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We prove a strong convergence theorem for finding a common element of the set of solutions for
generalized equilibrium problems, the set of fixed points of a relatively nonexpansive mapping,
and the set of fixed points of a quasi-¢-nonexpansive mapping in a Banach space by using
the shrinking Projection method. Our results improve the main results in S. Takahashi and W.

Takahashi (2008) and Takahashi and Zembayashi (2008). Moreover, the method of proof adopted
in the paper is different from that of S. Takahashi and W. Zembayashi (2008).

1. Introduction

Let E be a Banach space and let C be a closed convex subsets of E. Let F be an equilibrium
bifunction from C x C into R and let A : C — E* be a nonlinear mapping. Then, we consider
the following generalized equilibrium problem: find z € C such that

F(z,y) +(Az,y-2z)>0, VyeC. (1.1)
The set of solutions of (1.1) is denoted by EP, that is,
EP={zeC:F(z,y)+(Az,y-z)>0, Vy e C}. (1.2)

In the case of A =0, EP is denoted by EP(F). In the case of F =0, EP is denoted by VI(C, A).
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A mapping S : C — E is said to be nonexpansive if
|Sx-Sy| <|lx-y|, YxyeC (1.3)

We denote the set of fixed points of S by F(S).
A mapping f : C — C is said to be Quasi-¢-nonexpansive if

P(p. fx) < dp(p.x), YxeC, VpeT(f), (1.4)

where ¢ is defined by (2.3).

Recently, in Hilbert space, Tada and Takahashi [1], and S. Takahashi and W. Takahashi
[2] considered iterative methods for finding an element of EP(F) N F(S). Very recently, S.
Takahashi and W. Takahashi [3] introduced an iterative method for finding an element of
EP N F(S), where A : C — H is an inverse-strongly monotone mapping and then proved
a strong convergence theorem. On the other hand, Takahashi and Zembayashi [4] prove
a strong convergence theorem for finding a common element of the set of solutions of an
equilibrium problem and the set of fixed points of a relatively nonexpansive mapping in a
Banach space by using the shrinking Projection method which is different from S. Takahashi
and W. Takahashi’s hybrid method [3].

In this paper, motivated by Takahashi and Zembayashi [4], in Banach space, we prove
a strong convergence theorem for finding an element of EPNF(S)NF(f), where A: C — E*is
a continuous and monotone operator, S is a relatively nonexpansive mapping, and f is quasi-
¢-nonexpansive mapping. Moreover, the method of proof adopted in the paper is different
from that of [3].

2. Preliminaries

Throughout this paper, all the Banach spaces are real. We denote by N and R the sets of
positive integers and real numbers, respectively. Let E be a Banach space and let E* be the
topological dual of E. For all x € E and x* € E*, we denote the value of x* at x by (x, x*).
Then, the duality mapping J on E is defined by

J) = {x €28« (") = x| = |x°|12) 1)

for every x € E. By the Hahn-Banach theorem, J(x) is nonempty; see [5] for more details.
We denote the weak convergence and the strong convergence of a sequence {x,} to x in E
by x, — x and x, — x, respectively. We also denote the weak™ convergence of a sequence
{x;;} to x* in E by x;,—*x*. A Banach space E is said to be strictly convex if ||x + y||/2 < 1
for x,y € E with ||x|| = |ly|| = 1 and x #y. It is also said to be uniformly convex if for each
€ € (0,2], there exists 6 > 0 such that ||x + y||/2 <1 -6 for x,y € E with ||x| = |ly|| = 1 and
lx =yl > €. A uniformly convex Banach space has the Kadec-Klee property, that is, x, — x
and ||x,|| — ||x|| imply x, — x. The space E is said to be smooth if the limit

g 1t = Dl 2.2)
t—0 t
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exists for all x,y € S(E) = {z € E : ||z|| = 1}. It is also said to be uniformly smooth if the limit
exists uniformly in x,y € S(E). We know that if E is smooth, strictly convex, and reflexive,
then the duality mapping J is single valued, one to one, and onto; see [6] for more details.

