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1. Introduction

We consider the following nth-order differential equation with retarded argument:
x™ (1) + f(t,x(t),x(T(t))) =0, niseven. (1.1)

Firstly, we introduce several conditions as follows:

(H1) f € C(Ry x R%, R), uf (t,u,v) > 0 foruv >0and t € R,.
(H2) T € C(Ry,R), T(t) <tfort € R, and lim;_, ,T(t) = co.

As customary, a solution of (1.1) is said to be oscillatory if it has arbitrarily large zeros.
Otherwise the solution is called nonoscillatory.

Definition 1.1. The function f(t,u,v) is said to be strongly superlinear if there exists a > 1,
such that |f(t,u,v)|/|u|* is a nondecreasing function with respect to |u|, |v| for each fixed
teR,.
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It is easy to see that the function |f (¢, u, v)|/|u| is nondecreasing with respect to |u/, |7
for t € R, if f(t,u,v) is strongly superlinear. The function |f (¢, 4, v)| is nondecreasing with
respect to |u|, |v| for t € R, if |f (¢, u, v)|/|u| is nondecreasing with respect to |u], |v].

Definition 1.2. The function f(t,u, v) is said to be strongly sublinear if there exists 0 < < 1,
such that | f(t,u,v)|/|ulf is a nonincreasing function with respect to |ul, |v| for each fixed t €
R..

We should indicate that there are many ways in which one can define the concept of
strongly superlinearity, superlinearity, strongly sublinearity and sublinearity, to characterize
functions satisfying different conditions. For example, in [1] the strongly superlinearity is
used to specify functions with specific behavior at 0 and oo; in [2] the superlinearity and
sublinearity are defined for multivariable functions. In this paper, we adopt the definitions as
in monograph [3].

In particular, if f(t, x(t), x(7(t)) = p(t)x"(t), where p(t) € C([ty, ), R"), to > 0, and y
is the quotient of odd positive integers, then (1.1) becomes

x™ (1) + p(t)x? (t) = 0. (1.2)

It is easy to see that p(t)x"(t) is strongly superlinear for y > 1 and p(t)x?(t) is strongly
sublinear for 0 < y < 1. If n = 2; then (1.2) reduces to

x"(F) + p(H)x¥ () =0, (1.3)

Equation (1.3) is the well-known Emden-Fowler equation [4].

Recently, many remarkable results have been established for the oscillation of solutions
of the second- and higher-order functional differential equations. For example, Theorem A is
presented in [2].

Theorem A. If y =1, then every bounded solution of (1.2) oscillates if and only if

fws"‘lp(s)ds = co. (1.4)

to

For (1.3), the well-known Theorems B-D are presented in [5-7].

Theorem B (see [5, 7]). If y > 0, then (1.3) has a bounded nonoscillatory solution if and only if

fwsp(s)ds < 0. (1.5)

to

Theorem C (see [5]). If y > 1, then all solutions of (1.3) are oscillatory if and only if

J‘msp(s)ds = 0. (1.6)

to
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Theorem D (see [7]). If 0 <y <1, then (1.3) is oscillatory if and only if

ImsYp(s)ds = o0. (1.7)

to
In [8], Waltman studied the oscillation of the solutions for the equation
xX"(t) +p(t) f(x(t)) = 0. (1.8)

Equation (1.8) is the prototype of (1.1) and (1.2). Theorems E and F were proved in [8].

Theorem E. If f(x(t)) satisfies (i) f(0) = 0 and f(x)#0 for x #0 and (ii) f'(x) is continuous and
non-negative, then (1.8) has a bounded and eventually monotonic solution if and only if

I tp(t)dt < co. (1.9)
Theorem F. Suppose that the conditions (i) and (ii) in Theorem E are satisfied. If

tim inf L1 (1.10)

X— 0 x|

for some a > 1, then all solutions of (1.8) are oscillatory if and only if
I tp(t)dt = oo. (1.11)

Some other related results can be found in [2, 4, 9-12] and the references cited therein.
Due to some problems of theoretical and technical character in handling with higher-order
nonlinear differential equations, there are only a few results which concern necessary and
sufficient conditions for the oscillatory behavior for (1.1). So there are a lot of things worth
further consideration for (1.1). The main purpose of this paper is to establish necessary and
sufficient conditions for (1.1). The obtained results extend the above theorems.

