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1. Introduction and Preliminaries

Let X denote the class of functions of the form
1 [ee)
f(z)= pu + Zakzk, (1.1)
k=1

which are analytic in the punctured open unit disk
Ur:={z:z€C, 0<|z|<1} =T\ {0}. (1.2)

Let f, g € X, where f is given by (1.1) and g is defined by

g(z) = % + Dbz, (1.3)
k=1
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Then the Hadamard product (or convolution) f * g of the functions f and g is defined by
1 *2]
(f*g)(z):= Zt > arbezt = (g% f)(2). (1.4)
k=1
Let P denote the class of functions of the form

p(z) =1+ ipkz", (1.5)

k=1
which are analytic and convex in U and satisfy the condition

R(p(z)) >0 (zel). (1.6)

For two functions f and g, analytic in U, we say that the function f is subordinate to g
in U, and write

f(z) <g(z), (1.7)

if there exists a Schwarz function w, which is analytic in U with

w0) =0, |w(z)|<1 (zel) (1.8)
such that
f(z) =gw(z)) (z€l). (1.9)
Indeed, it is known that
f(z) <g(z) = f(0)=g(0),  f(U)cg(U). (1.10)

Furthermore, if the function g is univalent in U, then we have the following equivalence:
f(z) < g(z) &= f(0) = g(0), f(U) c g(U). (1.11)

Analogous to the integral operator defined by Jung et al. [1], Lashin [2] introduced
and investigated the following integral operator:

Qup:%— = (1.12)
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defined, in terms of the familiar Gamma function, by

FQ3+a) 1 (? £\
Qupf(2) = T(B)T(a) zﬂ“J ﬂ<1 - E) fndt

(1.13)
_ E F(rﬁ(;)rx) Zr(rk(i;f;)l) az* (a>0; p>0; zeU).
By setting
Fup(2) = % + r(is(f)a)gr(rk(;f;ﬁ)l) & (a>0 p>0; zeU),  (114)

we define a new function f 2 5 (z) in terms of the Hadamard product (or convolution):

fap(z) * fi,ﬂ(z) = (a>0; p>0; A>0; zeU"). (1.15)

1
=(1-2)'
Then, motivated essentially by the operator Q, 3, we now introduce the operator

Qi —%, (1.16)
which is defined as
QL pf(2)i=fay(2) % f(2) (z€U%; fex), (1.17)

where (and throughout this paper unless otherwise mentioned) the parameters a, f3, and A
are constrained as follows:

a>0; p>0; A>0. (1.18)

We can easily find from (1.14), (1.15), and (1.17) that

Qﬁﬂf( z) =

r(ﬁ+a) My T(k+p+1) ) *
) Z(k+1)'F(k+ﬁ+a+1) k2 (zel), (1.19)

where (1), is the Pochhammer symbol defined by

1, (k = 0),
(M = { (1.20)
AA+1)--(A+k-1), (keN:={1,2,...}).

Clearly, we know that Q, ; = Q.
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It is readily verified from (1.19) that

z(Qﬁ,ﬂ)l(z) = )chgf; f(z)-(+1)Q} npf(2), (1.21)

2(Q1pf) (2) = (B+a)QL 4 f(2) - (B+a+1)QL,, ,f (2). (1.22)

By making use of the principle of subordination between analytic functions, we

introduce the subclasses MS*(1; p), MK (1; p), MC(1,6; P, ), and MQC(7,6; P, ) of the
class X which are defined by

MS*(1; ) :

er:ﬁ(—z}(((;) —12> <¢P(z) (pep;, 0=n<1; zeU)},

Ly 1 zf"(2) . .
MK (11; ) : fez.l_n<1 ) —n)<¢(z)(¢ep,0§n<1,zew)},
U P o 1/ e
MC(n,6;¢,¢) =1 feX:3ge MmS* (1n;$¢) such that 1—6< e 6> <¢(z)

(ppebh; 0=n,6<1; zeU)},

1 "(2))'
MQC(1,6;9,¢) = {f €X: 3ge MK(n;$) such that T (— (Z;,((ZZ))) - 6> <¢(z)

(ppep; 0=y, 6<1; zeU)}.
(1.23)
Indeed, the above mentioned function classes are generalizations of the general mero-

morphic starlike, meromorphic convex, meromorphic close-to-convex and meromorphic
quasi-convex functions in analytic function theory (see, for details, [3-12]).

