i1
’ <P< ﬁ {Xi : um}) _P<ﬁ{X1 < um}>>
i=k+1 i=1
=: L1+L2+L3,

where {Y,} is a random variable, which has the same distribution as {S,/o,}, but it
is independent of (Xi,X,...,Xy). For Li,L,, apply Lemma 3.2 (1) with (& = X;, i =
1,...,mén1 = Sn/0w), (i =Xj, j=1,...,1 fpe1 = Yy). Then ril]. = rl.oj =rjforl<i<j<n
and rl.lj = Cov(Xj, Sn/on),r?]. =0for1<i<n,j=n+1 Thus, wehave (fori=1,2)

- Sn uii + y2
L; < ZCOV <Xi, O_—ﬂ) exp <—2(1 T Cov(X,, Sn/O'n))>. (3.9)

i=1

Since (3.5), (3.7) hold, we obtain

L < (logm) " i < t > (3.10)
i ex - . .
vn(log log n)“E o P 2(1+0)

Now define u, by 1 - ®(u,) = 1/n. By the well-known fact

1-d(x) ~ @, X — o0, (3.11)

it is easy to see that

2 o=
exp<—%> ~ %, U, ~4/2logn. (3.12)
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Thus, according to the assumption minj <<,y > c(log n)l/ 2 we have u,; > cu, for some ¢ > 0.

Hence
(logn)"? < U, >
L; < exp| —=—+
vn(log log n)'* 1521'5:11 2(1+9)
1/2 )
- vn(logn) N <_ u? >

"~ (log log n)'** 2(1+06)

- ﬁ(\/@) o (3.13)

n!/(1+9) (log log n)1+£

<\/10;> (2+6)/(1+06)

nl/(1+6)-(1/2)

<

< 8 >0.

Now, we are in a position to estimate L. Observe that

n n
L3=P<ﬂ{xisum> <ﬂX<um>
i=k+1 i=1

< 'P< M (X< um'}> - [ ®Ga |+ P<ﬂ{Xi < um'}> - [ [@Gu)
i=k+1 i=k+1 i=1 i=1 (3.14)
I_I (D(um) - H‘D(unz)
i=k+1
= L31 + L32 + L33.
For L3, it follows that
n k
Ly = [ [ ©(uni) (1 - I_I(I)(um')>
i=k+1 i=1
< 1-0 u,) (3.15)
k
=1- (1 - l) < E
n n
By Lemma 3.2 (2), we have
Z ( U + ufl] >
L < Tij exp i=1,2. (3.16)
1<1<]<n ! 2(1 + 7"1])

Thus by Lemma 3.1 we obtain the desired result. O
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Lemma 3.4. Let {X,} be a sequence of standard Gaussian variables satisfying the conditions of
Theorem 2.1, then for 1 < k <n,any y € R, one has

k n
C0V<I<ﬂ{Xz‘ < uki}, Sk < y>,1< ﬂ {Xi < uyi}, Sn < y>>‘
i=1 Ok i=k+1 On (317)
" (loglogn)'™  (loglogn)'*

Proof. Apply Lemma 3.2 (1) with (¢ = X;, 1 <i <k, &1 = Sk/0k, éiv1 = Xi, k+1 <0 <
N, n2 = Sn/0n), (Nj =4, 1<j<k+1, nj=¢;, k+2<j<n+2), where (., .., &,.0) has
the same distribution as (x4, ..., &ms2), but it is independent of (ék+2, ..., éus2). Then,

rilj:r?j for1<i<j<k+1 or k+2<i<j<n+2;

r}].:ri(j_l), r?].=0 for1<i<k, k+2<j<n+1;

S
rl=Cov(X;,22), r%=0for1<i<k, j=n+2;
1] O.n 1]

(3.18)
Ti1j=COV<Xi,&>, r?j=0 fork+1<i<n, j=k+1;
Ok
rh —Cov<& §>, =0 fori=k+1, j=n+2.
fo 1

Thus, combined with (3.5), (3.7), it follows that

k n
COV<I<ﬂ{Xi < ki, S < y>,1< ﬂ {Xi < uni}r& < y>>'
i= Ok i=k+1 On

1 ukl + un] 1 k < Sn> ulz(. + y2
<= T ex + = Cov( X;,— ) exp( - !
4% k+1z<]<n J p( 2(1 +7ij) 4; O P 2(1+ Cov(X;, S,/ 0n))
1 & Sk u? + Y2 1 <Sk Sn>
N C Xi/_ - C s —
41.:%1 °V< ok> e"p< 2(1 +Cov(Xl~,Sk/0k))> 15 o,
2 2
1 U + Uy > uz,;
< - rijexp| —————~ Cov( —) exp <— L
4.5 k+§jgn ! ( 2(1+ry) Z 2(1+0)

u%li 1 Sk Sn
+ —1%1COV< ) p< 2(1+5)> + ZCOV((}_—}(,g—ﬂ)

=T +T, + T3+ Ty.