2. Main Results
In order to establish our main results we need introduce and establish two lemmas.

Lemma 2.1 (see [13-15]). If x(t) is a positive and n-times differentiable function on [ty, o0), and
xM(t) is nonpositive and not identically zero on any subinterval [t1, o), then there exist T > ty and
an integer k € {0,1,...,n— 1} such that n + k is odd and
(G) xD(#) >0 fort>T,i=0,1,..., k-1;
(i) (-1)™*xD(t) >0 fori=k,k+1,...,n;
(iii) (t = T)|x*D(t)] < (1 + i) |x*FD(t)| fort >T,i=0,1,..., k-1, k=1,...,n-1.
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Lemma 2.2. If f(t,u,v) is a strongly sublinear function, then

f(t,u1,v1) > f(t,uz,02) (2.1)
Uu Uus

for0<u; <upand 0 < v1 < vy,

Proof. From 0 < 13 < up and 0 < v; < v, together with Definition 1.2 we clearly see that

f(t, uy, ‘01) > f(t, U, ’02)

> , 22
o o (2.2)

where 0 <y < 1. From 0 < u; /up <1 we know that (u1/uz)Y_1 > 1, and therefore

flym o) _ f(tus,00) <ﬂ>”

U Uy Us
(2.3)
> f(t/ Uz, UZ) ]
uz
Our main result is Theorem 2.3. O

Theorem 2.3. The following statements are true.

(a) Suppose that |f (t, u, v)| is a nondecreasing function with respect to |u| and |v| for t € R..

If

fws""lf(s, ¢,c)ds < o (2.4)

to

for some constants ¢ > 0, then (1.1) has a bounded nonoscillatory solution.

(b) If f(t,u,v) is a strongly superlinear function, then every solution of (1.1) oscillates if and
only if

fws""lf(s, ¢,c)ds =0 (2.5)

to

forany ¢ > 0.
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() If | f(t,u, )|/ |u| is a nondecreasing function with respect to |u| and v|, then every bounded
solution of (1.1) oscillates if and only if

fws"‘lf(s, ¢, c)ds = oo (2.6)

to

foreach ¢ > 0.
(d) If f(t,u,v) is a strongly sublinear function, then every solution of (1.1) oscillates if and

only if

Jmf (s,cs”_l, CT(S)n_1>dS =0 (2.7)

to

forany ¢ > 0.

Proof. (a) Assume that (2.4) holds. Choose T > t; sufficiently large such that

fmsnl f(s,c,c)ds < % (2.8)

t

for t > Ty and some ¢ > 0.
Observing that if x(t) satisfies the equation

x(t) = I; dsjoo(u - s)"_zf(u,x(u),x(’r(u)))du + %, (2.9)

then x(t) is a solution of (1.1). Therefore it suffices to show that (2.9) has a bounded nonoscil-
latory solution.
Consider the functional set

M = {xEC([TO,oo),R) : g < x(b) gc}. (2.10)

Define the operator S : M — C([T, o), R) as follows:

t o
S(x(t)) = J‘T dsJ (u - s)"_2f(u,x(u),x(7'(u)))du + g (2.11)
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Then we have
t u
S(x() = L f (,(w), x(r(u))) du f (a9 s

o) t ~ . E
+ft f(u,x(u),x(r(u)))dufTo(u s) als+2

t

-] anl(” = To)" " f(u, x(u), x(t(u)))du

+ L 7% [(u ~To)" ! - (u - t)"_l]f(u,x(u),x(T(u)))du + g

t
< [ =T x(u), 27 0))
(2.12)

To
+L Z_:i(t_TO)(”_TO)n_2f(“/x(u),x(’l'(u)))du+g
t
s %(”—To)"_lf(u/x(u),x(‘r(u)))du