Next, by usmg the operator defined by (1. 19) we define the following subclasses
MS, s 9), MK, ap ) .//lCﬁﬂ(n,(S ¢, ), and MQC), 2(1,6; @, ) of the class X:

M8y, (:9) = {feS: Qb f e mS ()},
MKy (:9) = (f €52 Qpf € MK (:9) |,

(1.24)
MC 5 (1,80, 9) :

{
{fes:aQlfemcnsy)},
{

MQC)(n,6:9,97) = {f € £:QL,f € MAC(1,6:¢,¢) .
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Obviously, we know that

feMmK, ,(1;9) & —zf € MS, ,(11:),

f € MQC, (1,69, ¢) = —zf € MC} ;(n,6; ¢, ).

In order to prove our main results, we need the following lemmas.

Lemma 1.1 (see [13]). Let x, & € C. Suppose also that m is convex and univalent in U with

m(0) =1, R(km(z) +3) >0 (zel).

If wis analytic in U with u(0) = 1, then the subordination

zu'(z)

uz)+ xu(z) + 8

<m(z)

implies that
u(z) < m(z).
Lemma 1.2 (see [14]). Let h be convex univalent in U and let ¢ be analytic in U with
R((z) 20 (z€l).
If g is analytic in U and q(0) = h(0), then the subordination
q9(z) +§(2)zq (2) < h(z)
implies that

q(z) < h(z).

(1.25)

(1.26)

(1.27)

(1.28)

(1.29)

(1.30)

(1.31)

(1.32)

The main purpose of the present paper is to investigate some inclusion relationships

and integral-preserving properties of the subclasses

MSy(:9), MKy (1:9),  MCop(n,6:hg),  MQC, (1,6, )

(1.33)

of meromorphic functions involving the operator Q} 5 Several subordination and superordi-

nation results involving this operator are also derived.
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2. The Main Inclusion Relationships
We begin by presenting our first inclusion relationship given by Theorem 2.1.

Theorem 2.1. Let 0 < 5 < 1and ¢ € P with

max{R($(2)) } < min{ A I’f; Lh+ ?:Z 1 } (z € D). @2.1)
Then
Sep (1:9) € M3, 5(119) € MSy 5(10: ). (2.2)
Proof. We first prove that
My (11:9) € MSy 5 (1) (2.3)
Let f € M, (1; ) and suppose that
v
() e

where | is analytic in U with §(0) = 1. Combining (1.21) and (2.4), we find that

Q)L+1 ( )
A—

=—(1-n)bh(z)-n+A1+1 (2.5)
QL f(2)

Taking the logarithmical differentiation on both sides of (2.5) and multiplying the resulting
equation by z, we get

1 Z< )H—l >(Z)
1_71 - )L+1f() -1 =f)(Z)+

zh'(z)
-1-n)b(z)-n+Ar+1

< ¢(2). (2.6)

By virtue of (2.1), an application of Lemma 1.1 to (2.6) yields h < ¢, thatis f € ,/1152‘“5(1]; P).
Thus, the assertion (2.3) of Theorem 2.1 holds.
To prove the second part of Theorem 2.1, we assume that f € ,/fl.Sﬁ ﬁ(q; ¢) and set

1 Z<Qﬁ+1,pf>,(z)
9(z) = el Qﬁﬂ,ﬂf(z) -1, (2.7)
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where g is analytic in U with g(0) = 1. Combining (1.22), (2.1), and (2 7) and applying the
similar method of proof of the first part, we get g < ¢, thatis f € MS} | ﬁ(q,(p). Therefore,
the second part of Theorem 2.1 also holds. The proof of Theorem 2.1 is evidently completed.