Let E be a smooth, strictly convex, and reflexive Banach space and let C be a closed
convex subset of E. Throughout this paper, we denote by ¢ the function defined by

¢(v,x) = lyll> -2y, Jx) + x|’ Vx,y €E. 2.3)

Following Alber [7], the generalized projection I'lc from E onto C is defined by I'lc(x) = z,
where z is the solution to the following minimization problem:

9(zx) =ming(y,x), Vx&E. (2.4)

The generalized projection I'lc from E onto C is well defined, single valued and satisfies
(lxll = lyD* < ¢y, x) < (=l + [ly])%,  Vx,y € E. (2.5)

If E is a Hilbert space, then ¢(y, x) = ||y — x||* and I1c is the metric projection of E onto C. It
is well know that the following conclusions for generalized projections hold.

Lemma 2.1 (Alber [7] and Kamimura and Takahashi [8]). Let C be a nonempty closed convex
subset of a smooth, strictly convex and reflexive Banach space Then

¢(x,Tlcy) + ¢(Tcy, y) < ¢(x,y), VxeC, yeE. (2.6)

Lemma 2.2. Let C be a nonempty closed convex subset of a smooth, strictly convex and reflexive
Banach space E, let x € E, and let z € C. Then

z=Tlex = (y-zJx-Jz)<0, VyeC. (2.7)

Let C be a nonempty closed convex subset of a smooth, strictly convex and reflexive
Banach space E, and let T be a mapping from C into itself. We denoted by F(T) the set of fixed
points of T. A point p € C is said to be an asymptotic fixed point of T [9, 10] if there exists
{x,} in C which converges weakly to p and lim,,_, o [|x, — Tx,|| = 0. We denote the set of all
asymptotic fixed point of T by F(T). Following Matsushita and Takahashi [11], a mapping
T :C — Cis said to be relatively nonexpansive if the following conditions are satisfied:

(1) F(T) is nonempty;
(2) ¢(u, Tx) < p(u,x), forallu € F(T), x € C;
(3) F(T) = F(T).
The following lemma is due to Matsushita and Takahashi [11].
Lemma 2.3 (Matsushita and Takahashi [11]). Let C be a nonempty closed convex subset of a

smooth, strictly convex and reflexive Banach space E, and let T be a relatively nonexpansive mapping
from C into itself. Then F(T) is closed and convex.
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We also know the following lemmas.

Lemma 2.4 (see [8]). Let E be a smooth and uniformly convex Banach space and let {x,,} and {y,} be
sequences in E such that either {x,} or {y,} is bounded. If lim, ¢ (x,, y,) = 0, then lim,||x,—y,| = 0.

Lemma 2.5 (see [12]). Let E be a uniformly convex Banach space and B, (0) be a closed ball of E.
Then there exists a continuous, stricting increasing and convex function g : [0,00) — [0, 00) with
g(0) = 0 such that

[l + ey +yz|1* < Allel? + ellyl1* + ylzI? = g (llx - vl (2.8)

forall x,y,z € B,(0) and A, u, y € [0,1].

For solving the equilibrium problem for bifunction F : C x C — R, let us assume that
F satisfies the following conditions:

(A1) F(x,x) =0forall x € C;
(A;) F is monotone, thatis, F(x,y) + F(y,x) <0forall x,y € C;

(A3z) foreach x,y,z € C,

limsup F(tz+ (1-t)x,y) < F(x,y); (2.9)
£10

(A4) foreach x € C, y — F(x,y) is a convex and lower semicontinuous.

If an equilibrium bifunction F : C x C — R satisfies conditions (A1)—(A4), then we
have the following two important results.

Lemma 2.6 (see [13]). Let C be a nonempty closed convex subset of a smooth, strictly convex and
reflexive Banach space E, let F be an equilibrium bifunction F : C x C — R satisfying conditions
(A1)-(Ay), and let r > 0 for any given x € E. Then, there exists z € C such that

F(z,y)+%<y—z,]z—]x>20, Yy e C. (2.10)

Lemma 2.7 (see [4]). Let C be a nonempty closed convex subset of a uniformly smooth, strictly
convex and reflexive Banach space E; let F be an equilibrium bifunction F : C x C — R satisfying
conditions (A1)—(Ag). For r > 0 and x € E, define a mapping T, : E — 2 as follows:

T, (x) = {z €eC:F(z,y)+ %(y—z,]z—]x) >0, Vy e C} (2.11)
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for all x € E. Then, the following holds:

(1) T, is single-valued;
(2) T, is a firmly nonexpansive-type mapping [27), that is, for any x,y € E,

<Trx - Tr]/, ]Trx - ]Try> < <Trx - Tr]// ]x - ]y>/ (212)

(3) F(T,) = F(T;) = EP(F);
(4) EP(F) is a closed and convex set.

