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1. Introduction

In this paper, we consider the existence and asymptotic behavior of solutions for the following
weighted p(t)-Laplacian system:

~Appu+6f (tu, (@) POVW) =0, te (0,+), (1.1)
w0 = lim u(t),  limw() |/ |92 () = tlirpww(t)|u'|p(t)_2u'(t), (1.2)

where p € C([0,+x),R), p(t) > 1, lim;_ p(t) exists and lim; . op(t) > 1, —Appu =
—(w®[W PP is called the weighted p(t)-Laplacian; w € C([0,+o0),R) satisfies
0 < w(t), forallt € (0,+00), and (w(t))_l/(p(t)_l) € L'(0,+o0); the equivalent
lim, o w ()| P70 (r) = limy _ 1oow (r) [P 721/ (r) means that lim,_, - (r) [/ [P (1)
and lim, _, 0w (r) [P %1/ (r) both exist and equal; 6 is a positive parameter.
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The study of differential equations and variational problems with variable exponent
growth conditions is a new and interesting topic. Many results have been obtained on these
kinds of problems, for example, [1-15]. We refer to [2, 16, 17], the applied background
on these problems. If w(t) = 1 and p(t) = p (a constant), —~A,) is the well-known p-
Laplacian. If p(t) is a general function, —A,() represents a nonhomogeneity and possesses
more nonlinearity, and thus —A) is more complicated than —A,,. For example, We have the
following.

(1) If Q c R" is a bounded domain, the Rayleigh quotient

. [o(1/p(x))|VulPdx
uew" @\ (0} [ (1/p(x)) [ulP™dx

M) = (1.3)

is zero in general, and only under some special conditions 1, > 0 (see [6]), but
the fact that A, > 0 is very important in the study of p-Laplacian problems;

(2) If w(t) =1 and p(t) = p (a constant) and —A,u > 0, then u is concave; this property
is used extensively in the study of one dimensional p-Laplacian problems, but it is
invalid for —A, . It is another difference on —A, and —A ).

(3) On the existence of solutions of the following typical —A, ;) problem;
g typ pt) P

!
—<|u'|p(x)_2u'> =[u1™2u+C, xeQcRV,
(1.4)
u=0 on 0Q,

because of the nonhomogeneity of —A,(), and if 1 < max_5q(x) < min, gp(x),
then the corresponding functional is coercive, if max sp(x) < min, _s4(x), then
the corresponding functional can satisfy Palais-Smale condition, (see [4, 7]). If
min__sp(x) < g(x) < max, gp(x), there are more difficulties to testify that the
corresponding functional is coercive or satisfying Palais-Smale conditions, and the
results on this case are rare.

There are many results on the existence of solutions for p-Laplacian equation with
multi-point boundary value conditions (see [18-21]). On the existence of solutions for
p(x)-Laplacian systems boundary value problems, we refer to [5, 7, 10-15]. But results on
the existence and asymptotic behavior of solutions for weighted p(f)-Laplacian systems
with multi-point boundary value conditions are rare. In this paper, when p(t) is a general
function, we investigate the existence and asymptotic behavior of solutions for weighted
p(t)-Laplacian systems with multi-point boundary value conditions. Moreover, the case of
minye)p(t) < q(t) < maxejo)p(t) has been discussed.

Let N > 1 and I = [0,+0); the function f = (f},..., fN) : I x RN x RN — RN js
assumed to be Caratheodory, by this we mean that

(i) for almost every t € I, the function f(t,-, ) is continuous;

(ii) for each (x,y) € RN x RY, the function f(-, x, y) is measurable on I;
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(iii) for each R > 0, there is a fr € L'(I,R) such that, for almost every t € I and every
(x,y) € RN x RN with |x| < R, |y| £ R, one has

|f(tx,y)| < Br(D). (1.5)

Throughout the paper, we denote

w(0) |u'|P(O)_2u’(0) = tlirgw(t) |u'|p(t)_2u'(t),

(1.6)
w(+oo)|u'|P(+°°)_2u'(+oo) = tlim w(t)|u'|p(t)_2u'(t).
—+o0
The inner product in RN will be denoted by (-,-), | - | will denote the absolute value

and the Euclidean norm on RY. Let AC(0,+0) denote the space of absolutely continuous
functions on the interval (0,+o0). For N > 1, weset C = C(LRN), C! = {fu € C | v €
C((0,+o0), RN), limy _gr 2w (t) PO~V (1) exists). For any u(t) = (u'(t),...,uN(t)), we denote
[Uily = SUPeg,u (D], Nlullo = (S, [110)"% and flully = flullo + || ()" PO ™V1|lo. Spaces
C and C! will be equipped with the norm || - [|p and || - ||1 , respectively. Then (C, || - |lo) and
(CL, || - ll1) are Banach spaces. Denote L' = L'(I, RN), the norm [Jul|;: = [3N, (/¢ [u'|dt)*]"/.

We say a function u : I — RN is a solution of (1.1) if u € C! with w(t)[u/|"“ 7/ (t)
absolutely continuous on (0,+o0), which satisfies (1.1) almost every on I.