Theorem 2.2. Let 0 =< n < 1and ¢ € D with (2.1) holds. Then
MKy (11:9) C MK 5 (119) € MK 5(119).
Proof. In view of (1.25) and Theorem 2.1, we find that

feMmK () = Qi f € MK(n:9)
= -z(Q f> e MS*(1;9)
= Q) (-zf') e M5 (n;9)
= -zf e M3, (1;9)
= —zf' € MS, ;(11;)
= Q,4(-zf") € MS (1;9)
= -z(Qlf) € M5 (1)
= Qupf € MK (n;9)
= fe MK, (1),

f e MK, 5(n;9) &= —zf' € MS} ;(m; )
= —zf € MSL 4 (1)
= Qi p(-zf') € MS (1)
= Quupf € MK (1;9)

= feMK, ,(1:9)

Combining (2.9) and (2.10), we deduce that the assertion of Theorem 2.2 holds.

Theorem 2.3. Let 0 S <1, 0 6 <land ¢, ¢ € P with (2.1) holds. Then

MC (1,8;9,¢) C MCy5(11,6;¢,¢5) € MCyy 5(m, 6, ).

O

(2.8)

(2.9)

(2.10)

(2.11)
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Proof. We begin by proving that
MC (1,6;¢,4) € MC 5 (n,6; ¢, ). (2.12)

Let f € ,/IlCﬁj'ﬁ1 (1,6; $, ¢). Then, by definition, we know that

1 Z(Qﬁ;} >,(Z)
i Qi}}g(z) -6 | <y(=z) (2.13)

with ¢ € ,/1152‘}1(71; ¢), Moreover, by Theorem 2.1, we know that g € ,/Il.Sﬁ,ﬁ(q; ¢), which
implies that

_ 1 2(Qly8) (2
1@ 1| ~argm ) <4 (214)

We now suppose that

1 _Z<Qi,pf>,(z) _5

T a5 , (2.15)

p(z) =

where p is analytic in U with p(0) = 1. Combining (1.21) and (2.15), we find that
~[(1-6)p(2) + 61QL 48(2) = 1QY £ ()~ (A + 1)QL 4f (2). (2.16)

Differentiating both sides of (2.16) with respect to z and multiplying the resulting equation
by z, we get

z(Qﬁ;} )/(Z)

~(1-8)zp'(z) — [(1 - 6)p(2) + 6] [-(1-m)a(z) -+ A+ 1] = A—— (217)
Qa,pg(z)
In view of (1.21), (2.14), and (2.17), we conclude that
Q)L+1 ! )
! _Z< )@ ~6 | =p(z) + = (2) <¢(2). (218)

1-6 Q. 8(2) ~(1-mn)a(z) —n+r1+1

By noting that (2.1) holds and

q(z) < (z), (2.19)



Journal of Inequalities and Applications 9

we know that
R(-(1-n)a(z) —n+1+1) >0, (2.20)
Thus, an application of Lemma 1.2 to (2.18) yields
p(z) < (2), (2.21)

thatis f € ,/IlCﬁ,ﬂ(q, 6; ¢, ), which implies that the assertion (2.12) of Theorem 2.3 holds.
By virtue of (1.22) and (2.1), making use of the similar arguments of the details above,
we deduce that

MCy (1,6 ¢,45) € MCqyy (1,65, ). (2.22)

The proof of Theorem 2.3 is thus completed. O

Theorem 2.4. Let0<n <1, 0= 6 <1and ¢, € P with (2.1) holds. Then
MQCH (n,6;¢,¢) € MQC, 4(1,6;¢,¢) € MQCy,, ;(n,6;,¢). (2.23)

Proof. In view of (1.26) and Theorem 2.3, and by similarly applying the method of proof of
Theorem 2.2, we conclude that the assertion of Theorem 2.4 holds. O

3. A Set of Integral-Preserving Properties

In this section, we derive some integral-preserving properties involving two families of
integral operators.

Theorem 3.1. Let f € Mms ﬂ(q, @) with ¢ € P and

R(P(z)) < ER(v— (zeU; R(v) >1). (3.1)
Then the integral operator F,,(f) defined by
F,(f) =F,(f)(z) = t” fhdt (zeU; R(v)>1) (3.2)

belongs to the class ,/ll.Si,ﬂ(q; $).

