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We establish a summability factor theorem for summability |A, 8|, where A is lower triangular

matrix with nonnegative entries satisfying certain conditions. This paper is an extension of the
main result of the work by Rhoades and Savas (2006) by using quasi f-increasing sequences.

1. Introduction

Recently, Rhoades and Savas [1] obtained sufficient conditions for > a,A, to be summable
|A, 8|;, k > 1 by using almost increasing sequence. The purpose of this paper is to obtain the
corresponding result for quasi f-increasing sequence.

A sequence {1, } is said to be of bounded variation (bv) if 3, |Al,| < co. Let bvy =
bv N ¢y, where ¢y denotes the set of all null sequences.

Let A be a lower triangular matrix, {s,} a sequence. Then

n
Ay = D AuySy. (1.1)
v=0
A series Y a,, with partial sums (s,), is said to be summable |Alx, k > 1 if
anillAn - An—1|k <, (1.2)
n=1

and it is said to be summable |A, 6|k, k > 1 and 6 > 0 if (see, [2])

> oA, - Apa|* < oo (1.3)
n=1



2 Journal of Inequalities and Applications

A positive sequence {b,} is said to be an almost increasing sequence if there exist an
increasing sequence {c,} and positive constants A and B such that Ac, < b, < Bc, (see, [3]).
Obviously, every increasing sequence is almost increasing. However, the converse need not
be true as can be seen by taking the example, say b, = e"'n.

A positive sequence y := {y,} is said to be a quasi f-power increasing sequence if there
exists a constant K = K(f,y) > 1 such that

holds for all n > m > 1. It should be noted that every almost increasing sequence is quasi
p-power increasing sequence for any nonnegative f, but the converse need not be true as can
be seen by taking an example, say y, = n* for p > 0 (see, [4]). A sequence satisfying (1.4) for
p = 0is called a quasi-increasing sequence. It is clear that if {y,} is quasi f-power increasing
then {nfy,} is quasi-increasing.

A positive sequence y = {y,} is said to be a quasi- f-power increasing sequence if there
exists a constant K = K(y, f) > 1 such that Kf,y, > fu}m holds for all n > m > 1, where

f={fa} = {nPlogn)},u>0,0<p <1, (see, [5]).
We may associate with A two lower triangular matrices A and A as follows:

n
am}=2anr1 nv=0,1,...,
(1.5)

Any = Anp — En—l,v/ n=12,...,
where
aopp = Ao = Aoo- (1.6)

Given any sequence {x,}, the notation x, < O(1) means that x, = O(1) and 1/x, =
O(1). For any matrix entry a,p, Ay@up := Apo — Anp+l-

Rhoades and Savas [1] proved the following theorem for |A, 6|x summability factors
of infinite series.

Theorem 1.1. Let {X,,} be an almost increasing sequence and let {f,} and {\,} be sequences such
that

(i) [Adn]| < B,
(ii) im B, = 0,
(iii) 3521 1A Xn < o0,
(iv) [An] X = O(1).
Let A be a lower triangular matrix with nonnegative entries satisfying
(V) nay, < 0(1),
(Vi) 1y = any for n 2 v +1,

(vii) ano =1 for all n,
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1 ~
(viii) an;l:l Ay lnv1 = O(ann),

. 1 ~

(ix) Z:l:vﬂ nﬁklAvanv| = O(vﬁkavv) and

(X) Z:Ln:vlﬂ nﬁkanvﬂ = O(Vﬁk).
If
(xi) Xy 1,k = O(X,,), where t,, == (1/(n +1)) S kay,

then the series >, any\, is summable |A, 6|k, k > 1.

It should be noted that, if {X,,} is an almost increasing sequence, then condition (iv)
implies that the sequence {\,} is bounded. However, if {X,} is a quasi f-power increasing
sequence or a quasi f-increasing sequence, (iv) does not imply that A is bounded. For
example, the sequence {X,,} defined by X,, = m™* is trivially a quasi p-power increasing
sequence for each > 0.1f A = {m®}, for any 0 < 6 < f3, then A, X, = m®# = O(1), but A is not
bounded, (see, [6,7]).