In this paper, we always use C; to denote positive constants, if it cannot lead to
confusion. Denote

z~ = r?lln z(t), zt = max z(t), for any z € C(I,R). (1.7)
€ €

We say f satisfies sub-(p~ — 1) growth condition, if f satisfies

t/ 4 .
lim M =0, forte€ I uniformly, (1.8)
ol =2\ (Jua] + o) 17!

where q(t) € C(I,R),and 1 < g~ < g* < p~. We say f satisfies general growth condition, if we
don’t know whether f satisfies sub-(p~ — 1) growth condition or not.
We will discuss the existence of solutions of (1.1)-(1.2) in the following two cases

(i) f satisfies sub-(p~ — 1) growth condition;

(ii) f satisfies general growth condition.

This paper is divided into four sections. In the second section, we will do some
preparation. In the third section, we will discuss the existence and asymptotic behavior of
solutions of (1.1)-(1.2), when f satisfies sub-(p~ — 1) growth condition. Finally, in the fourth
section, we will discuss the existence and asymptotic behavior of solutions of (1.1)-(1.2),
when f satisfies general growth condition.
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2. Preliminary

p(t)-2

For any (t,x) € I x RN, denote ¢(t, x) = |x| x. Obviously, ¢ has the following properties.

Lemma 2.1 (see [4]). ¢ is a continuous function and satisfies

(i) Forany t € [0, +o0), @(t, ) is strictly monotone, that is,
(p(t,x1) = p(t, x2),x1 = x2) >0, for any x1,x € RN, x1#x,. (2.1)
(ii) There exists a function f : [0,+o0) — [0,+o0),f(s) — +o0ass — +oo, such that

(p(t,x),x) > p(|x|)]x], VxeRN. (2.2)

It is well known that ¢(t,) is a homeomorphism from RN to RN for any fixed t €
[0, +o0). For any t € I, denote by ¢~ (t,-) the inverse operator of ¢(t,-), then

@ (t, x) = |x|@PO/EOD - for x e RN\ {0}, ¢ (£,0) = 0. (2.3)

It is clear that ¢! (t,) is continuous and sends bounded sets into bounded sets. Let us now
consider the following problem with boundary value condition (1.2):

(w(t)p(t, ' ())) = g(t), te (0,+00), (2.4)

where ¢ € L}, and satisfies fgoog(t)dt = 0. If u is a solution of (2.4) with (1.2), by integrating
(2.4) from 0 to t, we find that

¢
wt)p(t,u'(t)) = w(0)p(0,1'(0)) + Jog(s)ds. (2.5)

Denote a = w(0)¢(0,1/'(0)). It is easy to see that a is dependent on g(f). Define operator
F:L' = Cas

t
F(g)(t) = f g(s)ds, tel, gelL' (2.6)
0
By solving for ' in (2.5) and integrating, we find that
u(®) =u(©) + F{o™ [t @) M (a+ F(g)|} @), tel (2.7)

The boundary condition (1.2) implies that

Jomqol {t, (w(t)) ™ [a+F(g)(®)] }dt = 0. (2.8)
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For fixed h € C, we denote
An(a) = I O (p’l{t, (w(t) " a+ h(t)] }dt. (2.9)

Throughout the paper, we denote E = jgw(w(t))_l/ P®-D g4,
Lemma 2.2. The function Ay(-) has the following properties.

(i) For any fixed h € C, the equation

An(a) =0 (2.10)

has a unique solution a(h) € RN.

(ii) The function @ : C — RN, defined in (i), is continuous and sends bounded sets to bounded
sets. Moreover

la(h)| < 3Nl (211)

Proof. (i) From Lemma 2.1, it is immediate that

(An(ar) = Ap(az), a1 —ax) >0, for ai #ay, (2.12)

and hence, if (2.10) has a solution, then it is unique.

Let ty = 3N||hllo. If |a| > to, since (w ()™ "DV € L1(0,+00) and h € C, it is easy to
see that there exists ani € {1,..., N} such that the ith component a' of a satisfies |a’| > 3||k]|o.
Thus (a' + h'(t)) keeps sign on I and

|ai + hf(t)| > |af| —|lhll, > 2||kll, forany te I, (2.13)
then

/(p(H)=1)

. . 1
|al + h’(t)| > [2[1ll,] /P9, where ¢ €I, for any t € . (2.14)

Thus the ith component A;l (a) of Ay(a) is nonzero and keeps sign, and then we have
+00
f <p-1{t, (w(t))‘l[a+h(t)]}dt¢0. (2.15)
0

Let us consider the equation

AMpu(a) +(1-Na=0, Ael0,1]. (2.16)
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It is easy to see that all the solutions of (2.16) belong to b(tg+1) = {x € RN | |x| < to+1}.
So, we have

d[An(a), bty +1),0] = ds[L, b(to +1),0] £0, (2.17)

and it means the existence of solutions of Ay (a) = 0.
In this way, we define a function @(h) : C[0, +c0) — RY, which satisfies

An(@(h)) =0. (2.18)

(ii) By the proof of (i), we also obtain a sends bounded sets to bounded sets, and
la(h)| <3Nkl (2.19)

