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1. Introduction

Let D be the unit disc in the complex plane C, dm(z) the normalized Lebesgue area measure
on D, H(D) the class of all holomorphic functions on D, and H* (D) the space of bounded
holomorphic functions on D with the norm || f ||, = sup_;|f (2)].

The logarithmic Bloch-type space Bilogﬁ = Bi"ogﬂ (D), « > 0, p > 0, was recently

introduced in [1]. The space consists of all f € H(D) such that

p
pla
bap(f) :=sup(1 — |z)*( In = If'(2)] < oo. (1.1)
zeD 1- |Z|
The norm on Bi"ogﬁ is introduced as follows:
1fll: | = 1£ O] +ap(f)- (12)
og

When g = 0, Bf;gﬂ becomes the a-Bloch space B*. For a-Bloch and other Bloch-type
spaces, see, for example, [1-9], as well as the related references therein. Fora = ff =1, Bi"ogﬂ

is the logarithmic Bloch space, which appeared in characterizing the multipliers of the Bloch
space (see [3,9]).
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The little logarithmic Bloch-type space B}’ o (D), « >0, p >0, consists of all

a
fen log? such that

0 1”0

p/a
Jim (1 lzl>“<l : > F) = (13)

The following theorem summarizes the basic properties of the logarithmic Bloch-type
spaces. Here, as usual, for fixed r € [0,1), f.(z) = f(rz), z € D.

Theorem A (see [1]). The following statements are true.
(a) The logarithmic Bloch-type space B"‘ o is Banach with the norm given in (1.2).
(b) B 1 5o is a closed subset of Blogﬂ
(c) Assume f € B“ .Then f € B“ ifund only if im, _1-||f - fr”Bngﬂ =0.
)
)

(d) The set of all polynomlals is dense in Bl by

(e) Assume f € B o then for each r € [0,1), f, € Bixogﬁ,o' Moreover

£l

(1.4)
A positive continuous function y on D is called weight.
The Bloch-type space B, = B, (D) consists of all f € H (D) such that
Bu(f) = Sztelgﬂ(z)lf’(z)l < oo, (1.5)
where p is a weight. With the norm
I£1l5, = 1£©)] +Bu(f), (16)

the Bloch-type space becomes a Banach space.

The little Bloch-type space B, = B,,0(D) is a subspace of B, consisting of all f such
that

Lim p(2)|f'(2)] = 0. (1.7)

Let ¢ be a holomorphic self-map of D and u € H(D). For f € H(ID) the corresponding
weighted composition operator is defined by

(uCy) (f)(2) =u(2)f(¢p(2)), z€D. (1.8)

It is of interest to provide function-theoretic characterizations for when ¢ and u induce
bounded or compact weighted composition operators on spaces of holomorphic functions.
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For some classical results mostly on composition operators, see, for example, [10]. For some
recent related results, mostly in C" or related to Bloch-type or weighted-type spaces, see, for
example, [4, 10-46] and the references therein.

Here we study the boundedness and compactness of the weighted composition
operator from the logarithmic Bloch-type space and the little logarithmic Bloch-type space
to the Bloch-type or the little Bloch-type space.

In this paper, constants are denoted by C, they are positive and may differ from one
occurrence to the other. The notation a < b means that there is a positive constant C such that
a < Cb. We say that a < b, if both a < band b < a hold.

2. Auxiliary Results

In this section we quote several auxiliary results which will be used in the proofs of the main
results.

Lemma 2.1. Assume a >0, f > 0, then the following statements are true.

(a) Assume y > p/a +1n2, then the function
el p
h(x) = x“<ln ;) (2.1)

is increasing on the interval (0,2].

(b) The function

N
hﬂx):x“<mew > (2.2)
X

is increasing on the interval (0,1].