Lemma 2.8 (see [4]). Let C be a nonempty closed convex subset of a uniformly smooth, strictly
convex and reflexive Banach space E; let F be an equilibrium bifunction F : C x C — R satisfying
conditions (A1)—(Aq4). Forr >0, x € Eand q € F(T,),

¢(q,Trx) + $(Trx, x) < p(q,x). (2.13)

3. The Main Results
In this section, we prove a strong convergence theorem which is the main result in the paper.

Theorem 3.1. Let E be a uniformly smooth and uniformly convex Banach space, and let C be a
nonempty closed convex subset of E. Let A : C — E* be a continuous and monotone operator. Let F
be a bifunction from C x C to R which satisfies (A1)—(A4), let S be a relatively nonexpansive mapping
of C into itself such that F(S) NEPNF(f)#0, and let f : C — C be a closed quasi-¢-nonexpansive
mapping. Let {x,} be the sequence generated by xo = x € C, Cy = C and

Yn = ]71 (“n]f(xn) + ﬁn]xn + Yn]sxn)r

uy € C such that F(uy,y) + (Aun, v — uy) + %(y — Uy, Jun— Jyn) >0, VyeC,
: (3.1)

Cn+1 = {Z S Cn : (i)(Z,un) < ¢(Z/xn)}r
Xpe1 = 1Ilc, X
for every n € N U {0}, where ]| is the duality mapping on E, {a,}, {Pn}, {yn} C [0,1], and {r,} C
[a, o) for some a > 0. If the following conditions are satisfied

(Cl) Xn +ﬁn t+Yn = 1/
(C2) iminf, _, o fuyn > 0; liminf, _, ,a,f, > 0,

then {x,} converges strongly to Ilps)nr(f)nepX, where Tlps)nr(f)nep is the generalized
projection of E onto F(S) N F(f) NEP.

Proof. We define a bifunction G: C x C — Rby

G(z,y) =F(z,y)+(Az,y-z), VzyeC. (3.2)
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Next, we prove that the bifunction G satisfies conditions (A1)—(A4).

(A1) G(x,x) =0forall x € C.
Since G(x,x) = F(x,x) + (Ax,0) = F(x,x) =0, forall x € C.
(Az) G is monotone, thatis, G(z,y) + G(y,z) <0forall y,z € C.

Since A is a continuous and monotone operator, hence from the definition of G we
have

G(zy) +G(y,z) = F(z,y) +(Az,y - 2) + F(y,2) + (Ay,z - y)
=F(z,y)+F(y,z) + (Az,y - z) - (Ay,y — z) (3.3)
<0+(Az-Ay,y—-z)=—(Ay-Az,y-z) <0.

(A3) Foreachx,y,z€ C,

limsup G(tz + (1 -t)x,y) < G(x,v). (3.4)
110

Since

limsupG(tz + (1 - t)x,y) = limsup F(tz + (1 - t)x,y)
€10 €10

+limsup(A(tz+ (1 - t)x),y - (tz+ (1 - t)x)) (3.5)
t0

<F(xy) +(Axy-x) =G(xy).

(A4) Foreach x € C, y— G(x,y) is a convex and lower semicontinuous.

For each x € C,for all t € (0,1) and for all y,z € C, since F satisfies (A4), we have

G(x,ty+(1-tz) =F(x,ty+ (1 -t)z) + (Ax,ty + (1 - )z — x)
<t[F(x,y) + (Ax,y —x)] + (1 - t)[F(x, z) + (Ax,z — x)] (3.6)
=tG(x,y) + (1 -1)G(x, z).

So, y — G(x,vy) is convex.

Similarly, we can prove that y — G(x, y) is lower semicontinuous.
Therefore, the generalized equilibrium problem (1.1) is equivalent to the following
equilibrium problem: find z € C such that

G(z,y) >0, VyeC, (3.7)
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and (3.1) can be written as

Yn = ]_1 (an]f(xn) + Bnfxn + Yn]sxn)/

u, € C such that G(u,, y) + %(y Uy, Jun— Jyn) 20, VyeC,
. (3.8)

Cu1 = {Z €Cy:d(z,un) < (;b(zrxn)}l

xXpa =g, x.

Since the bifunction G satisfies conditions (A1)-(A4), from Lemma 2.7, for a given r >
0 and x € C, we can define a mapping W, : E — 2€ as follows:

W, (x) = {z €eC:G(z,y) + %(y—z,]z—]x) >0, Vy € C}. (3.9)

Moreover, W, satisfies the conclusions in Lemma 2.7.

