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1. Introduction

In the recent years, the A-harmonic equations for differential forms have been widely
investigated, see [1], and many interesting and important results have been found, such as
some weighted integral inequalities for solutions to the A-harmonic equations; see [2-7].
Those results are important for studying the theory of differential forms and both qualitative
and quantitative properties of the solutions to the different versions of A-harmonic equation.
In the different versions of A-harmonic equation, the nonhomogeneous A-harmonic equation
A(x,g + du) = h + d*v has received increasing attentions, in [8] Ding has presented
some estimates to such equation. In this paper, we extend some estimates that Ding has
presented in [8] into the two-weight case. Our results are more general, so they can be used
broadly.

It is well-known that the Lipschitz norm supQCQ|Q|7Hk/ ”)llu—uQHLQ, where the

supremum is over all local cubes Q, as k — 0 is the BMO norm supQCQ|Q|_1||u —uglly o
so the natural limit of the space locLipk(Q2) as k — 0 is the space BMO(£2). In Section 3,
we establish a relation between these two norms and LP-norm. We first present the local two-
weight Poincaré inequality for A-harmonic tensors. Then, as the application of this inequality
and the result in [8], we prove some weighted Lipschitz norm inequalities and BMO norm
inequalities for differential forms satisfying the different nonhomogeneous A-harmonic
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equations. These results can be used to study the basic properties of the solutions to the
nonhomogeneous A-harmonic equations.

Now, we first introduce related concepts and notations.

Throughout this paper we assume that Q is a bounded connected open subset of R".
We assume that B is a ball in Q with diameter diam(B) and oB is the ball with the same
center as B with diam(oB) = odiam(B). We use |E| to denote the Lebesgue measure of
E. We denote w a weight if w € L! (R") and w > 0 a.e.. Also in general du = wdx.

loc
For 0 < p < oo, we write f € LP(E,w") if the weighted LP-norm of f over E satisfies

||f||p,E,w,, = (fE|f(x)|”’w(x)"’dx)l/7‘7 < oo, where a is a real number. A differential I-form
w on Q is a schwartz distribution on Q with value in A!(R"), we denote the space of
differential I-forms by D'(Q, A!). We write LP(Q, A) for the I-forms w(x) = 3, wr(x)dxs =
> Wiyiyiy (X)dxiy Adxi, A--- Adxg, with wy € LP(Q, R) for all ordered I-tuples I = (i1, 12, ..., 1),
1<ip<ip<--<i<nl=01..n Thus LP(Q,A}) is a Banach space with norm
||w||p,Q = (fglw(x)lpalx)l/;7 = (IQ(ZI |w1(x)|2)p/2dx)1/p. We denote the exterior derivative by
d:D(Q,A) — D(Q,A*")forl=0,1,...,n-1.Tts formal adjoint operator d* : D'(Q, A*!) —
D' (Q, Al is given by d* = (—1)”1+1 xdxon D'(Q,A"1),1=0,1,2,...,n—-1. A differential I-form
u € D(Q,A) is called a closed form if du = 0 in Q. Similarly, a differential (I + 1)-form
v € D'(Q, A1) is called a coclosed form if d*v = 0. The I-form wg € D' (B, Al) is defined by
wp = B [pw(y)dy, | = 0and wp = d(Tw), 1 = 1,2,...,n, forallw € LP(B,A!), 1 < p < oo,
here T is a homotopy operator, for its definition, see [8].

Then, we introduce some A-harmonic equations.

In this paper we consider solutions to the nonhomogeneous A-harmonic equation

A(x,g+du) =h+d'v (1.1)

for differential forms, where g,h € D'(Q,A) and A : Q x A/(R") — Al(R") satisfies the
following conditions:

|A(x, &) <algf™,  (A(x,8),4) 2 P, (1.2)

for almost every x € Q and all ¢ € A/(R"). Here a > 0 is a constant and 1 < p < o is a fixed
exponent associated with (1.1) and p~! + 7! = 1. Note that if we choose ¢ = h = 0in (1.1),
then (1.1) will reduce to the conjugate A-harmonic equation A(x, du) = d*v.

Definition 1.1. We call u and v a pair of conjugate A-harmonic tensor in Q if u and v satisfy
the conjugate A-harmonic equation

A(x,du) =d*v (1.3)

in Q, and A™! exists in Q, we call u and v conjugate A-harmonic tensors in Q.