Proof. (a) We have
, a1 ev p-1 eV 23
h(x)=x <ln;> <aln;—ﬂ>. (2.3)

Since x*!(In(e? /x))P! > 0, when x € (0,2) and y 2 B/a +1n2, and the function H(x) =
aln(e’/x) — B is decreasing on the interval (0, 2], we have

p

In? n% In2-%)>0 0,2 24
an;—ﬂ>an3—ﬂ—tx<}f—n _E>_' x €(0,2), (24)

from which this statement follows.
The proof of (b) is similar, hence it is omitted. O
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The next lemma regarding the point evaluation functional on Bi"ogﬂ follows from [1,

Lemma 3] and some elementary asymptotic relationship, such as

a1 @ﬂ/a ﬂ 2 a-1 eﬂ/a ﬁ
(1-1z|) n x<1—|z|> 1n1_|z|2 , a>1, f>0. (2.5)

Lemma 2.2. Let f € Bﬁ,gﬁ (D). Then

(1115 - aeO)ora=1,>1,
LfFO|+I1f 5, Inln 16_?, a=p=1,
f@I<Cy 170 +|If B <ln 1e_ﬂ|/:|2>1_ﬂ' a=1, p(0,1), (2.6)
I1f m,
L |£(O)] + <1 - |Z|2>a_1 (ln<eﬂ/“/<1 - |z|2>>>ﬁ, a>1, >0,

for some C > 0 independent of f.
The proof of the following lemma is similar to [25, Lemma 2.1], so we omit it.

Lemma 2.3. Assume p is a weight. A closed set K in By is compact if and only if it is bounded and

el =0 27)

Remark 2.4. If in Lemma 2.3 we assume that K is not closed, then the word compact can be
replaced by relatively compact.

The next characterization of compactness is proved in a standard way (see, e.g., the
proofs of the corresponding lemmas in [10, 30, 47-49]). Hence we omit it.

Lemma 2.5. Assume that u € H(D), ¢ is a holomorphic self-map of D, and p is a weight. Let
X be one of the following spaces Bﬁ)gﬂ, Bi"ogﬂ o and Y one of the spaces B, By. Then the operator
uC, : X — Y is compact if and only if uC, : X — Y is bounded and for every bounded sequence
(fi)ken C X converging to 0 uniformly on compacts of D one has

lim [[uCyfell, = 0. 28)
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Some concrete examples of the functions belonging to logarithmic Bloch-type spaces
can be found in the next lemma.

Lemma 2.6. The following statements are true.

(a) Assume that a#1 and p > 0, then

1

Juol2) = (1 - zw)* Y(In(er /(1 - zw)))P

weD, (2.9)

where y > p/a+In2and f,(0) =1/ yﬁ is a nonconstant function belonging to 73;’; o

(b) Assume that « =1 and € [0,00) \ {1}, then

Y 1-p
W(z) = (m ¢ _) , weD, (2.10)
1-zw

where y > f+1In2 and fé,l) (0) = y'~P is a nonconstant function belonging to chogﬂ'

(c) Assume that « = p =1, then

weD, (2.11)

—_—

¥
?(02)(2) =Inln 7 ¢

@) . . .
where y > 1+1In2and f,;”(0) = Iny is a nonconstant function belonging to Bi}gﬁ.

Moreover, for each w € D, it holds that f,, ,5,1 ), Z(f ) belong to the corresponding Bflog" , Space,
and for fixed a and p

1 2
p <C sup| £ j}”Bl <C (2.12)
log? webD log!

<C, sup

1
Blogﬁ weD

sup||fw
weD
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Proof. (a) Let w € D be fixed. Then we have

pra \F
<1—|z|)“<1nf >|f;,<z>|

- 2|

a eﬂ/a g
=(1-1zl) <ln 1——|z|>

(a-1)w pw

x' _ (2.13)
(1-zw)*(n(e’ /(1 - zw)))? (1 -zw)*(In(e’/ (1 - zw)))P*
<|Dc_”(l—IZI)"‘(ln(e”/“/(l—IZI)))"+ (1 - |2 (In(eP’= /(1 - |2])))”
N 1 - zw|*(n(e" /|1 - zw|))P 11 - zw|*(n(e" /|1 - zw|))P*
p (1-|z)*(n(e" /(1 - |z1)))”
-1
: (la I+ ln(eY/2)> 11 - zw|*(In(e" /|1 - zw|))P
<la-1] p (2.14)

= T n(er/2)’

where in (2.13) we have used that y > f/a and in (2.14) we have used the fact that the
function in (2.1) is increasing on the interval (0,2].
From (2.13), since 1 — |w| < |1 — zw|, z,w € D, and by Lemma 2.1(a), we have that

pra \F
(112" <1n = |Z|> |fu2)]

