Hindawi Publishing Corporation
Journal of Inequalities and Applications
Volume 2009, Article ID 851360, 10 pages
doi:10.1155/2009/851360

Research Article
Some New Hilbert’s Type Inequalities

Chang-Jian Zhao' and Wing-Sum Cheung?

I Department of Information and Mathematics Sciences, College of Science,
China [iliang University, Hangzhou 310018, China
2 Department of Mathematics, The University of Hong Kong, Pokfulam Road, Hong Kong

Correspondence should be addressed to Chang-Jian Zhao, chjzhao@163.com
Received 25 December 2008; Accepted 24 April 2009
Recommended by Peter Pang

Some new inequalities similar to Hilbert’s type inequality involving series of nonnegative terms
are established.

Copyright © 2009 C.-J. Zhao and W.-S. Cheung. This is an open access article distributed under
the Creative Commons Attribution License, which permits unrestricted use, distribution, and
reproduction in any medium, provided the original work is properly cited.

1. Introduction

In recent years, several authors [1-10] have given considerable attention to Hilbert’s type
inequalities and their various generalizations. In particular, in [1], Pachpatte proved some
new inequalities similar to Hilbert’s inequality [11, page 226] involving series of nonnegative
terms. The main purpose of this paper is to establish their general forms.

2. Main Results
In [1], Pachpatte established the following inequality involving series of nonnegative terms.

Theorem A. Let p > 1,9 > 1, and let {a,,} and {b,} be two nonnegative sequences of real numbers
defined form = 1,...,k, and n = 1,...,r, where k,r are natural numbers. Let A,, = Yo, as and
B, = > br. Then

S ADB) k N\ 12 . N
2 mm+171Z SC(p,q,k,r)<Z(k—m+1)<amAfn‘1> > x <%(r—n+1)<anZ_l> > ,

m=1
(2.1)
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where
1 1/2
C(p.a,k,r) = spq(kr) = (2.2)

We first establish the following general form of inequality (2.1).

Theorem 2.1. Letp > 1,9 > 1,t > 0,and 1/a+1/p = 1,a > 1. Let {aml,,,,,mn}, and {by,, n,}
be positive sequences of real numbers defined for m; = 1,2,...,ki, and n; = 1,2,...,r;, where
ki,r; i = 1,...,n) are natural numbers. Let Ay, m, = Z:’Ll . --Zm"l as,..s,, and By, ., =

n Ny
Zt1:1 T Zt,,:l bt1,~--,tn' Then

In aﬁt Ai,]11 mnB;Z]

..........

‘Vl
mi=1 my=1n1=1

< L(k1/~--/knrrlr---/rnrp/q/a/p)

1/p
ki kn n 2.3
x <Z Z H(k m]+1) <am1 ,,,,, mnAgﬂl mn>ﬂ> ( )
m=1 my=1j=1
1/
(rj—nj+1) (b, nnleln ! ,
(3 oo
where
L(ki, ..., kn, 71, a0, G 0, B) = pqlhs -+ k) " (ry - 1) VP (2.4)

Proof. By using the following inequality (see [12]):

11 1p Pt
< Z . Z Zm1,~~/mn> < 14 Z Z Zimy iy <Z Z Zky,..., n> ’ (25)
mi=1 my=1

k,=1

where p > 11is a constant, and z,,,,m, >0, m; =1,2,...,k;,i=1,2,...,n, we obtain

mq my
-1
Afﬂl,m,mn < PZ e Za51 ,,,,, snAgl ,,,,, Sy (26)
51:1
Similarly, we have
np Ny 1
Bh o <9 Dby, B (2.7)
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From (2.6) and (2.7), using Holder’s inequality [13] and the elementary inequality:

1/ab
1/a1/p a t
a/ bl S (2.8)

where1/a+1/p=1,a>1,b>0,a>0,and t > 0, we have

my my 1y 1n
p q p-1 g-1
Atny.ymyBri,..imy < PQ<Z T Z sy, Asy,... Sn> <Z e thlr<--rtnBt1,...,tn>
t=1  f,=1

s1=1 sp=1

m My . s 1/p
< pq(ml, .. .,mn)l/a <Z . Z <a51 ,,,,, SnA;;l/m/sn> >

1/p
my - my n - ,nntl/zx my my p1 s
< Y
h pq< atl/p * ﬂ 51221 ST’Z::l<aslrmrSnA51,...,Sn>

(2.9)

Dividing both sides of (2.9) by ((m -+ m,p + ny - - - nuat) /apt'’f), summing up over n; from
ltor; (i=1,2,...,n) first, then summing up over m; from 1 to k; (i =1,2,...,n), using again
Holder’s inequality, then interchanging the order of summation, we obtain

kn n 1 4 q
- - “ﬂt /ﬁAml,...,mn Bnl,...,nn

m=1  my=1m=1 n,,:lml"'m"ﬁ“'"l"'""“t
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= L(k1/~--/knrrlr-”/rn/p/q/a/ﬂ)

ki Ky L/ k k. /p
X {Z Z(ﬂsh...,s,,Ag ..... s,,) ( Z Z 1>}

s1=1 sp=1 mi=s1 my=sy
/
(8-St (3 E0)
tyetn Pt by
ni=t ny=t

= L(klr'-'/kn/rlr"-/rn/p/q/ulﬂ)

1/p
{Z ZH(k _51+1)<a51 ,,,,, sAgll )ﬂ}

s1=1 sp=1 j=1
1/a
{Z ZH(VJ‘t +1)<bt1 wBL >u}
=1 j=1

= L(kllu-1kn/rl/---/rn/P/q/a/,B)

1/p
{8 B0 0t |

my m,=1 j=1

T hm N o « 1a
x Z . Z H(Tf -nj+1) (bnl,__,,nnBZ“an .

ni1=1 n,=1 j=1

(2.10)

This completes the proof. O

Remark 2.2. Taking a = p=n =j =2, (2.3) becomes

£5(3 5t )

1/2 1/2
m=1my=1 \n;=1ny=1 mymyt +mnpt

1/2
1 ke 2
_pq\ fklkmrz<z > (ki = my + 1) (k2 = 12+ 1) (@, Ao, ) > (2.11)

m=1 my=1

n=1np=1

1/2
.1 _ 2
x <Z Sn-m+1)(rn-n+ 1)<bm,nzB,’Z1j,2) > .

Takmg t = 1’ and Changing { am1/m2 }/ {bm,flz }I {Aml,mz }/ and {Bnl,nz } il"ltO {am }r {bn }/ {Am }/ and
{B,}, respectively, and with suitable changes, (2.11) reduces to Pachpatte [1, inequality (1)].

In [1], Pachpatte also established the following inequality involving series of nonneg-
ative terms.



Journal of Inequalities and Applications 5

Theorem B. Let {a,}, {by}, Am, By be as defined in Theorem A. Let {p,,} and {q,} be positive
sequences form =1,...,k,and n = 1,...,r, where k,r are natural numbers. Define P,, = >,'.; ps,
and Qn = Xy qr. Let ¢ and ¢ be real-valued, nonnegative, convex, submultiplicative functions
defined on R, = [0, +0o0). Then

SHE i (Sie-men ()

1/2

M»

m=1

x@@_ﬁn(q@(;_;)y)“,

3
i

(2.12)

where

Mk, r) = <;(¢(Pm)>> <§(%>z>m. (2.13)

Inequality (2.12) can also be generalized to the following general form.

Theorem 2.3. Let {am,, m,}, {bny,.n,}, & B, t, Amy,...m,, and By, . be as defined in Theorem 2.1.

.....