We also consider solutions to the equation of the form

d*A(x,dw) = B(x, dw), (1.4)
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here A : Q x A/(R") — A!(R") and B : Q x A/(R") — A"!(R") satisfy the conditions:
|A(x, &) < aléf™, (A(x,8),¢) 2 g7, B(x, &) < bgl, (1.5)

for almost every x € Q and all ¢ € A'(R"). Here a,b > 0 are constants and 1 < p < oo is a
fixed exponent associated with (1.4). A solution to (1.4) is an element of the Sobolev space

W;,loc (Q, A1) such that

J‘ (A(x,dw),dy) + (B(x,dw), ) =0 (1.6)
Q

forall ¢ € 14

b loc (Q, A1), with compact support.

Definition 1.2. We call u an A-harmonic tensor in Q if u satisfies the A-harmonic equation
(1.4) in Q.

2. The Local and Global A, ,(Q2)-Weighted Estimates

In this section, we will extend Lemma 2.3, see in [8], to new version with A, (Q2) weight both
locally and globally.

Definition 2.1. We say a pair of weights (w1 (x), w»(x)) satisfies the A, )(Q)-condition in a
domain Q and write (w1 (x), w2 (x)) € A, (Q) forsome A >1and 1 <7 <cowith1/r+1/r =
1, if

1/A7

1 N 1 [ 1 A/
sup| — | (w dx> —J‘ (—) dx < oo, 2.1
up (151 B1) 5\ @1

for any ball B C Q.

See [9] for properties of A, )(Q)-weights. We will need the following generalized
Holder’s inequality.

Lemma2.2. Let0<a<oo,0<f<oo,ands™' =at+p7,if f and g are measurable functions on
R" then

178lls < 1fllae-lIglle (2.2)

forany Q € R™.
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We also need the following lemma; see [8].

Lemma 2.3. Let u and v be a pair of solutions to the nonhomogeneous A-harmonic equation (1.1)
in a domain Q C R". If ¢ € LP(B,A") and h € Li(B,A!), then du € LP(B,A') if and only if
d*v € L1(B, A!). Moreover, there exist constants Cy and C,, independent of u and v, such that

ol s < Co(Ihll s + 115 5+ il ),

(2.3)
laulf < Co (Wl + N1 + N0l ),

for all balls B with B C Q C R™.

Theorem 2.4. Let u and v be a pair of solutions to the nonhomogeneous A-harmonic equation (1.1)
in a domain Q C R". Assume that (ws(x), w2 (x)) € Apr(Q) for some A > 1and 1 < r < oo with
1/r +1/7" = 1. Then, there exists a constants C, independent of u and v, such that

/sk p/q /
||d*v||sta<C|B|“”(thmm (I ||tB,wgw+|||du|Pqllt,B,wgt/s), (24)

for all balls B with B C Q C R". Here a is any positive constant with X > ar, s = q(A — a)/\, and
t=sA/(XA—ar) =qsA/(sA —qa(r — 1)). Note that (2.4) can be written as the following symmetric
form:

“1/s) g+ -1/t p/q r/q
[B[/%|d"0], 5,0 < CIB] (||h||t,3,w;~s+|||g| [ + 1t ||t,B,wgf/s)- (25)

Proof. Choose s = g(A —a)/\A < g, since 1/s = 1/q+ (q — s)/gs, using Holder inequality, we
find that

1/s
18"l g0 = (I |d*v|5wi‘(x)dx>
B
1/s
= (I <|d*v|w“/s> dx)
B
1/q /(q- (g-s)/qs
< ( f |d*v|’7dx> <I <w;'/5)"5 X S)dx>
B B
a/ls
< ||d*v||q,B<J‘Bw{‘dx> .

(2.6)
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Applying the elementary inequality | >N t,-|T < NT1 3N |ti|" and Lemma 2.3, we obtain
* / /
a0l < Ca(Ilrllys+ l1gll5 + ldul}y). (27)

Choose t = gsA/(sA—qa(r—1)) > g, using Holder inequality with 1/g = 1/t + (t - q) / qt again
yields

1/q

”h”q,B = (I <|h|wa/s —a/s) dx)
1/t 1 aqt/s(t—q) (t—Q) /qt
() (@) e
B B\W2
1 A/ (r-1) a(r-1)/1s
= ”h”t,B,wg'/S <J‘B<;2> dx) .