The purpose of this paper is to prove a theorem by using quasi f-increasing sequences.
We show that the crucial condition of our proof, {1,} € bvy, can be deduced from another
condition of the theorem.

2. The Main Results

We now will prove the following theorems.

Theorem 2.1. Let A satisfy conditions (v)-(x) and let {B,} and {\,} be sequences satisfying
conditions (i) and (ii) of Theorem 1.1 and

Z)Ln =o(m), m— co. (2.1)
n=1
If {X,} is a quasi f-increasing sequence and condition (xi) and

ann (B,1)| AP < o0 (22)

are satisfied then the series Y, an\, is summable |A, 6|, k > 1, where {f,} := {nf(logn)"}, u >
0,0 <p<1,and X, (B, u) := (nP(logn)"X,).

The following theorem is the special case of Theorem 2.1 for y = 0.
Theorem 2.2. Let A satisfy conditions (v)—(x) and let {p,} and {\,} be sequences satisfying

conditions (i), (ii), and (2.1). If {X,,} is a quasi p-power increasing sequence for some 0 < f < 1
and conditions (xi) and

Zan (B)|Apa| < oo (23)

are satisfied, where X, (B) = (nX,,), then the series 3, a,\, is summable | A, 6|, k > 1.
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Remark 2.3. The conditions {1,} € bvy, and (iv) do not appear among the conditions of
Theorems 2.1 and 2.2. By Lemma 3.3, under the conditions on {X,}, {#.}, and {\,} as taken

in the statement of the Theorem 2.1, also in the statement of Theorem 2.2 with the special case
u =0, conditions {\,} € bvy and (iv) hold.

3. Lemmas
We will need the following lemmas for the proof of our main Theorem 2.1.

Lemma 3.1 (see [8]). Let {¢,} be a sequence of real numbers and denote
Qni= Dk, Pui= D |Agy|. (3.1)
k=1 k=n

If @, = o(n) then there exists a natural number N such that
|| < 2%, (3.2)

forall n > N.

Lemma 3.2 (see [9]). If {X,} is a quasi f-increasing sequence, where {f,} = {nf(logn)"}, u >
0,0 < B <1, then conditions (2.1) of Theorem 2.1,

m

N |Ad] = 0(m), m— oo, (3.3)
n=1
> X (B, 1)1 A]ANL| < oo, (3.4)
n=1

where X, (B, u) = (nf (logn)¥X,,), imply conditions (iv) and

Ay — 0, n— oco. (3.5)

Lemma 3.3 (see [7]). If {X,} is a quasi f-increasing sequence, where {f,} = {nf(logn)"}, u >
0,0 < p < 1, then under conditions (i), (ii), (2.1), and (2.2), conditions (iv) and (3.5) are satisfied.

Lemma 3.4 (see [7]). Let {X,} be a quasi f-increasing sequence, where { f,} = {nf(logn)"}, yu >
0,0 < B < 1. If conditions (i), (ii), and (2.2) are satisfied, then

1PuX, = O(1), (3.6)

iﬂnxn < 0. (3.7)
n=1
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4. Proof of Theorem 2.1

Proof. Let (y,) be the nth term of the A transform of the partial sums of 3" A;a;. Then we

have

n n i
Yn = Zanisi = Zaniz)lvav
0

i=0 v=0
n n n
= Z)‘vav Api = Zanv)tvaw
v=0 i=v v=0

and, for n > 1, we have

Y, = Yn—Yn-1= ianv}tvav'

v=0

We may write (noting that (vii) implies that d,9 = 0),

(aw v)[zmr Sial

A,,(aW )Zra, a":; an a,
r=1

<
HM=
i

ki
L

<
]
—_

:

v+1

n-1
= Z(A am,).)t —1t +Zanv+1(A)Lv)
v=1

v=1

j (n + D anpuAnty,
Z T’lV+1A'V+1_ -

y=1 n

= Tnl + Tnz + Tn3 + Tn4, say.