B p (1-z)*(n(er /(- [2))
: <'“ e 1n<e”/2>> (1~ Jw])*(In(er /(1 - [w])))”

(2.15)

0,

as |z| — 1 -0, from which it follows that f,, € Bi"ogﬂ o3 desired.
(b) For fixed w € D, we have

(1—|z|><1n & >ﬂ|< V) @
1-|z| “

p _
:(1—|z|)<ln ef > (1-pw

1-1z1 ) | (1 - zw)(In(e"/ (1 - z@)))”

(1-|z))(In(e" /(1 - |z])))”
1 - zw|(In(e" /|1 - zw|))P

<[p-1]
(2.16)
<|p-1|, (2.17)

where in (2.16) we have used the assumption y > f, while in (2.17), as in (a), we have used
the fact that the function in (2.1) is increasing on the interval (0, 2].
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From (2.16), and by Lemma 2.1(a), we obtain

(1—|z|><1n : >ﬁ‘( D) @) <
1-|z|

as|z| — 1-0. Hence f.)) €B11 o
(c) We have

|<1 |z]) (In(e /(1 - |z])))P
~ [wl) (In(er / (1 - w])))?

|p-1 —0, (218

finishing the proof of this statement.

-1 (10 22) | (79) @) -

e w
(1=12D) (1“ 1 |z|> (- zw) In(e" /(1 - zw))

(2.19)
< (-lz)In(e/( ~|z]))
T |1 -zw|In(eY /|1 - zw))
L= In(E /(- 2D _ 020,

SR /A-12) =

where we have used the assumption y > 1 and the fact that function (2.1) is increasing on
0,2].
From (2.19), Lemma 2.1(a), and since y > 1 we obtain

(1- |Z|)<1n )lfw )|— 2D (nle/(A-]z)) (221)

IWI)(ln(eY/( = [wl)))

(2) 1
as |z| — 17, thatis, f;,” € Blog o

Estimations (2.12) follow from (2.14), (2.17), (2.20) and by using the following facts

1
fw(o):Y_ﬂ/ a#ll ﬂZl,

D) =y, a=1, pe(01), @22)

20 = Iny, a=p=1,
we finish the proof of the lemma. O
Remark 2.7. Note that from Lemmas 2.2 and 2.6 the functions f,, f @ Jefined in (2.9)-

(2.11) have maximal growths in the corresponding logarithmic Bloch type spaces.
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3. Boundedness and Compactness of the Operator
uC, : Bﬁ)gﬂ (D) (or Bﬁ)gﬂ,o(D)) — Bu(D)

This section studies the boundedness and compactness of the weighted composition operator
uCy, : Bilog" (D) (or Bf;g”,o (D)) — Bu(D).

Casel. a>1,p>0.

Theorem 3.1. Assume a > 1, f > 0, ¢ is an analytic self-map of the unit disk, u € H(D), and p is a
weight. Then the operator uC, : B{"Ogﬁ (or B;‘Ogﬁ O) — By, is bounded if and only if

(1-1p@ )" (n(et=/ (1~ o F)))"

#(2)|u(2)||¢'(2)]
sup < 0. (32)

2 (1- [p() ) (1n(e/ (1 - |(P(Z)|2>>>ﬂ

Proof. First assume that (3.1) and (3.2) hold. Then, by Lemma 2.2 and the definition of Bﬁ;gﬂ’

we have

sup u(z)[u'(z)|| 1+ <o,  (31)
zeD

[4Cy fl5, = 110 f (@ ()] + sup (z) [/ (2)f(9(2)) +u) f (9(2))9'(2)] (3:3)

1
B 1+

tog” (1 — |¢(0) |2)“’1 (m(eﬁ/u /(1 - |(p(0)|2>>>ﬁ

< Clu(0)l||f

. sup| u2)|W(z)|+ _ p(z)|u' (z)|
(1ot )” (e (- ota))) )

+ 11 fllne ,sup HEIUE)¢ ()]

1ogf ey (1 _ |(P(z)|2>“<1n(eﬂ/u/<1 - |‘P(Z)|2>>>/’.

+Clf

(3.4)

Applying (3.1) and (3.2) in (3.4), the boundedness of uC, : Bl“ogﬂ (or B;"Ogﬁ 0) — By, follows.