Then, choosing k = p + apt(r — 1)/sA > p, using Holder inequality once again, we have

1/p

Il = ([ sl s ewy/ioax)
» 1\ «p/s(k=q) (k=q)/kp
< ([ stura) ([ ()" o) @9)
1 )L/(r—l) k—p/kp
Ml ([, () %)

We know that
k—p_at(r—l)' sA
kp s\ sip +apt(r - 1)
_a(r-1) st
~ sp sh+at(r-1) (2.10)
_a(r-1)g
- osph
and hence

Pl < p/aq 1\ a(r-1)/sA
I8l < Nl <.[B<E> dx) : (2.11)
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Note that
p/kq
p/q _ k_ at/s
Il = (] sl s ax)
A/ (pgsi+apqgt(r-1))
_ (J |g|(ps)l+apt(r—1))/siwgt/sdx>PS pgsitapqgt(r
B
1/ (gsA+agt(r-1
_ (J' |g|p(sl+at(r—l))/slwgt/sdx>s /laskragits ))_
B
Since
s\t
(r-1Dat+sk=—,
q
then,

172 = ([ 1t ogreax)
g k,B,w;’t/s B g 2

= [t

at/s”
t,B,w;

Combining (2.11) and (2.14), we obtain

; , 1 .)L/(T—l) tx(r—l)/s)L
p/q r/q . J—
It < s ([ () )

Using the similar method, we can easily get that

, 1 A/ (r-1) a(r-1)/sA
fullf < [lawr o), ([ (5) '
P t,Bws!’® B \W2

Combining (2.6) and (2.7) gives
y y \ a/sk
1400, < €1 (Wl + gl = Wt} ) ([ whx)
Substituting (2.8), (2.15), and (2.16) into (2.17), we have

p/q /
140l 50 < cl(uhnt,g,w;m [ Y [ "llt,Blwgt/s)

a/s\ 1 \M@-D a(r-1)/sk
(f w{‘dx) <I <—> dx) .
B B\W2

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)
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Since (w1, ws) € A, (L), then

a/sk 1 \Me-D a(r-1)/si
B B\ W2
< N A
1
B B\ W2

(2.19)
, 11 ar/s
l 1/)Lr f 1 1 )LT /T
= | [B"Y <—f w{‘dx) |B|'/* —f <—> dx
|BlJ B IBl) g\ w2
< C2|B|ar/sA.
Putting (2.19) into (2.18), we obtain the desired result
* L < ar/s\ e p/q p/q ) )
10l 05 < CalBE™™ (Wl g + 187, o+ 1087 e (220)
The proof of Theorem 2.4 has been completed. O

Using the same method, we have the following two-weighted L*-estimate for du.

Theorem 2.5. Let u and v be a pair of solutions to the nonhomogeneous A-harmonic equation (1.1)
in a domain Q C R". Assume that (wi(x),wa(x)) € Apr(Q) for some A > 1and 1 < r < oo with
1/7 + 1/ = 1. Then, there exists a constants C, independent of u and v, such that

‘|

A / /
], .05 < CIBI™* (Ilgllt,g,wgus +[|imiee]| d*o" ”||t3wm/5), (2.21)

at/s
t,B,w;

for all balls B with B C Q C R". Here a is any positive constant with A > ar, s = p(A — a) /A, and
t=sA/(A—ar) =psL/(sA—pa(r-1)).
It is easy to see that the inequality (2.21) is equivalent to

-1 -1/t
BNl g < OO (Nl + 7+

|d* 0|9 ”t,B,w;ws>' (2.22)

at/s
t,B,w,

As applications of the local results, we prove the following global norm comparison
theorem.

Lemma 2.6. Each Q has a modified Whitney cover of cubes U = {Q;} such that
Uae=2

Z (2.23)
X < Nya,
Qev \/SWQ
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for all x € R" and some N > 1 and if Q; N Q; # 0, then there exists a cube R (this cube does not need
be a member of U) in Q; N Q; such that Q; N Q; C NR.