=)n-1

+

Z : 1[;” —To)" f (u, x(u), x(T(w)))du + g

n-1
<

n-1 J'To (u- To)”—lf(u, x(u), x(T(u)))du + g

< (u—To)"_lf(u,c,c)du+ g <c.
To

Clearly, we have S(x(t)) > ¢/2, and therefore SM C M.
Now, we define the functions u,, : [Ty, o) — R as follows:

uy, = S(uy-1(t)), neN, (2.13)
where

Uy = g, t>T. (214)

Since the function f(t, 1, v) is nondecreasing with respect to u > 0 and v > 0, a straightfor-
ward verification shows the validity of the inequalities

Supq<uy,<c, t>To. (2.15)

NI o

Therefore lim,, _, o u, (t) = u(t) for t > Tp. It follows from the Lebesgue convergence theorem
that u € M and u(t) = S(u(t)).
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It is easy to see that u(t) is the desired bounded and nonoscillatory solution of (2.9)

(b) Sufficiency. Assume that f:)s”’l f(s,c,c)ds = oo for each ¢ > 0. We will prove that
every solution of (1.1) oscillates. Otherwise, assume that (1.1) has a nonoscillatory solution
x(t). Without loss of generality, assume that x(t) > 0 for ¢ > ¢y. Then according to Lemma 2.1,
there exists an odd integer k € {1,...,n -1} and T > t; such that

xD()>0 fort>T, 0<i<k,

o (2.16)
1) xD () >0 fort>T, k<i<n.
There are two possible cases.
Case 1 (k = 1). In this case we see that
xX'(t)>0, x"(t)<0, x®@t)>0,...,x" ) <0. (2.17)

Since x(t) is an increasing function, hence for t > T > 0 and some constants ¢ > 0, one has

x(t) >c>0, x(7(t)) >c>0. (2.18)

Making use of the Taylor expansion we get

n-2 j n-1
X (t) =Zﬂx“*f><6><6—t>" o )2)1I (s-)"*x(s)ds, T<t<6  (219)
j=0

From (1.1) and (2.17) together with (2.19) we get

n-2
X (t) > f (s— )2)' £(s,x(s), x(1(s)))ds. (2.20)

The strong superlinearity of f leads to

f(s,x(s),x(7(s)))

x%(s)

f( ,€)

f(s,x(s),x(7(s))) = x%(s) 2 ———x%(s), (2.21)

which implies

(S—t)" *f(s,¢,0)
(n-2)! c*

X' (t) > x%(s)ds >

J‘ (s - t)" 2 f(S;C ,€) x*(t)ds. (2.22)
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From (2.22) we have

J’tX(S)dS Ids (u—S)""Zf(u,c,C)du

x%(s) (n-2)! c“

(" fu,c0) " (u - f(u/ c, C) fu-s)"?
[ F S s [ S

By using the elementary inequality a"~! — b"! > (a — b)a" for 0 < b < a, we have

(u _ S)n—l t

n-1

Jd (u—s)"2ds = -
T

%1 [(u Ty = (- t)”_l] > %(t ~T)(u-T)"™

Therefore, we get

LX) (=T fco) 1) e
Lxﬂ(s)ds2 R e P I TR

f-T)" fweo) ff X(s)

P (n-Dl o P X (s)
or

Pu-T)"" f(u,c,c) a1 (1)
r (n=-1)! c® du < a-1

< oo,

which contradicts with (2.5).

Case 2 (k > 1). Making use of (2.21) we have

x0 gy 4 TG ey <

For t > T, it follows from (iii) of Lemma 2.1 that

J—
x(t) > (t_k#lx“‘-l)(t).

For sufficiently large t, one has

a (t - T) (k-Da a (t - T)k_l _ a
x*(t) > T(?C(k b (t)> > W<X(k 1)(t)> , a>1.

(2.23)

(2.24)

(2.25)

(2.26)

(2.27)

(2.28)

(2.29)

(2.30)
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Let z(t) = x*1(t), then
z(t) >0, Z(t)>0, Z'(t)<0,..., (2.31)

and therefore

f(t,c,0) (t-T)F!
c (k")*

2R (1) 4 z%(t) < 0. (2.32)

Using the same method as in the proof of Case 1, we get

an_k fs.e0) (=D 0 (2.33)
T c* (kh* '
that is
f s f(s,c,c)ds < oo, (2.34)
T

which contradicts with (2.5).