Putting u, = W,,y, for all n € N, we have from Lemmas 2.7 and 2.8 that W,, are
relatively nonexpansive.

We divide the proof of Theorem 3.1 into six steps.

Step 1. We first show that C, is closed and convex. It is obvious that C,, is closed. Since
¢ (2, 1n) < §(2,Xn) & |l = llxall® = 2(2, Jtw = J2tu) 20, (3.10)

C, is convex. So, C,, is a closed convex subset of E for all n € N U {0}.

Step 2. Next we show by induction that EP(G) N F(S) N F(f) ¢ C, foralln € N U {0}. From
Co = C, we have

EP(G) N F(S) NF(f) c Co. (3.11)
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Suppose that EP(G)NF(S)NF(f) C Ck for some k € NU{0}. For any u € EP(G)NF(S)NF(f) C
Cy, since W,, and S are relatively nonexpansive, f is quasi-¢-nonexpansive, we have

P, 1) = (1, W) < P, i) = ¢, T7 (@ f () + P xic + 1 Sxie))

= P = 2ot e ] f (o) + e+ i Sxc) + |17 @] £ ) + BT+ yes S|
< llull® = 2au, T f (xi)) = 2B, Jxe) = 2y, T Sxic)
+ [l f (o) + B xic + i) Sxce||”
< luall® = 2w, ] f (xe)) = 2B, Jcic) = 2y (e, J Sxie)
e[| T e |1” + il Tl + il T Sxce
< a ([l = 2w, 1£ G + | f G I7) + B (Il = 200, T ) + el
4y (Il = 2(u, JSxi) + 1Sl

= axp(u, f(xk)) + Prp(u, xi) + yip(u, Sxi)

< ard(u, xi) + Predp(u, xi) + yiep(u, xi) = p(u, xi).
(3.12)

Hence, we have u € C,;. This implies that
EP(G)NF(S)NF(f) cC,, VYne NU{0}. (3.13)

So, {x,} is well defined.

Step 3. Next we prove that the sequences {x,}, {Sx,}, and {fx,} are bounded. From the
definition of x,,, we have

(i)(xﬂ/ x) = ¢(chx,x) < ¢(u/x) - (i)(u/HCnx) < ¢(u/x) (314)

for all u € EP(G) N F(S) N F(f) C C,. Then ¢(x,, x) is bounded. Therefore, {x,},{Sx,}, and
{fx,} are bounded.

Step 4. Next we prove that

lim ||x,41 — x4]| = 0, lim ||x, — uy|| =0, lim ||x, — Sx,|| =0, lim ||x, = fox,|| = 0.
n— oo n—oo n— o0 n— oo

(3.15)

From x,.1 € Cys1 C C, and x,, = I, x, we have

¢(xn,x) < P(xp41,x), VYVne NU ({0} (3.16)
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Thus, {¢(x,, x)} is nondecreasing. So, the limit of {¢(x,, x)} exists. Since
P(xXns1, %n) = P(xna1, e, x) < P(xn41, x) — P(Ile,x, x) = P(xXn41, X) — P(xn, x) (3.17)

foralln € N U {0}, we have lim,,_, .o ¢ (xp41, X)) = 0. From x,,11 = Ilc,,x € Cp11, we have

n+1

@ (X1, Un) < P(Xns1,x,), VYne NU{O}. (3.18)

Therefore, we also have

lim ¢ (e, 1) = 0. (3.19)

Since limy, —, oo (Xy41, Xpn) = limy, —, o P (Xp41, 1) = 0 and E is uniformly convex and smooth, we
have from Lemma 2.4 that

Hm [l = x| = Hm [[x00 — ]| = 0. (3.20)

So, we have

Jim v, ~ ) =0. (321)

Since J is uniformly norm-to-norm continuous on bounded sets and lim,,_, oo ||x, — u,|| = 0,
we have

Jim [[]x, — Jun|| = 0. (3.22)
For any u € EP(G) N F(S) N F(f), from Lemma 2.5 and (3.8), we have