Theorem 2.7. Let u and v be a pair of solutions to the nonhomogeneous A-harmonic equation (1.1)
in a bounded domain Q C R". Assume that (w1 (x), wy(x)) € A1 (Q) forsome A >1and1 <r < oo
with1/r +1/r' = 1. Then, there exist constants Cq and C,, independent of u and v, such that

x p/q r/q
Id u||s,g,w?gc1<||h||tfgfwgt/s+|||g| ||t,Q,w;”/5+|||du| ||t,Qlw;t/s). (2.24)

Here a is any positive constant with A > ar, s = g(A—a) /A, t = sA/(A—ar) = gsA/(sA—qa(r-1)),
and

q/p *,19/P
llsgan < Ca(Nellugs + 7+ o] ) 229

fors=pA—a)/Land t =sA/(A—ar) = psA/(sA — pa(r —1)).

Proof. Applying Theorem 2.4 and Lemma 2.6, we have

1/s
I4°0lg0r = [ el wfax)

1/s
< Z <J |d*v|5wfdx>
B

Bev

1/s
< 3 ([ wrorwtax) s

Bev

<G SB <||h||t,B,wgf/s + |||g| ||th?/5 + |||du|P q”thgt/S)x o, (220
Bev /b, B,

/sA p/q /
ey (P [ R -7 Py
i Q, Q,

p/q /
< Ca (Wl + 1177 g+ 1], ) S

p/q /
S (e [ s [l

Since Q is bounded. The proof of inequality (2.24) has been completed. Similarly, using
Theorem 2.5 and Lemma 2.6, inequality (2.25) can be proved immediately. This ends the
proof of Theorem 2.7. O
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Definition 2.8. We say the weight w(x) satisfies the A,(€)-condition in a domain Q write
w(x) € A, (Q) forsome 1 < r < o with1/r +1/7 =1, if

1 1/r 1 1 r,/r v
sup| — wdx) —f (—) dx < oo, (2.27)
Bc£<|B|fB 1B ) s\ w

for any ball B C Q.

We see that A, ) (Q)-weight reduce to the usual A,(Q)-weight if w;(x) = w,(x) and
A =1;see [10].

And, if w;(x) = wp(x) and A = 1 in Theorem 2.7, it is easy to obtain Theorems 4.2 and
44 in [8].
3. Estimates for Lipschitz Norms and BMO Norms

In [11] Ding has presented some estimates for the Lipchitz norms and BMO norms. In this
section, we will prove another estimates for the Lipchitz norms and BMO norms.

Definition 3.1. Letw € L} (Q,A!),1=0,1,2,...,n. We write w € locLip; (Q, A"), 0 < k <1, if

—(n+k)/
leollocrip, 0 = sup [BI " |lw - wglly 5 < oo, (3.1)
Pk
oBcQ

for some o > 1.

Similarly, we write w € BMO(Q, A) if

-1
wll,q = sup|B|" [lw - wsl; 5 < oo, 3.2)
oBcQ

for some o > 1. When w is a o-form, (3.2) reduces to the classical definition of BMO(Q).
We also discuss the weighted Lipschitz and BMO norms.

Definition 3.2. Let w € L}OC(Q, AL, w%),1=0,1,2,...,n. We write w € locLip, (€2, AL, w%), 0 <
k<1,if

—(n+k)/
”w”IocLipk,Q,w“ = sup (#(B)) " "”w - wB”l,B,w” < . (33)
oBcQ

Similarly, for w € L}, (Q, A, w?),1=0,1,2,...,n. We write w € BMO(Q, A!, w*), if

-1
”wH*,Q,w“ = sup (.M(B)) ||w - wBHl,B,‘w“ < oo, (34)
oBcQ

for some ¢ > 1, where Q is a bounded domain, the measure p is defined by du = w(x)*dx, w
is a weight, and a is a real number.
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We need the following classical Poincaré inequality; see [10].

Lemma 3.3. Let u € D'(Q, A") and du € LI(B, A*"), then u — up is in Wy (B, A') with 1 < q < oo
and

i = upll, 5 < C(n,q)|BIBI"" || dull , p- (3.5)

We also need the following lemma; see [2].

Lemma 3.4. Suppose that u is a solution to (1.4), c > 1 and q > 0. There exists a constant C,
depending only on o, n, p, a, b, and q, such that

ldull,, 5 < CIBITPY¥||dul,, o, (3-6)

for all balls B with B C Q.
We need the following local weighted Poincaré inequality for A-harmonic tensors.