Conversely, if every solution of (1.1) oscillates, then (2.5) holds. Otherwise (2.4) holds.
Theorem 2.3(a) implies that (1.1) has a nonoscillatory solution.

(c) Sufficiency. Without loss of generality, we assume that x(¢) is a bounded positive
solution. We divided the proof into two cases.

Case 1 (k = 1). The same argument as in the proof of Theorem 2.3(b) implies that inequality
(2.26) holds for a = 1, that is,

Pu-T)"" f(u,cc) t& ~ B ) 35
J‘T =) c du<fT ) ds=Inx(t) - Inx(T) < oo, (2.35)

which contradicts with (2.6).

Case 2 (k > 1). From the proof of Theorem 2.3(b) we also clearly see that
J‘ u”‘lf(u, ¢,c)du < oo, (2.36)
T

which contradicts with (2.6).

Conversely, if every bounded solution of (1.1) oscillates, and then (2.6) holds.
Otherwise (2.4) holds, then Theorem 2.3(a) implies that (1.1) has a nonoscillatory bounded
solution.

(d) Sufficiency. Without loss of generality, we assume that x(f) is a finally positive
solution, that is, x(t) > 0 for t > T > 0. We consider the following two cases.
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Case 1 (k = 1). In this case we see that

x(t) >0, x'(t)>0, x"(t)<0,..., x"(t) <0, (2.37)
then we know that
tlim x'(t) =L €[0,c0), (2.38)

and there exist constants Ty > T and ¢ > 0 such that x(t) < ¢(t = T) and x(7(t)) < c(z(t) - T)
for t > Ty > T. The strong sublinearity of f implies that

200, x(r() = LT iy
(2.39)
N ft,ct=T),c(r(t)-T)) ( x(t) )ﬂ
- cf t-T)
The same argument as in the proof of Case 1 of Theorem 2.3(b) yields
n-2
X (t) > f ((S t)z), F(s,x(s), x(7(s)))ds. (2.40)

Integrating from T to t leads to

x(t) > x(t) — x(T)

T)n -2

t _ n-1
(u-T) oS X, x(r () du

7 ) moy

f(u X(u) X(T(u)))du+ (t T)I (u

n-2
> (t - T)f %f(u,x(u),x(r(u)))du.

(2.41)
That is
x() _ (Pw-T)"" fu,c=T),c(r(w)-T)) / x(u) \
—T ), (m-1) o (u—T> . (242)
Let
(-T2 flu,c(u-T),c(r(u) -T)) / x(u) \
z(t) = e 7 (u_T> du, (2.43)
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then z'(t) < 0,0 < z(t) < x(t)/(t—T) and

Z'(t) =

C(t=T)"? f(t et =T),e(r(t) - T)) < x(t) >f’
(n—1)! P t-T

(t=-T)"2 f(t,c(t=T),c(r(t) - T))
ST o 2,

2 __(¢=T)"2 f(tet=T) c(r(t) = T))
zﬂ(t) - (n-1)! cP

7

and for T; > T, one has

f zZ() o Cu=T)"? f(u,c(u-T),c(r(w) - T))

u du/
nzPw) = ) (n-1)! cf

t , _ T , _ T
1 i B [Zl_ﬂ(t) - Zl_ﬂ(Tl)] <- T E 1)!IT1 (u- T)”_2+ﬂf(u c(u )CﬂC(T(u) ) du.
Therefore
"oy @D e -T) )
T cP
or

(u-T)"2f(u,c(u—-T),c(t(u) - T))du < co.
T

11

(2.44)

(2.45)

(2.46)

(2.47)

By condition (H2), we can choose Ty > T such that (u)-T > (1/2)tr(u) >land u-T >

(1/2)u > 1 for u > Ty. Then making use of Lemma 2.2, we have

fctu-T),crw -1)) _ f(wew@=-11" et -1"")
c(u-T) B cu-T)""

f(u, cu™ 1, C(T(u))"_1> B

, u>Tj.

cun-1

From (2.47) and (2.48) together with u — T > (1/2)u we get

[ s (ueur cwuy)dr < oo,

Ty

which contradicts with (2.7).