To complete the proof it is sufficient, by Minkowski’s inequality, to show that

> T, [ < oo, forr=1,2,34.

From the definition of A and using (vi) and (vii) it follows that

an,v+1 > 0.

(4.1)

(4.2)

(4.3)

(4.4)

(4.5)
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Using Holder’s inequality

I = Zn6k+k71|Tn1| — Zn5k+k71
n=1 n=1

n-1
_ v+1
Z Avanv)tv _tv
v
v=1

m+1 n-1 k
= 0(1) Y noFk1 <Z|Avanv”)‘v||tv|>
n=1

v=1
m+1 n-1 . . n-1 k-1 (46)
= 0(1) Y n®H! <Z|Avam,||)w| It > <Z|A,,am,|> ,
n=1 v=1 v=1
Avanv = am) - Zin,v+1
= Env - En—l,v - En,v+1 + En—l,v+1
= Apy — Ap-1p < 0.
Thus, using (vii),
n-1 n-1
DA Aw| = D (an-1p = Any) =1 =1+ Ay = ann. (4.7)
v=0 v=0

Since (A,) is bounded by Lemma 3.3, using (v), (ix), (xi), (i), and condition (3.7) of Lemma 3.4

m+1 n-1
I = 0(1) Y. 0 (nan,) " > o[t Ay |
n=1 v=1
m+1 n-1
=0(1) Y n* <Z|)L,,|k-1|xv||A,,an,,||tv|k>
n=1 v=1
m m+1
=0(D) DI It[E D) n%| Ay an|
v=1 n=v+1
= O(l)zv6k|lv|avv|tv|k
v=1
i 4.8
= O S (48)
v=1

m-1 v m
=0(1) [ZA(IMI)Zrﬁ“ItrIk + Ilmlzréklltrlk]
v=1 r=1 r=1

m-1
=0(1) DAL X, + O() Al Xom

v=1

= 0(1) S fuXs + O) il

v=1

=0(1).
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Using Holder’s inequality,

m+1 Shik B m+1 Skik n-1 v+l k
L= > T = Y a1 G, 0 (AL,) t
n=2 n=2 v=1 v
m+1 n-1 k
= O(l)zn6k+k_l [Zan,w-ﬂA)‘v”tvl:I (4’9)
n=2 v=1

[y

m+1 n—
— O(l) Zn6k+k—1 [

n=2

n-1 k=1
|A/\v||tv|kan,v+1:| [Zan,leA/\vq .
v=1

v=

By Lemma 3.1, condition (3.3), in view of Lemma 3.3 implies that

DALl <23 S IAIAL] = 23 AlA K] (410)
n=1 k=1

n=lk=n

holds. Thus by Lemma 3.3, (3.4) implies that 3,2, |A\,| converges. Therefore, there exists a
positive constant M such that X', [Al,| < M and from the properties of matrix A, we obtain

n-1

Zan,v+1|A)Lk| < Mann- (411)

v=1

We have, using (v) and (x),
m+1 ‘ ln—l ‘
L =0Q1) Y 1% (nan,) "> an v folts|
n=2 v=1
(4.12)
m m+1
=0 D pult|* D, 1.
v=1 n=v+1

Therefore,

m
I = 0(1) Y. v, |, ¢
v=1

i . (4.13)
= 0(1)21;;51,“:)' vOk.

v=1
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Using summation by parts, (2.2), (xi), and condition (3.6) and (3.7) of Lemma 3.4