Theorem 3.5. Let u € D'(Q,A!) be an A-harmonic tensor in a domain Q C R" and du €
L5(Q,A"), 1 = 0,1,2,...,n Assume that ¢ > 1,1 < s < oo, and (w1 (x), wa(x)) € A, (Q)
forsome A >1and 1 <r < oo with1/r+1/r" = 1. Then, there exists a constant C, independent of u,
such that

1
”u - uBHs,B,w‘l" < ClBHBl /n”du”s,ch,wgf (37)

for all balls B with 0B C Q. Here a is any constant with 0 < a < \.

Proof. Chooset = As/(A—a),since 1/s = 1/t+ (t—s)/st, using Holder inequality, we find that

1/s
=l s = [ - ualrofe)
B
s 1/s
= (I <|u—u3|wi‘/5> dx)
B
1/t St/(t—S) (t—S)/St
< (f |u—u3|tdx> (j <wi’/s> dx>
B B
a/ls
- unlp ([ whax)”
B

Taking m = As/(A+a(r—1)), then m < s < t, using Lemmas 3.4 and 3.3 and the same method
as [2, Proof of Theorem 2.12], we obtain

(3.8)

« < Co| B[V MBI M dy |, plleon |7 (3.9)

”u - uB”s,B,w] AB’
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where ¢ > 1. Using Holder inequality with 1/m = 1/s + (s — m)/sm again yields
1/m
ety = ([ dueog™ s>tz )
’ oB
m 1/m
= (I <|du|wg/sw£“/s> dx>
oB
1/s 1\ M- a(r-1)/1s
< (I |du|sw§‘dx> f <—> dx .
oB oB \ W2

Substituting (3.10) in (3.9), we have

a/s

1
ws

als

1+1 —t t
< Gyl B[/ gyl |

”u - uB”sJiuﬁ
A/(r-1),0B

Since (w1(x), wa(x)) € A2 (Q), then

als
als

o 1375

w»

A/(r-1),0B

1\ M- -1
(L) (1, () )
oB oB \W2
, 1/1
1 1/);1‘ 1 1 /\r/r
= oBl/A<— w*dx) —f <—> dx
SN 0Bl ) o5\ 7

< C3|B|ru/)ns‘

a/ls

Iy ra/s

Combining (3.11) and (3.12) gives

s,B,wf

[t = 145l g o < Cal BI'*H/ DI Gy || e

Note that

m—t ra_A-a LA+a(r-1) ra

mt +E_ As As J\S:O.

Finally, we obtain the desired result

1+1/n

[t = |5 e < CalB| lldulls 0B s

This ends the proof of Theorem 3.5.

11

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)
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Similarly, if setting wj(x) = wy(x) and A = 1 in Theorem 3.5, we obtain Theorem 2.12
in [2]. And we choose w;(x) = wy(x) = 1 in Theorem 3.5, we have the classical Poincaré
inequality (3.5).

Lemma 3.6 (see [8]). Let u and v be a pair of solution to the conjugate A-harmonic tensor in Q.
Assume w(x) € A,(Q) for some r > 1. Then, there exists a constant C, independent of u, such that

/
g 00 < CHADILP ¢ s (3.16)

Here a is any positive constant with 1 > ar,s = (1 —a)pandt =s/(1 —ar) = ps/(s —ap(r - 1)).

Theorem 3.7. Let u € D'(Q,A!) be an A-harmonic tensor in a domain Q C R", and all ¢ €
D'(Q, A with dc = 0, and du € L5(Q,A"Y), 1 = 0,1,2,...,n — 1. Assume that 1 < s < o
and (wi(x),wr(x)) € A (Q) for some L > 1and 1 < r < oo with wy(x) > € > 0 for any x € Q.
Then, there exist constants C and C', independent of u, such that

[t = clliocip, @.0s < Clldutll g s (3.17)
[t = cllygus < C,”du”s,Q,w‘Z" (3.18)
where k and a are constants with0 <k <1and 0 < a < A.
Proof. We note that y1 (B) = [,wjdx > [,e*dx = C1|B| implies that
1 C,
—— <=, (3.19)
p1(B) ~ |B]

for any ball B. Using (3.7) and the Holder inequality with1 =1/s+ (s — 1) /s, we have