It only remains to prove the continuity of a. Let {u,} be a convergent sequence in C
and u, — uasn — +oo. Since {a(u,)} is a bounded sequence, then it contains a convergent
subsequence {a(uy,)}. Let a(u,) — agasj — +oo. Since Aun]_ (a(un;)) =0, letting j — +oo,
we have A, (ag) = 0. From (i), we get ap = a(u), and it means that a is continuous. This
completes the proof. O

Now, we define the operator a : L' — R as

a(u) = a(F(u)). (2.20)

It is clear that a(-) is continuous and sends bounded sets of L! to bounded sets of RY,
and hence it is a compact continuous mapping.
If u is a solution of (2.4) with (1.2), then

u(t) = u(0) + F{<p-1 [t, w(t) " (a(g) + F(g) (t))] }(t), Vt € [0, +00). (2.21)
Let us define
P:C'—C!, u— u(0);

+00
e N .
Q:L" —>RY, hr— Jo h(r)dr; (2.22)

+00
QO : L' —1L', h— T(t)J h(r)dr;
0
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where 7 € ([0, o0), R) and satisfies 0 < 7(t) < 1,t € I, [;*7(t)dt =1, and we denote K : L' —
C'as

Ki(h)(®) = (Ky o ) (1)
(2.23)
= F{o™ [t eo(®) ™ (a((I = QY1) + F(U = QOWM)] } 1), ¥t € [0,+0).

Lemma 2.3. The operator K1 is continuous and sends equi-integrable sets in L' to relatively compact
sets in C1.

Proof. Tt is easy to check that K (h)(-) € C', for all h € L. Since (w(t)) ™/ *®™ e L! and
Ki(h)'(t) = ¢! [t/ (w () (a((I - Q")h) + F((I - Q*)h))]/ vt € [0, +0), (2.24)

it is easy to check that Kj is a continuous operator from L' to C?.
Let now U be an equi-integrable set in L!, then there exists p € L!, such that

[u(t)| < p(t) ae.in I, for any u € L. (2.25)

We want to show that K;(U) C C! is a compact set.
Let {u,} be a sequence in K;(U), then there exists a sequence {h,} € U such that
u, = Ky (h,). For any t1,t, € I, we have that

ty ty
[F((I-Q")hy)(t1) — F(I - Q") hy)(t2)] < tp(t)dt + L T(t)dt|Qp. (2.26)

Hence the sequence {F((I — Q*)h,)} is equicontinuous.
From the definition of Q*, we have F((I — Q*)h,)(+o0) =0, n=1,2,.... Thus

[F((I = Q")) ()] = [F((I = Q")hn) () = F((I - Q") h) (+00)|

j:ww - Q) e
ron (2.27)
.
J

< T(t)dt - |Qhy|

j:whn(t)dt

t

< j+wp(t)dt + ’er(t)dt -Q(p) — 0, as t — +oo.
t t

Thus {F((I - Q*)h,)} is uniformly bounded.

By Ascoli-Arzela theorem, there exists a subsequence of {F((I — Q*)h,)} (which we
rename the same) being convergent in C. According to the bounded continuous of the
operator a, we can choose a subsequence of {a((I - Q*)h,) + F((I — Q*)h,)} (which we
still denote {a((I — Q*)h,) + F((I - Q*)h,)} is convergent in C, then w(t)¢p(t, K1(h,)'(t)) =
a((I - Q*)hy,) + F((I - Q*)h,) is convergent in C.
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Since

Ki(h) () = F{o™ [r, o(m) ™ (@(( = Q")) + F((I = Q)R] } ), VE€ [0,4+00), (2.28)

from the continuity of ¢! and the integrability of w(t) ™"/ ®®™ in L, we can see that K (h,)
is convergent in C. Thus that {u,} is convergent in C'.
This completes the proof. O

We denote by Ny(u) : [0,+00) x C' — L' the Nemytski operator associated to f
defined by

Ny (u)(t) = f(t,u(t),(w(t))“ <P<f>—1>u'(t)), a.e. on I. (2.29)

Lemma 2.4. u is a solution of (1.1)-(1.2) if and only if u is a solution of the following abstract
equation:

u=Pu+Q6Ns(u)+ Ki(6Nf(u)). (2.30)

Proof. If u is a solution of (1.1)-(1.2), by integrating (1.1) from 0 to t, we find that

w(t)p(tu'(t)) = a(6Ns(u)) + F(6Nf(u))(t), Vte (0,+00). (2.31)
From (2.31), we have

u(t) = u(0) + F{q)"l [t, (w(t)) " (a(6Ny) + F(6Nf(u)))] }(t), Vt € [0, +o0). (2.32)

From w(0)[/[P¥ %1/ (0) = w(+00) |/ [P 21 (+o0), we have

Q6Nyf(u) =0,
(2.33)
Q"6Nf(u) = 0.
So we have
u=Pu+Q6Ns(u)+ K (6Nf(u)). (2.34)
Conversely, if u is a solution of (2.30), then
u(0) = Pu+Q6Ny(u) + K1 (6Nf(u))(0) = u(0) + Q6N (u). (2.35)