Now assume the operator uC, : Bf;gﬂ (or Bilog“,o) — By, is bounded. By taking the test

a

functions f(z) =1 and f(z) = z (which obviously belong to Blog”,o

), we obtain

sup p(z)['(2)| < oo, (3.5)

zeD

Suul)? u(z) | (2)p(z) + u(z)¢'(z)| < 0. (3.6)
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From (3.5) and (3.6), and since the function ¢ is bounded, it follows that

sugy(z) |u(z)¢' (z)| < oo. (3.7)

For w € D, set

(1~ wl?) (1-wl)’

(1-@2)"(In(eb//(1-w2)))  (1-w2)" (In(eb/a/(1-wz)))"

Sw(z) = ze. (3.8)

We have that g, (w) =0,

(1= [eoP)" (in(ep/=/ (1 - |w|2>)>ﬂ' (3.9)

o
and as an easy consequence of Lemma 2.6(a), sup,,p || gw”Bf'ogﬂ <Cand g, € Blogﬂ,o for each

w € D.

Using these facts and the boundedness of uC, : B]Di)gﬁ (or Blaogﬂ,o) — By, for the test

Suw(w) = -

functions gy(w), where w € D and ¢(w) #0, we get

() [u(w)y! (w)p(w)|

<N uCygpiw) |l < ClluCyllpe 5 -  (3.10)
a B PSP By ? B =By
(1-lp@)*) " (n(et’=/ (1~ p@)[*))) !
From (3.10) it follows that
sup Z#iw)lu(w)w (w)] o S2CNCllye - (3.11)
(1 ) (m(e (1 o))
On the other hand, by using (3.7) and Lemma 2.1(b), we have
i () u(w)y ()| < sup L@@
lp(w)|<1/2 <1 ~ o(w) |2>a<1n<eﬂ/a/<1 ~ |p(w) |2)>>ﬂ wi<1 (3/4)"In” (4eP/a/3)
Hence, (3.11) and (3.12) imply (3.2).
Let
2
(a+1)(1-|w a(1-|wf?
Fu(z) = < ) < > (3.13)

(1-w2)"(In(eb/r/(1-w2)))  (1-w2)" (In(eb/a/(1-wz)))’
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Then
Fu(w) = R 5
(1 - |w|2> (1n(eﬂ/a /(1 - |w|2>>>
B (3.14)
P (w) = - P ,

(1 - |w|2>“<1n(eﬁ/a /<1 ~ |w|2>>>p+1

and by Lemma 2.6(a) we get SquGDHFwHB;' 5 S C,and F,, € Bi" 0 for every w € D. Using the
og] og,
boundedness of uC,, : B?ogﬁ (or Bﬁ)gﬁ,o) — By, the test functions F,,), and equalities (3.14)
we get
p(w) ' (w)|
a-1 p
(1-lp@)*)" (in(er=/ (1~ o) [*)))
| I | (3.15)
Pu(w)|u(w)||¢'(w)||p(w)
< ||”C¢F¢(w)||73ﬂ + N AN
(1= lop@)[*)" (in(er=/ (1~ |p@)[*)))
for each ¢(w) #0, w € D.
From (3.2), (3.5), (3.15), and using the fact that
<1 efr >_1<“ hen f > 0 (3.16)
su n—— < —, when >0, .
xe[og) 1-x? p
condition (3.1) follows. O

Theorem 3.2. Assume a > 1, f > 0, ¢ is an analytic self-map of the unit disk, u € H(D), and

u is a weight. Then the operator uC, : Bﬁ;gﬂ (or Bilog/},o) — By is compact if and only if uC, :

a a .
Blogﬂ (07’ Blogﬂ,()) - B‘u is bounded

lim pu(z)|u'(z)|| 1+ ! =0, (3.17)

. (@) n(e /(1 o))

p(@)u)ly'(2)]|

lim . 5= 0. (3.18)
lp(z)]—1 (1- |‘P(Z)|2) <ln<eﬂ/“/<1 - |(p(z)|2>>>

Proof. Suppose that uC, : Bﬁ)gﬂ (or Bﬁ)gﬂ,o) — B, is compact. Then it is clear that uC, :