Proof. Let f € MS* ;5(’1' ¢). Then, from (3.2), we find that

2(QLF () (2) + QL Fo () (2) = (0 - 1)QL 1 f (2). (3.3)
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By setting
1 [ =(QEN) @

P(z) := - - , 3.4
@ ==\ " EmE " (3.4)

we observe that P is analytic in U with P(0) = 0. It follows from (3.3) and (3.4) that

Qﬁ,pf (2)

_ 3.5
Qﬁ,va(f) (2) 49

-1-nP(z)-n+v=(v-1)

Differentiating both sides of (3.5) with respect to z logarithmically and multiplying the
resulting equation by z, we get

, 2(a 1) (2)
P(z) + 2P(z) . ( i ) | <o) (3.6)
A-mP@ ey T-n\ Qfe)
Since (3.1) holds, an application of Lemma 1.1 to (3.6) yields
n !
L (2@ EN) )
- ( e ) —n | <¢(2), (3.7)
1- n Qa,ﬂF” (f) (Z)

which implies that the assertion of Theorem 3.1 holds. O

Theorem 3.2. Let f € ,/flJCilﬂ(q; @) with ¢ € P and (3.1) holds. Then the integral operator F, (f)
defined by (3.2) belongs to the class Jlucﬁ,ﬁ(q; P).

Proof. By virtue of (1.25) and Theorem 3.1, we easily find that

fe -/'ucﬁ,ﬁ (:9) = -zf' € -/’Lgﬁ,ﬁ (1:9)
= Fy(-zf') € M5, ;(n;9)
(3.8)
= -z(F.(f)) € MS*(n;9)

= F(f) € MK (1 ).

The proof of Theorem 3.2is evidently completed. O



Journal of Inequalities and Applications 11

Theorem 3.3. Let f € ,/Ile‘!,ﬂ(q, 6;¢,¢) with ¢ € P and (3.1) holds. Then the integral operator

F, (f) defined by (3.2) belongs to the class _/llCﬁ,ﬁ(rl, 6; ¢, ).

Proof. Let f € ,/IiCﬁ,ﬂ(q, 6;¢, ). Then, by definition, we know that there exists a function

g € MS*(1; ¢) such that
1 Z(Q%;f)l(z)
- - . 3.9
1,2( IR <yp(2) (3.9)

Since g € MS*(1; ¢), by Theorem 3.1, we easily find that F,(g) € MS*(1; ¢), which implies
that

e o ! 2(Q4,F(9)) (2) o 10
zZ) = - - zZ). .
L= Qﬁ,va(g) (2) 1 ¢

We now set

Qi,ﬂFV (8)(2)

2(Q!,F (D) )
Q(z) = 1f6 < (QugFot) 5), (3.11)
where Q is analytic in U with Q(0) = 1. From (3.3), and (3.11), we get
-[(1-6)Q(z) +61Q} jF. () (2) +vQ, 4Fy () (2) = (v = 1)Q, 4 f (2). (312)
Combining (3.10), (3.11), and (3.12), we find that

2(Qhf) @)

“\Fepl) T (313)
Qi,va (8)()

-(1-06)zQ'(2) - [(1-6)Q(2) +6][-(1 -n)H(z) - +v] = (v-1)

By virtue of (1.21), (3.10), and (3.13), we deduce that

WECTIE ) 0
1-6 < Qi,ﬂg(z) -6 | =Q(z2) + “A =) HG=) —n+> < ¢(z). (3.14)
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The remainder of the proof of Theorem 3.3 is much akin to that of Theorem 2.3. We, therefore,
choose to omit the analogous details involved. We thus find that

Q(z) < ¢(2), (3.15)

which implies that F,(f) € #C p(q, 6; ¢, ). The proof of Theorem 3.3 is thus completed.
O

Theorem 3.4. Let f € MQC! [5(’1'6 ¢, ¢) with ¢ € P and (3.1) holds. Then the integral operator
F, (f) defined by (3.2) belongs to the class ,/ItQCfX,ﬂ (1,6, 9, ).