Thus Q6N (u) =0 and Q*6Ny(u) = 0. By the definition of the mapping a, we have

K1 (6N (1)) (+00) = 0, (2.36)
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thus
u(+o0) = Pu+ Q6Ny(u) = u(0). (2.37)
From (2.30), we have

wt)(t, ') = a((I - Q*)6Ny) + F((I - Q*)6Ns(w))(t), Vte (0,+00),

(2.38)
(w(typ(t,u)) = (I-Q"ENf(u)(t), Ve (0,+00).
Obviously F((I - Q*)Ny(u))(+o0) = 0, from (2.38), we have
w(0)¢p(0,4'(0)) = w(+00)p(+oo, ' (+00)). (2.39)
Since Q6N (u) = 0, we have Q*5N(u) = 0 and
(wt)pt,u)) = 5N (u)(t). (2.40)
Hence u is a solutions of (1.1)-(1.2). This completes the proof. m

Lemma 2.5. If u is a solution of (1.1)-(1.2), then forany j = 1,..., N, there exists an s/ € (0, +oo)
such that (w/)'(s?) = 0.

Proof. 1f it is false, then u/ is strictly monotone in (0, +0).

(i) If w/ is strictly decreasing in (0, +c0), then (1/)(0) > (u/)(+o0); it is a contradiction
to u(0) = u(+00).

(ii) If o/ is strictly increasing in (0, +o0), then (2/)(0) < (/) (+o0); it is a contradiction to
u(0) = u(+c0).

This completes the proof. O

3. f Satisfies Sub-(p~ — 1) Growth Condition

In this section, we will apply Leray-Schauder’s degree to deal with the existence of solutions
for (1.1)-(1.2), when f satisfies sub-(p~ — 1) growth condition. Moreover, the asymptotic
behavior has been discussed.

Theorem 3.1. Assume that Q is an open bounded set in C' such that the following conditions hold.
(1°) For each A € (0,1) the problem

(w) | " 2u) = A8f (r,u, (w(r) /7O V) (3.1)

with boundary condition (1.2) has no solution on 0Q.
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(2°) The equation
w(a) = f;wéf(t, a,0)dt=0 (3.2)

has no solution on 0Q NRN.

(3°) The Brouwer degree dg[w, QN RN, 0] #0.
Then problems (1.1)-(1.2) have a solution on Q.

Proof. Let us consider the following equation with boundary value condition (1.2):
(w) | " 7u) = A8F (r,u, () /PO i) + (1 - Q' Nes (), Vi€ (0,+00).  (33)

For any A € (0,1], observe that if u is a solution to (3.1) with (1.2) or u is a solution to
(3.3) with (1.2), we have necessarily

QNss(u) =0,  Q*Nss(u) =0. (3.4)

It means that (3.1) with (1.2) and (3.3) with (1.2) have the same solutions for A € (0,1].
We denote N (+,-) : C! x I — L! defined by

N(u,A) = ANsg(u) + (1 - 1)Q"Nss(u), (3.5)
where Nsf(u) is defined by (2.29). Let

®f(u,4) = Pu+ QN (1, 1) + (K; o N(u, 1)) .
3.6
= Pu+QNss(u) + (K1 0 N(1, 1)),

and the fixed point of @ (u, 1) is a solution for (3.3) with (1.2). Also problem (3.3) with (1.2)
can be written in the equivalent form

u=®f(u, ). (3.7)

Since f is Caratheodory, it is easy to see that N (-, -) is continuous and sends bounded
sets into equi-integrable sets. It is easy to see that P is compact continuous. According to
Lemmas 2.2 and 2.3, we can conclude that ®(u, 1) is continuous and compact from C Tto C!
for any A € [0,1]. We assume that for A = 1, (3.7) does not have a solution on 0Q; otherwise
we complete the proof. Now from hypothesis (1°) it follows that (3.7) has no solutions for
(u, 1) € 0Q x (0,1]. For A =0, (3.3) is equivalent to the problem

(w(r) |u’|P<’>‘2u')' = Q" Niss (1), (3.8)
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and if u is a solution to this problem, we must have
+oo +oo
f Q" Niss(u)dr = f 6f (r,u(r), (w(r))"/ " (r) ) dr = 0. (3.9)
0 0

Hence

w(r) |u'|p(r)_2u’ =c, (3.10)

where ¢ € RY is a constant. From Lemma 2.5, there exist t; € (0, +o0), such that (u!)'(t;) = 0,
i=1,...,N.Hence ' =0, it holds u = d, a constant. Thus by (3.9)

’[m&f(t, d,0)dr =0, (3.11)
0

which together with hypothesis (2°), implies that u = d ¢ Q. Thus we have proved that (3.7)
has no solution (u#,.1) on 0Q x [0,1], then we get that for each A € [0, 1], the Leray-Schauder
degree dis[I — @f(-,A),Q,0] is well defined for A € [0,1], and from the properties of that
degree, we have

dis[I - D¢ (-,1),Q,0] = dis[I - Df(-,0),Q,0]. (3.12)
Now it is clear that the problem

u==®¢(ul) (3.13)

is equivalent to problem (1.1)-(1.2), and (3.12) tells us that problem (3.13) will have a solution
if we can show that

dis[I - @y(-,0),Q,0] #0. (3.14)
Since
@ (u,0) = Pu+ QNsy(u) + K1 (Q"Nss(u)), (3.15)
then
u—®f(u,0) = u - Pu—- QNsf(u) - K1 (0). (3.16)