m-1 v m
L= 0(1) Y Awpy) D k[ + O(1)ympy > ro |, ¢
v=1 r=1 r=1

m-1 m-1 (414)
=0(1) D 9| A(By) | Xy + O(1) Y. i1 Xpa1 + O(1)
v=1 =1
- 0(1).
Using Holder’s inequality and (viii),
m+1 . m+1 n- k
an71|Tn3| = Znﬁk”( Z nv+1~)tv+1
n=2 n=2 v=1
w 1Ok an v+l ¢
< Z el Zl)lvﬂl |t |
n=2 v=1
4.15
m+1 k ( )
= O(l)zn6k+k ! [Zl)lwrlmn v+1|t |avv]
n=2 v=1
m+1 n-1 n-1 k-1
= O(l)zn6k+k_1 [ |)Lv+1|kavv|tv|kan,v+1:| [Zavv|an,v+l|] .
n=2 v=1 v=1
Using boundedness of {1,}, (v), (x), (xi), Lemmas 3.3 and 3.4
m+1
I3 = O(l)znﬁk(nann)k 1Z|~)Lv+1| alty | Qnprl
n=2 v=1
m+1
= O(l)ZIAleaw” | Z n® anw—l
n=v+1
= 0() Y Ay v ayy|t[* (4.16)
v=1

= 0(1) Y o1 (©a00) 0ty [*

v=1

= O(1) D Ao |07t |~.

v=1
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Using summation by parts

m—1 v m
I =0(1) Y [Adou| 3 r% [ + O) a3 0%t |*
v=1 r=1 v=1

v+l m+1

m-1
= O(1) DAVt | D% [f + O(1) [ Amea | D 0%t |*
v=1 r=1 v=1

m-1 (417)
= O(l)Z|A/\v+l|Xv+l + O(l)|)tm+1|Xm+1

v=1

m—1

= O(l)Zﬁvﬂva + O(l)l)lmﬂlxmﬂ

v=1

=0(1).

Finally, using boundedness of {1,}, and (v) we have

m m 1 At k
D L L (n+ 1) amntn
n=1 n=1 n
s 4.18
= O(1) Y. 1% ap | Aul [t]* (418)
n=1
=0(1),
as in the proof of I;. O

5. Corollaries and Applications to Weighted Means

Setting 6 = 0 in Theorem 2.1 and Theorem 2.2 yields the following two corollaries,
respectively.

Corollary 5.1. Let A satisfy conditions (v)—(viii) and let {f,} and {A,} be sequences satisfying
conditions (i), (i), and (2.1). If {X,} is a quasi f-increasing sequence, where {f,} =
{nP(logn)"}, u>0,0 < B <1, and conditions (2.2) and

ltal* = O(X), m — oo, (5.1)

Mz
Ry

B
1]
—_

are satisfied then the series >, a,\, is summable |Aly, k > 1.
Proof. If we take 6 = 0 in Theorem 2.1 then condition (xi) reduces condition (5.1). O

Corollary 5.2. Let A satisfy conditions (v)—(viii) and let {f,} and {1} be sequences satisfying
conditions (i), (ii), and (2.1). If {X,,} is a quasi p-power increasing sequence for some 0 < p < 1 and
conditions (2.3) and (5.1) are satisfied then the series 3, a,\, is summable |Al, k > 1.
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Corollary 5.3. Let {p,} be a positive sequence such that P, := 3 ,i.,pi — 00,as n — oo satisfies

np, < O(P,), asn— oo, (5.2)
m+1 ok
sk Pn v
= i 5.3
nzzm_ln PnPn—l O< PU > ( )

and let {B,} and {\,} be sequences satisfying conditions (i), (ii), and (2.1). If {X,} is a quasi f-
increasing sequence, where { f,} := {nf(logn)*}, u > 0,0 < B < 1, and conditions (xi) and (2.2) are
satisfied then the series, Y, anAy is summable [N, py, 6|, for k > 1.

Proof. In Theorem 2.1, set A = (N, pn). Conditions (i) and (ii) of Corollary 5.3 are,
respectively, conditions (i) and (ii) of Theorem 2.1. Condition (v) becomes condition (5.2) and
conditions (ix) and (x) become condition (5.3) for weighted mean method. Conditions (vi),
(vii), and (viii) of Theorem 2.1 are automatically satisfied for any weighted mean method. [

The following Corollary is the special case of Corollary 5.3 for y = 0.

Corollary 5.4. Let {p,} be a positive sequence satisfying (5.2), (5.3) and let {X,,} be a quasi p-power
increasing sequence for some 0 < p < 1. Then under conditions (i), (ii), (xi), (2.1), and (2.3), >, an\,
is summable |N, Pn Ol k> 1.
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