Proof. In view of (1.26) and Theorem 3.3, and by similarly applying the method of proof of
Theorem 3.2, we deduce that the assertion of Theorem 3.4 holds. O

Theorem 3.5. Let f € ,/It.SAﬂ(rl, ¢) with ¢ € P and
R(o-ng—(1-1)ép(z)) >0 (zeU; ¢#0). (3.16)
Then the function K7 (f) € Z defined by

QK7 (f) = QusK{ (f)(2)

1/¢ (3.17)
- (e (@o)a) T cevero
belongs to the class _/flﬁi‘/ﬂ(q; P).
Proof. Let f € MS* s ¢) and suppose that
(=@ Ken) @
M(z) := - - (3.18)
T ek (ne
Combining (3.17) and (3.18), we have
Q) \
Cni—(1—n)eM(z) = (o - &) [ — " ) 3.19
o -1 (1-n)¢M(z) = (0 §)<Qgﬂ1<g(f)(z) (3.19)
Now, in view of (3.17), (3.18), and (3.19), we get
, Q' .f)
M(z) + M (z) 1 ()@ -1 | <$(x).  (320)

o-ni-(1-miM(z) 1-n\ Q) f(2)
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Since (3.16) holds, an application of Lemma 1.1 to (3.20) yields

M(z) < ¢(z), (3.21)

that is, K7 (f) € _/iLSﬁ,ﬁ(q; ¢). We thus complete the proof of Theorem 3.5. O

Theorem 3.6. Let f € MK ﬁ(rl,¢ ) with ¢ € P and (3.16) holds. Then the function K7 (f) € X
defined by (3.17) belongs to the class _/ilJCﬁ,ﬂ(n; P).

Proof. By virtue of (1.25) and Theorem 3.5, and by similarly applying the method of proof of
Theorem 3.2, we conclude that the assertion of Theorem 3.6 holds. O

Theorem 3.7. Let f € MC} ﬂ(n,(S ¢, g) with ¢ € P and (3.16) holds. Then the function K7 (f) € X
defined by (3.17) belongs to the class ,/IlCﬁ,ﬁ(q,éi o, ).

Proof. Let f € _/IlCﬁ,ﬂ(q, 0;¢,¢). Then, by definition, we know that there exists a function
g € MS*(1; ¢) such that (3.9) holds. Since g € MS*(1; p), by Theorem 3.5, we easily find that
K{(g) € MS*(1; ), which implies that

1 ([ =(eK) @
1=n Q, K7 (8)(2)

R(z) := -1 | <P(2). (3.22)

We now set

1 (@) @
D(z) = - -6 1, 3.23
I ek e o)

where D is analytic in U with D(0) = 1. From (3.17) and (3.23), we get
—4[(1-8)D(2) +6]1Q, K7 (8)(2) +6Q, 4K (f)(2) = (6-8)Qupf(2).  (3:24)

Combining (3.22), (3.23), and (3.24), we find that

§(1-6)zD'(2) = [(1 - 8)D(z) + 6] [-(1 - n)éR(z) - né + 6] = (6 - ¢) ( Aﬂf)kz
—¢(1-06)zD'(z) - [(1- z —(1- z) - —(5-¢&)——" 7
! ! ﬁﬁKE( )(Z)
(3.25)
Furthermore, by virtue of (1.22), (3.22), and (3.25), we deduce that
Q,f) :
! —Z< G -6 | =D(z) + 2D'(z) <g(z).  (326)

1-6 Q, ;8(2) ~(1-7m)éR(2) - ng +6
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The remainder of the proof of Theorem 3.7 is similar to that of Theorem 2.3. We, therefore,
choose to omit the analogous details involved. We thus find that

D(z) < ¢(2), (3.27)
which implies that K7 (f) € _/IlCﬁ’ﬂ(q, 0; ¢, ). The proof of Theorem 3.7 is thus completed. -

Theorem 3.8. Let f € ,/ItQCﬁ,ﬂ(n, 6; ¢, ) with ¢ € 0 and (3.16) holds. Then the function K3 (f) €
2 defined by (3.17) belongs to the class ,/iLQCﬁ,ﬁ(q, 6,9, p).