From Lemma 2.2, we have K;(0) = F(0) = 0. By the properties of the Leray-Schauder
degree, we have

dis[I - @4(-,0),Q,0] = (-1)Vdg [(u,Q n RN,O], (3.17)
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where the function w is defined in (3.2) and dp denotes the Brouwer degree. By hypothesis
(3%), this last degree is different from zero. This completes the proof. O

Our next theorem is a consequence of Theorem 3.1. As an application of Theorem 3.1,
let us consider the following equation with (1.2)

<w(r)|u'|p(r)_2u’>l = g(r, u, (w(r))l/(”(”_l)u’) + e(r,u(r), (w(r))l/(p(r)_l)u’(r)>, (3.18)

where e : I x RN x RN — RN is Caratheodory, ¢ = (g',...,¢") : I x RN xRN —
RN is continuous and Caratheodory, and for any fixed yo € RN \ {0}, if y)#0, then
¢'(r,y0,0)#0,forallr eI, foralli=1,...,N.

Theorem 3.2. Assume that the following conditions hold

(1°) g(r, ku, kv) = k101 g(r,u,v) for all k > 0 and all (r,u,v) € I x RN x RN, where
q(r) € C(I,R) satisfies 1 <q~ < q" <p~;

(2°) Timyyjs o] 400 (e(r, 11, 0) / (Ju] + [0) 177 = 0, for v € I uniformly;

(3%) for large enough Ry > 0, the equation
+00
wg(a) = f g(t,a,0)dt=0 (3.19)
0

has no solution on 9B(Ry) N RN, where B(Ry) = {u € C' | ||ull1 < Ro};

(4%) the Brouwer degree dp [wg,b(Ro),0] #0 for large enough Ry > 0, where b(Ry) = {x €
RN | x| < R}

Then problem (3.18) with (1.2) has at least one solution.

Proof. Denote
f<r, u, (w(r)Y <P<f>*1>u',x) - g(r, u, (w(r)Y W*”u') +/\e(r, u, (w(r)Y W*”u'). (3.20)
At first, we consider the following problem:
npm-2, 0\ _ V(p(r)-1)
(w(r)|u | u ) = f(r, u, (w(r)) u ,A). (3.21)

According to the proof of Theorem 3.1, we know that (3.21) with (1.2) has the same
solution of

u=®s(u, L) = Pu+QNy¢(u,A) + K1 (Nf(u, 1)), (3.22)

where N¢(u,\) = f(r,u, (w(r)YPODy ).

We claim that all the solutions of (3.21) are uniformly bounded for A € [0, 1]. In fact,
if it is false, we can find a sequence of solutions {(u,, A,)} for (3.21) with (1.2) such that
lunlh — +o0casn — +oo,and |lu,ll; >1 foranyn=1,2,....
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Since (u,, Ay) are solutions of (3.21) with (1 2), so u,(0) = u,(+o0). According to
Lemma 2.5, there exist§ € (0, +c0) such that (u ) (&) = 0, then

. ! t .
w(t)|u;,|"“)*2(u;;> (t):fgin fl"[r,un,(w(r))l/(p(r Dy, A ]dr Vt € (0, +o0),

1/(p(r)-1) 1
w(®) |, "7 (uy) (1 = f ||un||"““{g'n[r, o () ”"] (3.23)

[y [y

+ o(l)}dr, vt € (0,+c0),

where 0(1) means the function which is uniformly convergent to 0 (as n — +o0). According
to the property of g and (3.23), then there exists a positive constant C; such that

w(t) i, "7 () (| < Culluall] !, Ve € (0, +0), (3.24)
then we have

wt)|u, ()PP <2NCyllunl|7 !, VE € (0, +00). (3.25)

Denote a = (" -1)/(p™ — 1), then
sup |((H)" 7OV u(1)] < Collunllf (3.26)

t€(0,+00)
Thus

| o) O Du, )| < NCallulis. (3.27)

Since a € (0,1), from (3.27) we have

laally _

n— oo [|un|ly

(3.28)

Denote by, = ([uplo/ llunllo, 1310/ Ntnllo, - - 111y / eally), then by € RN and [by| =1 (n =
2,...), then {b, } possesses a convergent subsequence (which denoted by b,,), and then there
exists a vector by = (b}, bé, .. .,bé\f ) € RN such that

|b0| = 1, lim bn = bo. (329)
n— +co
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Without loss of generality, we assume that b} > 0. Since u,, € C(I,R), there exist 77}, €

(0, +00) such that
if i 1
u, (ﬂn) 2 (1 - E)

and then from (3.27) we have

, i=1,2,...,N;n=12,..., (3.30)