B?ogﬂ (or Bl”‘ogﬂ 0) — By is bounded. If [|¢||o, < 1, then (3.17) and (3.18) are vacuously satisfied.
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Hence assume that ||¢||c = 1. Let (z),),,,cy be a sequence in D such that |¢p(z,,)| — 1asm —
oo, and g, (2) = gy(z,)(2), m € N, where g, is defined in (3.8). Then supm€N||gm||73]u , <o
og/

gm — 0uniformly on compacts of D as m — o0, gn(¢(zm)) =0, and

/ ¢ (zm)
S (9(zm)) = - - . (3.19)
(1 = lp(a)D" (in(e</ (1 - lp(zn)?)) )’
Hence from (3.10) and Lemma 2.5 we have that
#(Zm) |u(zm)(/’,(zm)(/’(zm)|
< ||uC4,gm||BM —0 asm— o (3.20)

(1 - lp(znP)" (in(e2/ (1~ [p(zn])))

from which (3.18) follows.
Let F;, = Fy(z,), m € N where F,, is defined in (3.13). Then supmeNHFmHB;z , < and
og

Fy, — 0uniformly on compact subsets of D as m — oo. Since uC,, : Bl”égﬂ (or Bizgﬁ,o) — By is

compact, we see that

Tim [[uCyFyll; =0. (3.21)

From (3.15) we have

w(zm) U/ (zm)|
(-l (n(e2/ (1= o))’

- (3.22)
Bp(zm) [1(z) g (z0)p ()|
< [uCy Pl + - .
(1~ lp(zn)P) (In(e?/5/ (1~ [gp(zn)") ))

which along with (3.16), (3.18), and (3.21) implies

lim — KR @) S =0, (3.23)
"I A= @) (in(e?/ (1~ |p(2)*)))
On the other hand, we have

[/l(Z)|u'(Z)| 2 C‘u(z)lul(z) ; (324)

A= lp@P)* " (in(eb// (1 o2 F)) )’

for some positive C. From (3.23) and (3.24), equality (3.17) follows.
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Conversely, assume that uC, B“ o (or B , ) — B,isbounded and (3.17) and (3.18)

log? 0
hold. From the proof of Theorem 3.1 we know that

B (u) = suml? w(z) | (z)| < oo, K; = su[[}»)y(z)|(p’(z)||u(z)| < oo. (3.25)

On the other hand, from (3.17) and (3.18) we have that, for every ¢ > 0, thereisa 6 € (0,1),
such that

u@) | )| 1+ ! <g,

(1-1e@PF)" (n(ea/ (1~ o))’

k@Gl @)
A-lp@ P (in(eb// (1- o) )Y’

(3.26)

whenever 6 < |p(z)| < 1.
Assume (f,),,en 1S @ sequence in Bﬁ)gﬂ (or Bﬁ)g",o) such that sup,, || f"’”Bﬁ,gﬂ < Land f,,

converges to 0 uniformly on compact subsets of D as m — oo. Let K = {z € D : |p(z)| < 6}.
Then from (3.25), (3.26), and by Lemma 2.2, it follows that

suﬂ)}?y(z)|(uc¢fm)'(z)|
< sup p(2) |9/ () [[u(2)|| fu (9(2)| + sup p(2) |1 ()] fn(p(2))]

+ sup pu(2)|¢'(2)|[u(2)l] fiu (p(2))| + Sup p@) U (@) fn ()]

zeD\K

< Kasup| f,,(w)| +C b u@)|u' (2)]

[w|<6

(3.27)

1
x| 1+ I ol

(1-lo@ )" (e (1o )"/

+ By (u)sup | fu(w)| + C sup f(Z)W(Z)H(P @) ; ||fm||73 ,
wiz5 =K (1~ p(2)P)" (n(ee/ (1- ) [))) ™

< Kasup | f,,(w)| + Bu(u)sup | fu(w)| + 2C5||fm||,3a )

|w|<6 |w|<6
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Therefore

1uCy folls, = | Fn (P () ||(O)] + sup (=) (MCp f)'(2)|
= (3.28)
< Ky sup|fy,(w)| + Bﬂ(u)‘:;l‘lpd|fm(w)| +2CLe + | fm(9(0)) ||u(0)].