Proof. By virtue of (1.26) and Theorem 3.7, and by similarly applying the method of proof of
Theorem 3.2, we deduce that the assertion of Theorem 3.8 holds. O

4. Subordination and Superordination Results

In this section, we derive some subordination and superordination results associated with
the operator Qﬁ,p' By similarly applying the methods of proof of the results obtained by Cho
et al. [15], we get the following subordination and superordination results. Here, we choose
to omit the details involved. For some other recent sandwich-type results in analytic function
theory, one can find in [16-30] and the references cited therein.

Corollary 4.1. Let f,g € Z. If

9%(1 + %) > -0 <z eU; ¢(z) = ZQﬁ,ﬂg(2)>, (4.1)

where

:1+(ﬂ+a)2—|1—(ﬂ+tx)2|

0: (4.2)
4(p+a)
then the subordination relationship
zQﬁ,ﬂf(z) < zQﬁ,ﬁg(z) (4.3)
implies that
2Q, £ (2) < 2Qu,, 48 (2)- (4.4)

Furthermore, the function zQﬁ 1,88 is the best dominant.
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Corollary 4.2. Let f,g € Z. If

9{(1 + %) > —w <z elU; x(z):= zQﬁj}g(Z)) (4.5)

where

12— [1- 2]

. ) (4.6)

then the subordination relationship

zQ, f(2) < 2Q) 8(2) (4.7)
implies that

zQi,ﬁf(z) < zQﬁ,ﬁg(z). (4.8)

Furthermore, the function zQ} 58 is the best dominant.

Denote by Q the set of all functions f that are analytic and injective on U~ E(f), where
E(f)={£€6U:limf(z)=oo}, (4.9)

and such that f'(¢) #0 for € € OU — E(f). If f is subordinate to ¥, then ¥ is superordinate to
f. We now derive the following superordination results.

Corollary 4.3. Let f,g € X. If

9%(1 + %) > -0 <z el ¢(z):= zC)%g(z)), (4.10)

where @ is given by (4.2), also let the function zQﬁ,ﬁ f be univalent in U and zQ? p f €Q, then the
subordination relationship

zQﬁ,ﬂg(z) < zQﬁ,ﬂf(z) (4.11)
implies that

2Qp.158(2) < 2Q 4f (2). (4.12)

Furthermore, the function zQi 1,88 is the best subordinant.
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Corollary 4.4. Let f,g € X If

9%(1 + Z))(C/,;(ZZ))> > —w <z elU; y(z):= ZQﬁ;g(z)>, (4.13)

where w is given by (4.6), also let the function zQﬁ*ﬁ1 f be univalent in U and zQﬁ 5 f € Q, then the
subordination relationship

2Q,% ¢(2) < 2Q) £ (2) (4.14)
implies that
2Q} ;8(2) < 2Q, 4 (2). (4.15)

Furthermore, the function zQﬁ s is the best subordinant.

Combining the above mentioned subordination and superordination results involving
the operator Q} 5 We get the following “sandwich-type results”.

Corollary 4.5. Let f,gr € X (k=1,2).If

29 (2)
SR<1 + (p'kk(z) ) > —Q <z eU; pi(z) = zQﬁ,ﬂgk(z) (k = 1,2)), (4.16)

where @ is given by (4.2), also let the function zQﬁ,ﬁ f be univalent in U and zQ? p f €Q, then the
subordination chain

2Q} ,81(2) < 2Q, ,f (2) < 2Q; 482 (2) (4.17)
implies that
2Q},1581(2) < 2Q 5f (2) < 2Q4 582(2). (4.18)

A

Furthermore, the functions zQ} | 581 and zQ;

best dominant.

82 are, respectively, the best subordinant and the

Corollary 4.6. Let f, g€ X (k=1,2).If

m<1 + Z;kk((zj)) > —w <z €U; xk(2) = 2Q, g(2) (k= 1,2)>, (4.19)
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where w is given by (4.6), also let the function ZQZ} f be univalent in U and zQﬁ,ﬂ f €Q, then the
subordination chain

2Q, g1(2) < 2Q, f(2) < 2Q, &2(2) (4.20)
implies that

2Q} 481(2) < 2Q; ,f (2) < 2Q; 422(2). (4.21)

Furthermore, the functions zQﬁ/ﬂ g1 and zQﬁ,ﬁ g are, respectively, the best subordinant and the best
dominant.
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