(2.48)

(2.49)



12 Journal of Inequalities and Applications

Case 2 (k > 1). That s,
x(t)>0, x'#)>0,....x*¥V@r)y>0, x®@) >0, x*V@)<o0,...,x"#)<0. (2.50)
From x®) (t) > 0 and x**D(t) < 0 for t > T > 0 we know that

lim x®(t) = L € [0,0), (2.51)

and there exist constants T, > T and ¢; > 0 such that x(t) < ¢; (t—T)k and x(7(t)) < c1(7(¢) —T)k
fort > T, > T > 0. The strong sublinearity of f leads to

£t x(@), x(x(y)) = LEEDXTOD 4
xP(t)
f(bet-T) (et - T)F) (2:52)
> 5 xP (1)
lex(t - 7]
It follows from (iii) of Lemma 2.1, that
k—
() > %xw)m, (2.53)
and thus
_ (kDB
xP(t) > % [x(k_l) (t)]p . (2.54)
Let z(t) = x*D(t), then z(t) > 0, Z'(t) > 0, 2" (t) < 0,...,z" %1 <0 and
t,ci(t-T)k, £ =T)) (; _ k-1
20D (1) + fhat-Dba - 1) ¢y (1) <0, (2.55)

[Cl(t _T)k]ﬁ (k)P

where n — k + 1 is also even. According to the same process as the one used in the proof of
Case 1 of Theorem 2.3(d) we conclude that

. Jc1(s=T)k, -T)k
J— S(n_k)ﬂf<s ci(s=T)", ci(z(s) - T) >(S_T)(k—1)ﬂds < oo (2.56)

T2 [cl(s —T)k]ﬁ
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By condition (H2), we can choose T, > T» such that T(s)-T > (1/2)t(s) > land s - T >
(1/2)s > 1 for s > T,. Now making use of Lemma 2.2, we have

, —Tk, _Tk , —Tn_l, _Tn—l
f(pat-Dhare -1 f(sab-D"are -10"")

k]# - 11P
[cl(s -T) ] [cl(s -T) ] (2.57)
f(S, as™ ¢ (T(S))n_l>
> .
(Cl gn-1 )ﬂ
From (2.56) and (2.57) together with s — T > (1/2)s we clearly see that
f~ f(s, as™ e (T(s))"_1>dt <, (2.58)
T;
which contradicts with (2.7).
Necessity
If every solution of (1.1) oscillates, then (2.7) holds. Otherwise, assuming that
f(s, cs™ 1, CT(S)n_1>dS <o (2.59)

to

for some constants ¢ > 0, we should prove that (1.1) has a nonoscillatory solution. From (2.59)
we know that there exist t > T and some ¢ > 0 such that

L f<u, ﬁ(u —Tym, m(r(u) - T)”"1>du < 2. (2.60)

Let X be the Banach space of all real-valued continuous functions x(t) endowed with
the norm

x(t)
x|| = sup| —————|, (2.61)
[l Py
and let M be the subset of X defined by
M—{xeX';(t‘—T)”‘1<x(t‘)<L(t‘—T)"‘1 t>T} (2.62)
B "2(n-1)! - ~ (n-1)! A '

Define the mapping S on M by

t S1 Sn-—2 ')
S(x(t)) = Ldle dsy - L [g N j f(u,x(u),x(r(u)))du] ds,1,  (263)

where the integration is n — 1 times.
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By Lemma 2.2, for x(t) € M one has

£t x(0), x(x (1) _ £(t (/2 =1))E=T)", (e/2(n = D)) (r(t) - T)*")

(2.64)
x(t) - (c/2(n-1)N)(t-T)" "
for sufficient large t > T(t) > T, that is,
c n— c n— x(t)
ft, x(t),x(r(t))) < f(t, m(t -7, m(T(t) -T) 1) (/2 -1 (E—T)"
<2f (13S0 =T 5 S - T,
(2.65)

From (2.60) and (2.65) we get

J'T £, x(), x(1(u)))du < zL f<u, ﬁ(u —T)", ﬁ(’r(u) - T)’H)du < g
(2.66)

Equation (2.66) and the definition of the operator S imply that S(x(t)) < (¢/(n—1)!)(t- T)" .
On the other hand, we clearly see that S(x(t)) > (¢/2(n - 1)!)(t - T)™ for t > T. Therefore,
SMC M.