=l = [ o= nle
B

1/s (s-1)/s
S (f |u—u3|5dﬂ1> <I 15/(5_1)dl’ll>
B B

s-1)/s

(3.20)

= (1 (B)) V% lu - ug||

s,B,w¢

< (i (B)) ™ (ColBI™ " ltull )
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From the definition of the Lipschitz norm (3.3), (3.19), and (3.20), we obtain

sup (yl(B))_(n+k)/n<||u —c—(u- C)B||1,B,w;'>

oBcQ

= sup (yl(B))flfk/n<||u - uB||1,B,w;‘)
oBcQ

flu-c ”locLipk,Q,wl"’

~1/s—k
< Cysup (ur (B) ™ (1B ] )
oBcQ

S C4 sup <|B|_1/s_k/n+1+1/n||du||5103/wg) (321)
oBCQ

S C4 Sup <|Q|f1/57k/n+1+1/n||du”
oBcQ

< Cssup <||du||s,oB,w§>

oBcQ

s,0B,wj >

< C5||du||s,9,w§'

Sincel1-1/s+1/n-k/n > 0and |Q| < oo. The desired result for Lipschitz norm has been
completed.
Then, we prove the theorem for BMO norm

=l = sup (s (B) ™ (Il = ¢ = (1= gl o )
oBcQ
< sup (ul(Q))k/"<(pt1(B))7("+k)/n||u - uB||1,B,wg> (3.22)
oBcQ

< (@) sup (a1 (B)) "t = sl )
obC

From (3.21) we find

[t = cll g < Callu = Clhoctip, 0,0 (3.23)

Using (3.17) we have
I =l < Calldll s (3.24)
Now, we have completed the proof of Theorem 3.7. O

Similarly, if setting w1 (x) = wy(x) = w(x) and A = 1 in Theorem 3.7, we obtain the
following theorem.

Theorem 3.8. Let u € D'(Q,A!) be an A-harmonic tensor in a domain Q C R", and all ¢ €
D'(Q, A with dc = 0, and du € L5(Q,A"*)), 1 = 0,1,2,...,n — 1. Assume that 1 < s < o
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and w(x) € A, (Q) for r > 1 with w(x) > € > 0 for any x € Q. Then, there exist constants C and C',
independent of u, such that

”u - C”locLipk,Q,w"‘ < C”du“s,Q,w“/ (325)

[ = cll e < C lldul|s e (3.26)

where k and a are constants with0 <k <1land 0 < a < 1.

If w =1, wehave

llu = cllioeLip, @ < Clldulls o,
Pk
(3.27)
lu—cllyq < Clldullsq-

Using Lemma 3.6, we can also obtain the following theorem.

Theorem 3.9. Let u and v be a pair of conjugate A-harmonic tensor in a domain Q C R", then
du € LP(Q, N, p) ifand only if d*v € L1(Q, A!, p) where the measure p is defined by du = w(x)“dx,
and all ¢ € D'(Q, A') with dc = 0. Assume that w(x) € A,(Q) for r > 1 with w(x) > € > 0 for any
x € Q. Then, there exist constants C and C', independent of u and v, such that

q/p

”u - C”locLipk,Q,w“ < C”d*vllqt/p,Q,w“’/s’

(3.28)

' a’p
”u - C”*,Q,w”’ < C ”d*vnqt/p,g,wat/s/

where k and a are positive constants with 0 <k < land ar <1, fors = (1-a)p, t =s/(1 —ar) =

ps/(s—ap(r-1)).
Proof. From (3.25), we have

”u - C”locLipk,Q,w“ <Gy ”du”s,g,w”' (329)

Chooses = (1-a)p,t=s/(1 —ar) =ps/(s —ap(l —r)), using Lemma 3.6, it is easy to obtain
the desire result

q/p
4= Clhoctip @0e < Cald™IIL) o (3.30)

Using the similar method for BMO norm, we have

q/p
It = cllu e < Calldully g < Calld0l%) () (331)
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If w =1, wehave

q/p
[t = clloctip, @ < Clld 0l
(3.32)
q/p
[u=cll.q < Clld™oll;q. 0
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