Let {pm,,..m,} and {qn, . n,} be positive sequences for m; = 1,2,..., ki, and n; = 1,2,...,1; (i =

1,2,...,n). Define Py, m, = ZZLl ) "ZZ:L Psiyeesur N4 Quy,m, = Z : Zt Ly by, Let P
and ¢ be real-valued, nonnegative, convex, submultiplicative functions deﬁned on R, = [0,+c0).

Then

ky 1 Tn aﬁt p(,b m,...,m,,)q[(Bnl ,,,,, nn)
DREDIDINEDS S Ee

m=1 mu=1n;=1 n,=1 nuat

<SM(ki, ..., kn,11,..., 10, a,p)

{kz ST mz+1><pm1 ..... md <M>>ﬂ}w (2.14)

mi=1  m,=1j=1 Pm,...my

1/a
71 b a
x Z ZH(T] _Tl] +1) (qnl rrrrr nana< )) ’
m=1 n,=1 j=1 q ,,,,, My

where

M(ki, ..., kn,11,..., 10, a,p)

Ve 1/p (2.15)
(S (fE)) (B-E (e
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Proof. By the hypotheses, Jensen’s inequality, and Holder’s inequality, we obtain

Prm,...,mn ZZ“ 1 an 1Psi,.50 (asl ,,,,, S /Ps1 Sn)
¢(Am1,...,mn) = (i) i
Zslzl e anzl Psi,....5n

m erlln:l Psi,,sn (a51 Sn/PS1 ..... sn)

< ¢(Pm1,...,mn)¢ < ZSl:l Zml .

¢(Pm1,m/mn) < as JeeesSn
TS (5

reeMn g1 =1

< M(ml )V <§ o 3: (Psl,...,sn‘.b(—

Pml,i..,mn

Similarly,
$(Bor. ms%m n)“ﬁ<

s1=1 Sp=1

5 3 (e

7111

By (2.16) and (2.17), and using the elementary inequality:

1/ab1/ﬂ < —

a tt/ep
+
at'/P B

where1/a+1/p=1,a>1,b>0,a>0,and t >0, we have

..mn

¢(Am,...m, ) (Bu,.., nn)_< 177

d)(in
Qum,

+ ny-- .nntl/a
p

)

(2.16)

)" e

(2.18)

.....

,,,,,



Journal of Inequalities and Applications 7

Dividing both sides of (2.19) by (my ---m,p + ny - - - nyat/apt'’f), and summing up over n;
from1ltor; (i=1,2,...,n) first, then summing up over m; from1to k; (i =1,2,...,n), using
again inverse Holder’s inequality, and then interchanging the order of summation, we obtain

F %S A )y By

my...myf+ny... nyat

mi=1 my=1n;=1 n,=1

n m ", 1/p
55 (M (3500 (22))) )
. . N\ 1a
g (I (55 (e (22)) )
(5 5 ()
=1 1o 11T
n 1/ﬂ
(328 B (=)
. 1/p
(5-E(g=))

(55 E0G))

=M(ki, ..., kn,11,..., 10, a,p)

1/p
k1 kn n Ay p
{Z S T16 o (G ;))}

1/a
3 35 ST+ 1) (meme(Z22)) 1
m=1  n,=1j=1 qny,...m,

(2.20)

The proof is complete. O
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Remark 2.4. Taking a = p =n = j = 2, (2.14) becomes

=1 =1 111111”’12[’_1/2 + n1n2t1/2

ki ko noon (Amy,my) @ (Bny ny)
) z(zlz o )

M(ky, ko, 71,72)

mi,..., My

<mzl ngl(kl my +1)(ky —ma + 1)<Pm1 mz¢<am1 ,,,, ", >>2>1/2 (2.21)

b, N\ 172
< S S - ”1+1)(72—”2+1)<f1mnz‘l’<—nn>))
n=1np=1 qny

where
k T T 2\ 1/2
A _ - ¢(Pm1 mz) ) < - - (I’(Qn1,nz) >
Mk, ko, 11,12) = R e 2.22
(k1 Koy 11, 72) <zm§;( ) zz( o) 222)

Taking t = 1, and changing { am, m, }, {Vny ., }, { Amym, }, and { By, »,} into {am}, {bn}, {An}, and
{B,}, respectively, and with suitable changes, (2.21) reduces to Pachpatte [1, Inequality (7)]
Theorem 2.5. Let {a,,, . m

..... N A b APy AGns,ina s Py a0 Qs @, B, £, be as
defined in Theorem 2.3. Deﬁne

(2.23)
n ny

el p=1 t,=1

fOT’ m; = 1,2,...,k,', and n; = 1,2 .