[w|<6

Since (fm)meny converges to zero on compact subsets of D as m — oo, by the Weierstrass
theorem it follows that the sequence (f,,),,cy also converges to zero on compact subsets of I
asm — oo, in particular limy, ., . SUp,, <5l fu (w)| = 0 and limy, oo | f (¢ (0))[ = 0. Using these
facts and letting m — oo in the last inequality, we obtain that

limsup||uCy ful| 5, < 2CLe. (329)

m— o

Since ¢ is an arbitrary positive number it follows that the last limit is equal to zero. Applying
Lemma 2.5, the implication follows. O

Theorem 3.3. Assume a >0, p>0, ¢ isan analytic self-map of the unit disk, u € H(D), and p is
a weight. Then uC, : Bf‘ogﬂ o~ Buois bounded if and only if uC, : Bﬁ,gﬂ o — Buis bounded

lim p(@)[u' ()] =0, (3.30)
lim p(@)u(2)l|¢'(2)] = 0. (3.31)

Proof. First assume that uC, : Bf;gl’ 0 B, is bounded. Then, it is clear that uC, : Bﬁ)gﬂ 0
B, is bounded, and as usual by taking the test functions f(z) =1 and f(z) = z, and using the
fact |||l < 1, we obtain (3.30) and (3.31).

Conversely, assume that the operator qu, . Be

log‘j 0
condition (3.31) holds.
Then, for each polynomial p, we have

— B, is bounded, u € B, and

w@|(WC,p) ()| < @[ @) P(p()] + 1) u)¢ ()P (9(2))

<u@ [ @|lpll, + p2)|u@)e @) |lp'll.,,

(3.32)

from which along with conditions (3.30) and (3.31) it follows that uCy,p € B, . Since
according to Theorem A the set of all polynomials is dense in Bi"ogﬂ o We see that for every

fe Bixogﬁ,o there is a sequence of polynomials (p,),cy such that

lim || f - p,

BII
n— oo log?

=0. (3.33)
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From this and by the boundedness of the operator uC,, : B , ~— B, we have that
log”,0

[|uCy f - uC(an"Bﬂ < |JuC,

AT | f = pn —0 (3.34)

Ba
logP 0

asn — oo. Hence qu,(B{‘;g,,,O) C By,0, and consequently uC,, : Blaogﬂ,o — By, isbounded. [

Remark 3.4. Note that Theorem 3.3 holds for all « > 0 and > 0.

Theorem 3.5. Assume a >1, >0, ¢ is an analytic self-map of the unit disk, u € H(D), and p is
a weight. Then the operator uC, : Bi"ogﬂ (or Bﬁ)gﬂ 0) — By, is compact if and only if

lim p(2)|'(z)| =0 (3.35)
S GO T o <ln<eﬂ/“/<1 - |‘P(Z)|2>)>ﬂ |
‘u(z)|u(Z)||(Pl(z)| =0
- 0. (3.36)

lim ;
- lp@ P (n(efe/ (1- 9 [)))

Proof. IfuC, : BY (or B;"ng 0) — By,0 is compact, then it is bounded so that conditions (3.30)
and (3.31) hold. On the other hand, uC,, : Bi’;gﬂ (or B* , ) — B, is compact, which implies

logf,0
that (3.17) and (3.18) hold.
By (3.18) we have that, for every ¢ > 0, there exists an r € (0,1) such that

peee
(-l (in(eb// (1 o2 F)))’

<& (3.37)

when r < |¢(z)| < 1. From (3.31), there exists a p € (0, 1) such that
w(z)u2)||¢'(2)| < el <1 - r2> (3.38)

when p < |z| < 1, and where h; is the function in Lemma 2.1(b).
Therefore, when p < |z| < 1 and r < |¢(z)| < 1, we have that

p(@)u)ly'(2)|

5 <E (3.39)
(1= lp@P)" (n(ets/ (1 |9p)*)))
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On the other hand, if p < |z|] < 1 and |p(z)| < 7, from (3.38) and Lemma 2.1(b) we have

Py’ (2)]| L H@uE¢ ()]

. (3.40)
(1= lp(2)")" (In(ep/=/ (1~ |(P(Z)|2>>>” (1 -172)

Combining (3.39) and (3.40), we obtain (3.36). Similarly, from (3.17) and (3.30) is obtained
(3.35), as claimed.