0< <Callwi[ @) VO Va @3y
0

Jrl (u;>'(t)dt

Mn

w(r) = us (1) =

Since ||uy|l1 — +o0 (asn — +o0), 2 € (0,1), and b(l) > 0, we have

+o0
Tyl et/ e =, (332)
n—>+oo Nn 0
From (3.28)-(3.32), we have
ul(r) :
— =1L for r € I uniformly. (3.33)
n—+oo un (11")

So we get

lim ”"_(r) = b, i (w(r))l/(p(r> 1) u (r)

=0, forr €I uniformly, (3.34)
w2 e g
where b, € RN, satisfies |b,| = 1, |bl| = bj.
Since b(lJ #0, from(1.2) and (3.34), we have
0= J' a7 { 18, b + 0(1), 0(1)] + 0(1) (3.35)

Since g!(t,b.,0) #0, according to the continuity of ¢!, we have
+00 (-1
JO {07 811, b2 + 0(1), 0(1)] + (1) }dit #0, (3.36)

and it is a contradiction to (3.35). This implies that there exists a big enough Rj > 0 such that
all the solutions of (3.21) with (1.2) belong to B(Ry), and then we have

dis[I - (-, 1), B(Ro), 0] = dis[I - @ (-, 0), B(R),0]. (3.37)

If we prove that dis[I - ®¢(-,0), B(Ro), 0] #0, then we obtain the existence of solutions
(3.18) with (1.2).
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Now we consider the following equation with: (1.2)

(o(r) |u'|"(”‘2u')' = g (r,u, (w(r) POV + (1= Q" Ny (u), (3.38)

where N (u) = g(r,u, (w(r))Y PODy,
We denote N (-,) : C' x I — L! defined by

N(u,A) = ANg(u) + (1 - 1)Q*Ng(u). (3.39)

Similar to the proof of Theorem 3.1, we know that (3.38) with (1.2) has the same
solution of

u =Dy (u, 1) = Pu+QN(u, 1) + K (N(u, A)). (3.40)

Similar to the discussions of the above, for any A € (0,1], all the solutions of (3.38)
with (1.2) are uniformly bounded.
If u is a solution of the following equation with (1.2):

(w) || 7u) = Q' Ny (w), (3.41)

then we have

Q*Ng(u) =0,
(3.42)
w(r) |u'|p(r)_2u' =c.

Since 1u(0) = u(+o0), we have w(r) /[P’ = 0, and it means that u is a solution of

wq(a) = f;wg(t, a,0)dt =0, (3.43)

according to hypothesis (3%), (3.38) has no solutions (1, 1) on dB(Ry) x [0, 1], then we get that
for each A € [0, 1], the Leray-Schauder degree dis[I — @, (-, 1), B(Ro),0] is well defined, and
from the properties of that degree, we have

dis[I - @y (-, 1), B(Ry),0] = dis[I - 4 (-,0), B(R),0]. (3.44)

Now it is clear that @4(u,1) = Df(u,0). So dis[I — Dg(-, 1), B(Ry),0] = dis[I -
@¢(-,0), B(Ro),0]. If we prove that dis[I — D¢(-,0), B(Ro),0] #0, then we obtain the existence
of solutions (3.18) with (1.2). By the properties of the Leray-Schauder degree, we have

dis[T - Dg(-,0), B(Ry),0] = (~1)Ndg[wy, b(Ry),0]. (3.45)
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By hypothesis (4°), this last degree is different from zero. We obtain that (3.18) with
(1.2) has at least one solution. This completes the proof. O

Corollary 3.3. If e : I x RN x RN — RN is Caratheodory, which satisfies the conditions of
Theorem 3.2, g(r,u,v) = ﬂ(r)(|u|q(r)_2u + |0]1"20), where B(r) € L*(I,R),B(r),q(r) € C(I,R)
are positive functions, and satisfies 1 < g~ < q* < p~; then (3.18) with (1.2) has at least one solution.

Proof. Since

g(r,u,0) = pr) (jul?" 2w+ [o] 20,

oo oo (3.46)
wg(a) = f g(t,a,0)dt = J B(t)|al™™2adt,
0 0
then wg(a) = 0 has only one solution a = 0, and
dg [wg,b(Ro),O] =dg[I,b(Ry),0] #0, (3.47)

and according to Theorem 3.2, we get that (3.18) with (1.2) has at least a solution. This
completes the proof. O

Now let us consider the boundary asymptotic behavior of solutions of system (1.1)-
(1.2).

Theorem 3.4. If u is a solution of (1.1)-(1.2) which is given in Theorem 3.2, then
M) [ )] < Cr/w(®) PO, t € (0, +00);
(i) [u(+00) = u(r)| < [°(Cy/w(t) PO D)dt, as r — +oo;

(iif) [u(r) - u(0)] < [((C3/w(®)/PDD)dt,as r — 0*.