L.t (1 =1,2,...,n), where k;,r; (i = 1,...,n) are natural
numbers. Let ¢ and ¢ be real-valued, nonnegative, convex functions defined on R, = [0, +o0). Then

Z Zni ia,ﬁt ﬁPml 12 Qe @ (Amny,...m, )¢ (B, )
sl =L = my - mpf+ny - npat

= (k1 ~--kn)1/“(r1---rn)1/ﬂ

k1 kn n /P
x{z (k= 1, + 1) (P mn>>ﬂ} 224
mi=1

my,=1 j=1

T 7, 1a
{ Z Z (rj =1+ 1) (G, ¢ (bry, )" } .
ni= n,=1 j=1

=

—

,,,,,
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Proof. By the hypotheses, Jensen’s inequality, and Holder’s inequality, it is easy to observe
that

(,b(Am] ..... my, ) < Z Z Psi,....5nAsy,....50 >

ml L s1=1

My ..., My

S Z Zpsl ,,,, sn(;b(asl ..... sn (225)
LOVRLLT
1/p
S (ml mn)l/“ <Z Z (psl ----- Sn (a51 ,,,, s"))ﬂ> ’

s1=1 Sp=

¢ (Bu,,..n,) = < Z Zl]tl ,,,,, tbh,.. >

nl nntl

1 ]
< > thl ..... 6@ (br,.t,) (2.26)
Q" M =1 t,=1

<

1/a
_in (n---n )1/ﬂ<z Z(% ,,,,, 1, (b, t,,)) > :

reeeMn t=1 t,=1

Proceeding now much as in the proof of Theorems 2.1 and 2.3, and with suitable modifica-
tions, it is not hard to arrive at the desired inequality. The details are omitted here. O

Remark 2.6. In the special case where j =1,t =1,a = =2, and n = 1, Theorem 2.5 reduces to
the following result.

Theorem C. Let {an}, {bn}, {pm}, {gn}, Pm,Qn be as defined in Theorem B. Define A, =
(1/Py) > psas, and B, = (1/Qy) Sy qiby form =1,...,k,and n = 1,...,r, where k,r are
natural numbers. Let ¢ and ¢ be real-valued, nonnegative, convex functions defined on R, = [0, +o0).
Then

kK r .
3 Q) oy Sk ) an)’)

m=1n=1 m+n m=1
(2.27)

, 1/2
x <Z<r—n+ 1><qan<bn>>2> .
n=1

This is the new inequality of Pachpatte in [1, Theorem 4].

Remark 2.7. Taking j=1,t =1,pn =1, =1, = f=2,and n = 1 in Theorem 2.5, and in view
of P,, = m, Q, = n, we obtain the following theorem.
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Theorem D. Let {a,,}, {b,} be as defined in Theorem A. Define A,, = (1/m) X1, as, and B, =
(1/n) Xi by, form=1,...,k,and n = 1,...,r, where k,r are natural numbers. Let ¢ and ¢ be
real-valued, nonnegative, convex functions defined on R, = [0,+o0). Then

>3

m=1 n=1

mn 1 k 1z
o, P(Am)p(By) < E(kr)”2 <le(k -m+ 1)(¢(am))2>
B (2.28)

, 1/2
x <Z(r—n+1)(tp(bn))2> .
n=1

This is the new inequality of Pachpatte in [1, Theorem 3].
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