Conversely, assume that (3.35) and (3.36) hold. First note that (3.35) implies (3.30).
Indeed if (3.30) did not hold then there would be a sequence (z,),cy and a 6 > 0 such that

i2£y(zn)|u'(zn)| >6 (341)

and lim, _, |¢(z,)| = L € D. From this and the continuity of the function

1
(1 - x2)" (In(ef/=/ (1 - x2)))F’

hy(x) = x€[0,1), (3.42)

we would have that

inf a_l" (Z0)lt (20| 5 > 6inf hy(x) > 0, (3.43)
"= lpe)P) (e (1- o)) Y

which is a contradiction with (3.35).
Forany f € Bi’;gﬁ, we have

K (2)]
- lp@P" (in(e?=/ (1= o))’

1(@)|(Cof) @] < Cllflly | w1 ()] +

peee
(- IR e/ (1 g2 F)))’

(3.44)

Using conditions (3.30), (3.35), and (3.36) in (3.44), it follows that uC, f € B, for each f €
Bilog”’ moreover the set

quJ<{f S Bilogp <0r Bixogﬂ,0> : ||f Bﬁ,gp < 1}) (345)

is bounded in B, 0.
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Taking the supremum in (3.44) over the unit ball of the space Bi"ogﬂ (or Bﬁ)gﬂ ,), then
letting |z| — 1 and using conditions (3.30), (3.35), and (3.36), we obtain

lim  sup ‘u(z)|(qu,f)/(z)| =0, (3.46)

=1 fpe <1
logﬁ

from which along with Lemma 2.3 the compactness of the operator uC,, : Bi"ogﬂ (or Bi"ogp O) —

By, follows. O
Case2. a=1, pe(0,1).

Theorem 3.6. Assume that ¢ is an analytic self-map of the unit disk, u € H(D), and p is a weight.
Then the operator uC, : Bllogﬁ (or Bllog/‘ o) — By is bounded if and only if

R
sup u(z)|u'(2)| 1+ <1r1 —> < o,
2eD | | < 1- |(,o(z)|2 >

up ELEIlY()] .

2D <1 _ |‘P(Z)|2> <1n<eﬁ/<1 - |(P(Z)|2>>>

Proof. The proof of the theorem is similar to the proof of Theorem 3.1. The sufficiency follows
by using the triangle inequality in (3.3) and then the third inequality in Lemma 2.2 and the
definition of the space Bllog’"

(3.47)

For the necessity it is enough to follow the lines of the corresponding part of the proof
of Theorem 3.1 and use the test functions f(z) =1, f(z) =z,

(@) (@)

fw(z) = , weDb, (3.48)
W@ (D w)
M \? M)

Gu(2) = 3< v') _2 (') weD, (3.49)

W (w) < z(ul)(w)>2,

which belong to Bllogﬂ (for the functions in (3.48) and (3.49) it easily follows by Lemma 2.6(b)),
where fzs,l ) (z) is the function in (2.10). We omit the details. O
The proofs of the following two theorems are similar to the proofs of Theorems 3.2 and

3.5, where the test functions in (3.48) and (3.49) are used as well as the lemmas in Section 2.
Hence their proofs are omitted.
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Theorem 3.7. Assume that ¢ is an analytic self-map of the unit disk, u € H(ID), and p is a weight.
Then the operator uC, : Bllogﬂ (or Bllogﬂ,o) — By, is compact if and only if uC, : B o (or B | ) —

By, is bounded
1-p
(z)|u' ()] <lne—ﬂ> =0
We T 1-|p2)|? ’

lim #(2)|u(2)||¢'(2)]
z)|—1 2 2 B
" (- le@F) (e (1- o))

Theorem 3.8. Assume that ¢ is an analytic self-map of the unit disk, u € H(D), and p is a weight.
Then the operator uC, : Bllog” (or Bllog/, o) = By is compact if and only if

R
éi\lgllﬂ(Z)lu (Z)| <1 + <1r1 m) > = O,

p(@)u)l¢'(2)|

lim g
(- le@ 1) (n(ef/ (1= o(2)*)))

logf,0

(3.50)

(3.51)

Case3. a=p=1.

The following results were proved in [15]. Hence we quote them for the benefit of the
reader, and without any proof.