Proof. Since lim,_,,,p(r) exists and lim,_.,p(r) > 1, lim;_g-w () ||’ H-2 u/'(t) and lim;_,, w(t)
x[u/PD72/ () both exist and equal, we can conclude that lim;_g.w(t)"/ PO Dy (1) =
limy oo ()Y PO D/ (1), Since u € C!, we have | w(t)Y POV () |< C, for all t € [0, +0).
Thus

() | (1) < C1/w(®)Y POt e (0, +00);
(it) [u(+o0) —u(r)| =| [(=u'(t)dt |< [(*(Ca/w(®)V POVt as r — +oo;
(iil) |u(r) — u(0)] =| [[u/ ()t | < [{(Cs/w(®) PO D)dt, as r — 0*.
This completes the proof. O

Corollary 3.5. Assume that lim, _, ,p(r) exists, lim, _, ,,p(r) > 1, and

(t)

<Cs, a>p(t)-1 ast— +oo,

(3.48)

W()

C(,< <C7, a<p(t)—1 ﬂSt—>0+,
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then

(i) [/ (£)] < Cg/t/ POt € (0, +00);
(if) [u(+o0) —u(r)| < [[*(Co/t*/POD)dt, as r — +oo;
(iii) [u(r) —u(0)| < [((Cro/t~/POD)dt, as r — 0*.

4. f Satisfies General Growth Condition

In this section, under the condition that f = (f%,..., fN) satisfies
filr,x,y) = G)i(r){o(r)<|x|ql(r)_1xi + //li(T)lquZ(r)> + ei(r)}, 4.1)

where g1, g2 € L*(I, R) are nonnegative, o0 € C'(I,R), p,e € L*(I,RN), @ € L' and ©'(r) > 0,
almost every in (0,+o0),r € I, we will apply Leray-Schauder’s degree to deal with the
existence of solutions for (1.1) with boundary value problems. Moreover the asymptotic
behavior has been discussed.

Throughout the paper, assume that

(A1) g1,9. € L*(I,R) are nonnegative and satisfying essinf (q1(r) — g2(r)) > 0 or
essinf (q2(r) — q1(r)) > 0;

(Ad) = (..., uN) € L°(I,RN); e = (e!,...,eN) € L®(I,RN); o keeps sign on I, and
satisfies

01 < essinf |o(r)| < esssup |o(r)| < o2, (4.2)
rel rel

where o1 and o, are positive constants.

For any h € L*(I,RN), without loss of generality, we may denote |hi|, =
eSSSUP, (o) ()| (i =1, N), [Illo = (Z % |W5)"/*. Denote 6 = /(2 +1/E). According to
(A1), then there exists a positive constant ¢ that satisfies

E
= i = p@® _ Negl|2® 0. 43
b esrselFf<N(2E 0" = ol Nel ) g “43)
We also assume the following
(Az) e = (el,...,eN) satisfies
|ei|0<0'1b1, i=1,...,N. (4.4)

(Ay4) o0, satisfies

infrerle/2(E +1)[PO!
2N(E +1)f," SN, 0(0) (1N + ||| INe[= + 0] ) it

0y <bp = (4.5)
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Note 1. Let fi(r,x,y) = A& (r){o(r)[(Jx|" O i + pi(r)|y|D) + 6ei(r)]}, and (A;)-(A,) are
satisfied. If A and 6 are positive small enough, then it is easy to see that (A3)-(A4) are satisfied.

Denote
QE:{uEC1|max<|ui‘O+ > <5}. (4.6)
0

1<i<N

(w(r)) PO-D <ui>'

It is easy to see that Q, is an open bounded domain in C?.

Theorem 4.1. If f satisfies (4.1), and (A1)—(A4) are satisfied, then the system (1.1)-(1.2) has a
solution on Q..

Proof. We only need to prove that the conditions of Theorem 3.1 are satisfied.
(1°) We only need to prove that for each A € (0,1) the problem

w P _u,= r,u, (w(r 7=y 7
(w70 ) = 3f (7w, @) PO (47)

with boundary condition (1.2) has no solution on 0Q,.
If it is false, then there exists a A € (0,1) and u € 0L, is a solution of (4.7) with (1.2).
Since u € dQ,, there exists an i such that [1]y+ | (w(r))" PO ()|, = .
(i) Suppose that [u], > 20 = 2¢/(2 + 1/E), then | (w(r))" PO (1i)'|, < £ - 20 = 6/E.
Since u € C, there exists ry € I such that |u'(rp)| > 26. For any r € I, we have

f

<E-

u(r)—uir)| = [ () at sfm(w(t))‘”“’(“‘” @®) "0 (w0) | a

0

(4.8)

T0<
0
E=6.

This implies that |ui(r)| > 0 for each r € I. Since u € C, u!(r) keeps sign. Since o(r)
keeps sign, o(r)u!(r) also keeps sign.
Assume that ou' is positive, then

fi (7’, u, (w(r))l/(lﬂ(r)*l)u)

> & (0 { I (e ul ()] = ] o) P V)

qzm) +e'(r) } (4.9)

> Qi(r) [01b1 + ef(r)] > 0.

It is a contradiction to (1.2).
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Assume that ou' is negative, then

fi (r/ u, (w(r))l/(P(T)—l)u/>

<@ [HomI (e ui )] - ] [ o) Due)|") s )] o)

<Oi(r) [—01b1 + e"(r)] <0.

Itis a contradiction to (1.2).