It is routine to prove that S is continuous and Sx is relatively compact in the topology
of the Frechet space C[T, o). Therefore, there exists x(t) € M such that x(t) = S(x(t)) follows
from the well-known Schauder’s fixed point Theorem. It is easy to see that x(t) is the solution
of (1.1).

The proof of Theorem 2.3 is completed. O

Remark 2.4. If f(s,x(s),x(7(s)) = p(s)x¥(s), then f(s,c,c) = c'p(s) = cp(s) and f(s,
cs™ 1 er(s)"™) = s Wip(s) = & Dip(s). For (1.2) we can derive Corollary 2.5 from
Theorem 2.3.

Corollary 2.5. If n is even, then the following statements are true.

(a) If

J‘wsnlp(s)ds < oo, (2.67)

to

then (1.2) has a bounded nonoscillatory solution.
(b) If y > 1, then every solution of (1.2) oscillates if and only if

fmsnlp(s)ds = co. (2.68)

to
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(c) If y = 1, then every bounded solution of (1.2) oscillates if and only if

fmsnlp(s)ds = co. (2.69)

to

(d) If 0 < y < 1, then every solution of (1.2) oscillates if and only if

J s p(s)ds = oo. (2.70)

to

It is easy to see that Theorem A can be obtained directly from our Corollary 2.5(c).
For n = 2, we have Corollary 2.6 for (1.3).

Corollary 2.6. If n = 2, then the following statements are true.
(@) If

fwsp(s)ds < oo. (2.71)

to

then (1.3) has a bounded nonoscillatory solution.
(b) If y > 1, then every solution of (1.3) oscillates if and only if

jwsp(s)ds = oo. (2.72)

to

(c) If y = 1, then every bounded solution of (1.3) oscillates if and only if

fwsp(s)ds = 0. (2.73)

to

(d) If 0 < y < 1, then every solution of (1.3) oscillates if and only if

Jmsyp(s)ds = oo. (2.74)

to

We clearly see that our results in Corollary 2.6(a), (b), and (d) are exactly correspond-
ing to the results in Theorems B, C, and D, respectively.
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Remark 2.7. 1f f(t, x(t), x(7(t))) = p(t) f (x(t)), then (1.1) becomes
x(8) + p() f(x(1)) = 0. (2.75)

From the proof of Theorem 2.3(b) we indicate that the strongly superlinearity of f(x(t)) can
be replaced by the condition

lim inf % £0. (2.76)

In fact, if x(t) is a nonoscillatory solution of (2.75), then from Theorem 2.3(a) we may assume
that x(t) is unbounded, and (2.76) implies that lim, o, inf(| f (x(£)|/[x|*) > K > 0, and there
exists T such that x(t) > 0 and f(x(t))/x*(t) > K > 0 for t > T. Then we get

pt) f(x(t)) > Kp(t)x*(t), t>T. (2.77)
We notice that if (2.21) is replaced by (2.77), then Corollary 2.8 follows from the proof of
Theorem 2.3(b).
Corollary 2.8. If lim,_ o inf(| f (x(t)|/|x|*) #0, then all solutions of (2.75) oscillate if and only if

f mt”_lp(t) = oo. (2.78)

to
If n =2, then one clearly sees that Theorem F is the special case of Corollary 2.8.
Example 2.9. The equation

Wy 2% _1) =
x4(t)+t3(t_2)(t_1)x2(t)x(t 1)=0, t>3 (2.79)

satisfies the assumptions of Theorem 2.3(a) but does not satisfy the assumptions of
Theorem 2.3(b) and (c); hence there exists a bounded nonoscillatory solution. In fact x(t) =
1 -1/t is one such solution.

Example 2.10. The equation

1/3
sy X0 (2.80)

x"(t) + (2 — sint)sin Trxt-m)

satisfies the assumptions of Theorem 2.3(d). Hence every solution of (1.1) is oscillatory. In
fact x(t) = sin t is one such solution.
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