Theorem 3.9. Assume that ¢ is an analytic self-map of the unit disk, u € H(ID), and p is a weight.
Then the operator uC, Bl g (or B1 o o) = By is bounded if and only if

zeD

sup p(z)|u'(z)| max{l,ln In ;2} < oo,
1-o(2)]

(3.52)
u(2)u(2)l|¢'(2)|

sup (1-lp@P) n(e/(1-lp)F))

Theorem 3.10. Assume that ¢ is an analytic self-map of the unit disk, u € H(D), and p is a weight.
Then the operator uC, : B (or B! | ) — By is compact if and only if uC,, : B (or B! ) —

By, is bounded

logh,0 log',0

lim y(z |u(z)|max{1 lnln;z} =0,
lp(z)]— — |(P(Z)|

(3.53)
H(2)u(z)||¢' (2)|

A (0 e P (e (1- o))
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Theorem 3.11. Assume that ¢ is an analytic self-map of the unit disk, u € H(ID), and p is a weight.

Then the operator uC, : Bllog1 (or Bllog‘,o) — By,0 is compact if and only if

e
lim pu(z)|u'(z)] max{l,lnln —} =0,
E 1-|o=)|

(3.54)
w(z)u=)|¢'(2)|

y
=1 (1= g ) n(e/ (1- lp)F))

Case4. a € (0,1),ora=1and g > 1.
Here we consider the cases « € (0,1),ora=1and > 1.

Theorem 3.12. Assume that a € (0,1),ora =1and p>1, u € H(D), pisa weight, and ¢ is a
holomorphic self~map of D. Then uCi : B;"Ogﬂ (or Bilogﬂ,o) — By, is bounded if and only if u € B, and
condition (3.2) holds.

Proof. The sufficiency follows by using the first inequality in Lemma 2.2 and the definition of
the space B;"ng in (3.3).

For the necessity, by using the test functions f(z) =1, f(z) = z we first get conditions
(3.5) and (3.7). To get (3.2) for the case &« = 1 and 3 > 1 we use the test functions

2
_ 2
1-|wf <1>(z)_<1 |w|> 1)
1-zw " (1-zw)* ¢

fuw(z) =2 (z), weD. (3.55)

Note that f,,(w) = £ (w),

.
it - L-pw , 659

(1) (in(er/ (1- 1))’

and similar to Lemma 2.6(b), sup_,p || fw”Bﬁgﬂ <Cand fy € Bilogﬂ,o for each w € .

Hence for the family (fy(w)).ep, We get

(1 - B) p(w)u(w)||¢ (w)||p(w)|
(1 1o@) ) (in(ep'e/ (1 [p))) )
() (w)|

(e (- o P))

from which along with (3.5) and the assumption f > 1, easily follows (3.2) in this case.
When a € (0,1), condition (3.2) follows as in Theorem 3.1, by using the test functions
in (3.8). O

(3.57)

< ClluCy fyw) ”BV +
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Theorem 3.13. Assume that « € (0,1), or «a = 1 and p > 1, u € H(D), p is a weight,
and ¢ is a holomorphic self-map of D, and uC, : Bf‘og,, (or Bilogﬂ O) — By is bounded. Then

. a a : ;.
uCy, : Blog" (or Blog”,o) — B, is compact if

lim p(z)|u'(z)| =0, (3.58)
lp(z)|—1

and condition (3.18) holds.

Proof. The proof is similar to the corresponding parts of the proofs of Theorems 3.2 and 3.7,
so is omitted. O

Remark 3.14. Note that if « € (0,1), or« = 1 and f > 1 and uC, : Bf;gﬂ (or Bilogﬂ,o) — B,

is compact, then condition (3.18) is proved as in Theorems 3.2 and 3.7, by using the test
functions in (3.8) and (3.48). If ||¢|l, < 1 then condition (3.58) is vacuously satisfied. At the
moment, we are not sure if the compactness implies condition (3.58) in the case [|¢||,, = 1.
Hence for the interested readers we leave this as an open problem.

The following theorem is proved as the corresponding part of Theorem 3.5.

Theorem 3.15. Assume that a € (0,1),ora =1and p>1, u € H(D), pisa weight, and ¢ is a
holomorphic self-map of D. Then the operator uC, : Bi‘)gﬂ (or BY , ) — By, is compact if u € By

logp,O
and condition (3.36) holds.

Remark 3.16. Note that if uC,, : Bﬁ)gﬂ (or Bixogﬁ,o) — By, is compact, then clearly u € B,,0.
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