(3.19)
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Using Lemma 3.1, we have

¢
(log log n)“gl

H
IN

€>0. (3.20)
By the similar technique that was applied to prove (3.10), we obtain
1
T, <« a a>0. (3.21)

For T5, by sup, , Sl pi < (logn)'/?/(log log n)'*¢,e > 0, and (3.12), we have

T.
3K exp( 30+ 6)) %1COV< >
1 L Sk>
< ——— » Cov <Xi, —
nl/(1+0) i:kZ;1 Ok

1
Cov(X;, Sk)
nl/(1+6) \fle

nl/(1+6) IZ Z Cov(Xi, X;) (3.22)

]11k+1

nl/(1+6) IZ sz

]111

VE  (logn)"?

As to Ty, by (3.5) and (3.6), we have
1 1/2
T, < —ZCOV (Xl, S—) \/E (OL)H. (3.23)
i=1 On " (log log n) *©
Thus the proof of this lemma is completed. O

Proof of Theorem 2.1. First, by assumptions and Theorem 6.1.3 in Leadbetter et al. [10], we
have

P{ﬁ(Xl < um-)} e e’T. (324)

i=1
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Let Y,, denote a random variable which has the same distribution as S,,/o,, but it is
independent of (X1, X>, ..., Xy), then by (3.10), we derive

P{ﬁ(Xi < um-),ﬁ < y} - P{ﬁ(Xi < um-)}P{Y,1 <y}—0, asn— co. (3.25)

i=1 On i-1

Thus, by the standard normal property of Y,,, we have

lim P{ﬂ(Xi < 1y), % < y} =e7®(y), yeR (3.26)
n—oo i=1 n

Hence, to complete the proof, it is sufficient to show

lim ! il I ﬁ(X-<u~)ﬂ<x -P
n—wlogn&k ' kl’O'k_

k
(Xi < Uki),& < x}) =0 as. (327)
k=1 i=1 =1 Ok

1

In order to show this, by Lemma 3.1 in Cséki and Gonchigdanzan [5], we only need to prove

(3.28)

1
1+e’

(log log n)

Var LilI ﬁ(X- < Ugi) & <x <
lognkzlk . i > HWki), Ok =

fore >0and any x € R. Let 5 = I{ﬂf-‘zl(Xi < uyi), S/ 0ok < x}—P{ﬂle(X,- < uygi), Sk/ox < x}.
Then

2

1 &1 [k Sk 1 &1

- <), == < =E -
Var<logn kI{.ﬂ(X’_ukl)'ok_x}> <lognkzzl‘knk>

k=1 i=1
IR O |E () | (3.29)
= > :EIZE' |ﬂk| + P kl
log™n i log" 11 <kai<n

Since |7x| < 2, it follows that

1
. 3.30
g (3.30)

51«
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Now, we turn to estimate S,. Observe that for [ > k

k 1
C0V<I<ﬂ{Xi < ), 2 < x>,I<ﬂ{Xi <), 2L < x>>'
i=1 Ok i=1 01

|E(em) | =

By Lemma 3.3, we have

C
1+e”

k
Sn<o+—mpe
I (log log 1)

Using Lemma 3.4, it follows that

k (logD)'? C
Sn < \/; ( 5 ) Te T 1+e”
(log log 1) (log log I)

Hence for I > k, we have

k C k (logl)'?
|E(miemn) | < 77 "'\/j Te”

(log log )" I' (log log 1)

(3.31)

(3.32)

(3.33)

(3.34)
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Consequently

1 1k [k (ogh"? 1
SZ<<1 2 Z H 7_+_\/j 1+e + Z 1+e

0g N \ 1<k<i<n ! (log log 1) 1<kai<n kI (log log 1)

1/2

-1

1 1 1 (logn) 1

logznlskdgnlz log’n (log log n) =y

> i EZ p (3:39)

lo n151(log log )"

M:

<

N 1 g gl
logn . flogn(log log n)'™*  log’n151(log log 1)'**
1 1

< + T
logn  (log log n)

Thus, we complete the proof of (3.28) by (3.30) and (3.35). Further, our main result is proved.
O
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