Pty 1n) = (1, Wr ) < () = ¢ (1, J7 (@] f () + BT X + ¥ Sx))
=l = 21, a0 ] £ (2n) + P u + Y  Sxu) + || ] £ () + P 2n + Y] S|
< (tn + B+ Yu) 1l = 2{ut, @] f (xn) + BT Xn + Y] Sxn)
+an||Tf o) |I* + Bull Jxull” + Yl TSxull® = Buyng (1 xn = JS2cull) 62
=ty (Il = 2010, T £ Gen)) + || £ Gen) %) + B (1l = 2410, T + 1l
(Il = 20w, 7Sx0) + 1% ) = Buyag (1l 0 = Sxall)

= and(u, f (xn)) + PuP(tt, Xn) + YuP (4, Sxn) = Puyng (1] xn = J Sxull)
= ¢(u, xn) _ﬁnYng(”]xn = JSxul)).
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Therefore, we have

Pryn8 (1T xn = JSxnll) < ¢(ut, Xn) — p(ut, ). (3.24)

Since

¢(u/ Xp) — qS(u, Upy) = ”anZ - ||un”2 = 2(u, Jxp, — Juy)

< Mcull® = Nanl?| + 202, T = Jua)|

(3.25)
< 1eull = NeenllCllxall + lf2enll) + 2[f2e]l - [|Jxn = Jotn|l
< M = snll(ll2cnll + llnll) + 2{uell - 120 = Juall,
from (3.21) and (3.22), we have
Jim (¢(u, xn) = p(u, un)) = 0. (3.26)
Since lim inf,, _, . fn Y > 0, we have
Jim g([IJxn = JSxull) = 0. (3.27)
Therefore, from the property of g, we have
Jim [|Jocn = J S| = 0. (3.28)

Since J~! is uniformly norm-to-norm continuous on bounded sets, we have

lim [lx, = Sxu]| = 0. (3.29)
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Similarly, we have

P(u,102) = $(1t, W, yn) < (0, y) = ¢ (10,7 (@] () + P 0 + 2] S2))
= ull® = 2(ut, ] £ (Xn) + P 2 + Y Sxn) + || ] f () + ] X + Y] S|
< (ctn + B+ V) lull® = 21, @] £ () + PuJ X + Y] Sxn)
| T £ o) || + Bull all” + Yaall JS26all” = g (|| Totn = T f )

3.30
= e (Il = 2¢a0, T £ Gen)) + [LF o)1) + B (el = 24, T2 + [l o
(1l = 21, 7S +115%01) = @nug (T2 = J f2a])
= an (1, f (xn)) + Pup(t, Xn) + Y (tt, Sxn) = €nPug (|| J 200 = T f2n])
= (u, xn) = anPug (|| J2n = T f2))-
Therefore, we have
g (|Jxn = Tfxull) < 1, xn) = P, ). (3.31)
From (3.26) and lim inf, , ,a,f, > 0, we have
Tim (|| Jocu = J fxu]|) = 0. (332)
Therefore, from the property of g, we have
nlijt;}”]% — Jfxa|| =0. (3.33)
Since J~! is uniformly norm-to-norm continuous on bounded sets, we have
Jim [, = foxu|| = 0. (3.34)
Step 5. Next we prove that
W (xn) C F(S)NEP(G) NF(f), (3.35)

where Wy, (x,,) = {p € C, there exists subsequence {x,,} C {x,} such that x,, — p}.
(a) We prove that W, (x,) C F(S).

In fact, for any given p € Wy, (x,), there exists a subsequence {x,, } of {x,} such that
Xp, — p. Since ||x,, — Sxp, || — 0and S is relatively nonexpansive, we have p € F(S) = F(S),
that is, Wy, (x,) C F(S).
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(b) We prove that Wy, (x,) C EP(G).
In fact, from u, = W,,y,, (3.12) and Lemma 2.8, we have that

P (tn, Yn) = P(Wi, Y, Yn) < Pt yn) = (4, Wi, yn) < p(u, xu) = (1, Wi, yn)
= ¢(1/L, xn) - 4’(“/ un)-

(3.36)

Hence it follows from (3.26) that
Jim ¢ (uen, yu) =0 (337)
Since E is uniformly convex and smooth and {u,} is bounded, we have from Lemma 2.4 that
nhf;o”u” —yul| =0. (3.38)
For any given p € Wy, (x,), there exists a subsequence {x,,} C {x,} such that x,, — p. Since

llxn — unl| — 0, we have u,, — p.
Since ] is uniformly norm-to-norm continuous on bounded sets, from (3.38), we have