(i) Suppose that [u], < 26, then £/2(E + 1) < /E <| (w(r))"/ PV (ui)'|, < e.

This implies that | (w(r1))" P (i) (r1) | > £/2(E + 1) for some r; € I. Since u € Q,,
it is easy to see that

1/(p(r1)-1),
(w(r) O (i) ()| 2 TETT - 2N(Z\§+ 1) (wm;)N(js n 1)u Tl
According to the boundary value condition, there exists a r} € I such that
w(ré) |u’(1‘é)|p(ré)_2 (u’)l(ré) =0, (4.12)
then
w(r)|u P77 (ui)'(r) - AI fi (t, u, (w(t)" (p(t)’l)u’)dt, Vr € (0, +o0). (4.13)
o

Since o, < by, combining (4.11), we have

N 1
o <nE
() ool <

< ,[:O@i(t) |o2(INel™® + || INel™?) + |é] |t

le/2(E + 1)|P(r1)—1 p(r1)-1

2N(E+1) ~—2N(E+1)

w(r) | (n) P

w(r)

<w(rn) |u'(r1) |P(Tl)—2 <\ fi (t, u, (w(t))l/(r’(t)fl)u) |dt

+00
= sz ' (1) [ (INel"® + ||l [Nl ) + oy
0

p(H-1 p(r)-1

£
2(E+1)

1 1 £
inf <
SONE+D) = 2N(E+1)'2(E+1)

(4.14)

It is a contradiction.
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Summarizing this argument, for each A € (0,1), the problem (4.7) with (1.2) has no
solution on 0€2,.

(2°) For any u € 0Q, NRY, without loss of generality, we may assume that a' = ¢ and
o(t) > 0, then we have

JO Fi(t, a,0)dt = IO oi(t) <o(t)|a|ql<”—1g + e"(t))dt

. (4.15)
> f oi(t) (ol|g|ql<t>-1g + ef(t))dt > 0.
0
It means that w(a) = 0 has no solution on 0Q, NRY.
(3%) Let
Wit a,)) = ©(t) [A (o(t)|a|q1 O-1gi 4 ef(t)> +(1-MN)a' sgn o(t)],
(4.16)
h(t,a,)) = <h1 (t,a,\), ..., hN(t, a,x)).
Denote
+00
®(a, ) = f h(t,a,\)dt. (4.17)
0

According to (Aj3), it is easy to see that, for any A € [0,1], @(a, 1) = 0 does not have
solution on 0Q, NRYN, then the Brouwer degree

dg [w, Q.NRY, o] = dp [qn(a, 1),Q.NRY, o] = dy [cp(a, 0), Q. NRY, o] 0. (4.18)

This completes the proof. O

Theorem 4.2. If u is a solution of (1.1)-(1.2) which is given in Theorem 4.1, then
(i) |/ ()] < C1 /(@)Y POt e (0,+00);
(if) [u(+o0) — u(r)| < [F(Co/w (VPO N)dt, as r — +oo;
(iif) [u(r) - u(0)] < [[(Cs/w(t) PO )dt,as r — 0.
Proof. Since lim,_ ,,p(r) exists and lim,_.p(r) > 1, limt_>0+w(t)|u’|p(t)_2u’(t) and

limy 4w (8|91 (£) both exist and equal, we have | w®)/POV < C forallt €
(0, +00). Thus

Q) | (B)]| < C1/w®Y POt e (0, +00);
(if) [u(+o0) —u(r)| =| [(=u/ (t)dt |< [°(Co/w(t)/ PO V)dt, as r — +oo;
(iil) |u(r) - u(0)| =| [/ (t)dt |< [{(Cs/w(t)/ PO V)dt, as r — 0*.

We completes the proof. O
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Corollary 4.3. Assume that lim, _, .,p(r) exists, lim, _, ,,p(r) > 1, and

C4Sw<(:5, a>pt)-1 ast— +oo,

[

(4.19)
w(t) N
Ce < <Cy;, a<p(t)-1 ast—07,

ST S

then
() |/ (t)] < Cg/t¥/ PO t € (0, +o0);
(if) [u(+00) — u(r)| < [17(Co/t* POVt as r — +oo;
(iii) [u(r) - u(0)| < [((Cro/t*POD)dt, as r — 0*.

Similar to the proof of Theorem 4.1, we have the following.

Theorem 4.4. Assume that f(t,x,y) = O(t)[o(t)|x]"D2x + u(t)|y|2D2y], where g1, q», 0, €
C(I,R) satisfy maxwerp(t) < q1(t), g2(t), for all t € 1,0(-) € LY. On the conditions of (A1)—(A4), if
6 =1, then problem (1.1)-(1.2) possesses at least one solution.

On the typical case, we have the following.

Corollary 4.5. Assume that f(t,x,y) = ©(t)[o(t)|x|"O2x + u(t) |y "2y], where g1, q2, 0,1 €
C(I,R) satisfy mingerp(t) < g1(t), g2(t) < maxserp(t), O(-) € LY. On the conditions of Theorem 4.1,
then problem (1.1)-(1.2) possesses at least one solution.
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