1im [Ty~ Jyul| = 0. (3.39)
From r,, > a, we have
nlgr;o”]unr;]yn” =0. (3.40)
By u, = W,,y,, we have
G(un,y) + %(y —Un, JUn = Jyn) >0, VYyeC. (3.41)

Replacing n by n, we have from (A;) that

1
r—(y = Uny, Jn, = JYne) > =G (ttn,, y) > G(y, un. ), VyeC. (3.42)
Ny

Since G(x, ) is convex and lower semicontinuous, it is also weakly lower semicontinuous. So,
letting k — oo, we have from (3.42) and (A4) that

G(y,p) <0, VyeC. (3.43)

Forany twithO <t <landy € C, let y; = ty + (1 — t)p. Since y € C and hence G(y;,p) <0,
from conditions (A7) and (A4), we have

0=G(yry) <tG(yry) + 1 -)G(ye,p) <tG(yr y)- (3.44)
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This implies that G(y¢, y) > 0. Hence from condition (A3z), we have G(p,y) > 0 forall y € C,
and hence p € EP(G).

(c) Now we prove that Wy, (x,) C F(f).

In fact, for any given p € Wy, (x,), there exists a subsequence {xn],} such that Xn; = P
Since C; C Cy, for all j > n, we have x; € C,, for all j > n. Since C,, is a closed convex subset
of E.wehavep € C, for all n>1, thatis, p € N;; C,. From (3.14) and (3.16), we have

P(xn, x) < P(xp11, %) < P(p, x). (3.45)

Since the norm is weakly lower semicontinuous, we have

2
d(p,x) = ||p||2 -2(p, Jx) + ||x|* < hnI;ILiQf< X || — 2<xn].,]x> + ||x||2)
(3.46)

= lim inf(i)(xnl.,x) < hyr,?jip (i)(xn/.,x) <¢(p,x),

nj—oo

that is, ¢(xn;, x) — P(p,x), then, |[x, || — |lpll. Since E is uniformly convex Banach space,
E has a Kadec-Klee property, we have x,; — p. From (3.34) and f being closed, we have

f(p) =p, thatis, p € F(f).

Step 6. Finally we prove that

Xp — W, (3.47)
where w = [T s)nF(f)npX. From x,, = Ilc,x and w € F(S) NEP(G) N F(f) € Cy,, we have

9(p.x) = IplI* - 2(p, Jx) + x| < lim inf (el - 2(xi, Jx) + 1)
(3.48)
= li}(n inf ¢ (x, x) < limsupd(xy, x) < P(w, x).

k— oo

From the definition of ITr(s)nr(s)nep, we have p = w. Hence, limg . ¢ (xx, x) = ¢p(w, x).
Therefore, we have

0 = lim (§(xk, x) - p(a0, %))

Jim (el = llolf® ~2(xi ~ w0, x)) (3.49)

. 2 2
tim (|1l - leolP).
k— oo

Since E has the Kadec-Klee property, we have that x, — w = Ilp(s)nr(s)nepx. Therefore, {x;,}
converges strongly toIl F(S)NF(f)NEPX.

This completes the proof of Theorem 3.1. O
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Theorem 3.2. Let E be a uniformly smooth and uniformly convex Banach space, and let C be a
nonempty closed convex subset of E. and A : C — E* be a continuous and monotone operator. Let
F be a bifunction from C x C to R which satisfies (A1)—(A4) and let S be a relatively nonexpansive
mapping of C into itself such that F(S) N EP#@. Let {x,} be the sequence generated by xo = x €
C, Co=C,and

Yn = ]_1 (,Bn]xn + (1 _ﬂn)]sxn)/

uy € C such that F(u,,y) + (Aun, y — ) + %(y— Un, Jun — Jyn) 20, Yy eC,
; (3.50)

Cus1 = {Z €Cn:P(z,un) < qb(z,xn)},

Xn+l = HC,H.] X

for every n € NU ({0}, where ] is the duality mapping on E, { B} C [0, 1] satisfies lim inf, _, o3, (1 -
Pn) > 0and {r,} C [a, o) for some a > 0. Then {x,} converges strongly to Ilps)nepx, where
Ir(s)nep is the generalized projection of E onto F(S) N EP.

Proof. In Theorem 3.1, take f = S, we get a, + ¥, = 1 — p,. Therefore, the conclusion of
Theorem 3.2 can be obtained from Theorem 3.1. O

Remark 3.3. Theorem 3.1 in [3] and Theorem 3.1 in [4] are special cases of Theorem 3.2.
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