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1. Introduction

Variational inequality was initially studied by Stampacchia [1] in 1964. In order to study
many kinds of problems arising in industrial, physical, regional, economical, social, pure,
and applied sciences, the classical variational inequality problems have been extended
and generalized in many directions. Among these generalizations, variational inclusion
introduced and studied by Hassouni and Moudafi [2] is of interest and importance. It
provides us with a unified, natural, novel innovative, and general technique to study a wide
class of the problems arising in different branches of mathematical and engineering sciences
(see, e.g., [3-7]).
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Next, the development of variational inequality is to design efficient iterative
algorithms to compute approximate solutions for variational inequalities and their gen-
eralizations. Up to now, many authors have presented implementable and significant
numerical methods such as projection method, and its variant forms, linear approximation,
descent method, Newton’s method and the method based on the auxiliary principle
technique. In particular, the method based on the resolvent operator technique is a
generalization of the projection method and has been widely used to solve variational
inclusions.

Some new and interesting problems, which are called the systems of variational
inequality problems, were introduced and studied. Pang [8], Cohen and Chaplais [9],
Bianchi [10], and Ansari and Yao [11] considered some systems of scalar variational
inequalities and Pang showed that the traffic equilibrium problem, the spatial equilibrium
problem, the Nash equilibrium, and the general equilibrium programming problems
can be modelled as variational inequalities. He decomposed the original variational
inequality into a system of variational inequalities which are easy to solve and studied
the convergence of such methods. Ansari et al. [12] introduced and studied a system of
vector variational inequalities by a fixed point theorem. Allevi et al. [13] considered a
system of generalized vector variational inequalities and established some existence results
under relative pseudomonotonicity. Kassay and Kolumban [14] introduced a system of
variational inequalities and proved an existence theorem by the Ky Fan lemma. Kassay et
al. [15] studied Minty and Stampacchia variational inequality systems with the help of the
Kakutani-Fan-Glicksberg fixed point theorem. Peng [16, 17] Peng and Yang [18] introduced
a system of quasivariational inequality problems and proved its existence theorem by
maximal element theorems. Verma [19-23] introduced and studied some systems of
variational inequalities and developed some iterative algorithms for approximating the
solution for this system of generalized nonlinear quasivariational inequalities in Hilbert
spaces. J. K. Kim and D. S. Kim [24] introduced a new system of generalized nonlinear
quasivariational inequalities and obtained some existence and uniqueness results of
solution for this system of generalized nonlinear quasivariational inequalities in Hilbert
spaces. Cho et al. [25] introduced a new system of nonlinear variational inequalities and
proved some existence and uniqueness theorems of solutions for the system of nonlinear
variational inequalities in Hilbert spaces. As generalizations of system of variational
inequalities, Agarwal et al. [26] introduced a system of generalized nonlinear mixed
quasivariational inclusions and investigated the sensitivity of solutions for this system
of generalized nonlinear mixed quasivariational inclusions in Hilbert spaces. Kazmi and
Bhat [27] introduced a system of nonlinear variational-like inclusions and gave an
iterative algorithm for finding its approximate solution. It is known that accretivity of the
underlying operator plays indispensable roles in the theory of variational inequality and its
generalizations.

In 2001, Huang and Fang [28] were the first to introduce generalized m-accretive
mapping and give the definition of the resolvent operator for generalized m-accretive
mappings in Banach spaces. They also proved some properties of the resolvent operator for
generalized m-accretive mappings in Banach spaces. Subsequently, Fang and Huang [29],
Yan et al. [30], Fang et al. [31], Lan et al. [32, 33], Fang and Huang [34], and Peng et
al. [35] introduced and investigated many new systems of variational inclusions involving
H-monotone operators and (H,#)-monotone operators in Hilbert spaces, generalized m-
accretive mappings, H-accretive mappings and (H, 77)-accretive mappings in Banach spaces,
respectively.
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In 2004, Verma in [36, 37] introduced new notions of A-monotone and (A,7)-
monotone operators and studied some properties of A-monotone and (A, 77)-monotone oper-
ators in Hilbert spaces. In [38], Lan et al. first introduced a new concept of (A, 77)-accretive
mappings, which generalizes the existing monotone or accretive operators and studied some
properties of (A, r)-accretive mappings and defined resolvent operators associated with
(A, m)-accretive mappings. They also investigated a class of variational inclusions using the
resolvent operator associated with (A, 77)-accretive mappings. Subsequently, Lan [39], by
using the concept of (A, 7)-accretive mappings and the new resolvent operator technique
associated with (A,#)-accretive mappings, introduced and studied a system of general
mixed quasivariational inclusions involving (A, 77)-accretive mappings in Banach spaces and
constructed a perturbed iterative algorithm with mixed errors for this system of nonlinear
(A, n)-accretive variational inclusions in g-uniformly smooth Banach spaces.

On the other hand, the fuzzy set theory introduced by Zadeh [40] has emerged as
an interesting and fascinating branch of pure and applied sciences. The application of the
fuzzy set theory can be found in many branches of regional, physical, mathematical, and
engineering sciences (see [41-45] and the references therein).

In 1989, Chang and Zhu [46] first introduced the classes of variational inequalities for
fuzzy mappings. In subsequent years, several classes of variational inequalities, variational
inclusions, and complementarity problems for fuzzy mappings were investigated by many
authors, in particular, by Chang and Haung [47, 48], Lan et al. [49], Noor [50-52], Noor and
Al-said [53], and many others.

Recently, Lan and Verma [54], by using the concept of (A,#)-accretive mappings,
the resolvent operator technique associated with (A, 77)-accretive mappings, introduced and
studied a new class of nonlinear fuzzy variational inclusion systems with (A, 7)-accretive
mappings in Banach spaces and construct some new iterative algorithms to approximate the
solutions of the nonlinear fuzzy variational inclusion systems.

Inspired and motivated by recent research works in these fields, in this paper,
we introduce and study a new system of nonlinear fuzzy variational inclusions with
(A, m)-accretive mappings in Banach spaces. By using the resolvent operator associated
with (A, 77)-mappings due to Lan et al. and Nadler’s fixed points theorem, we construct
some new iterative algorithms for approximating the solutions of this system of nonlinear
fuzzy variational inclusions in Banach spaces and prove the existence of solutions and the
convergence of the sequences generated by the algorithms in g-uniformly smooth Banach
spaces. The results presented in this paper improve and extend the corresponding results of
[29-35, 38, 39, 55-60] and many other recent works.

2. Preliminaries

Let X be a real Banach space with dual space X*, (-,-) be the dual pair between X and X*,
2X denote the family of all nonempty subsets of X, and let CB(X) denote the family of all
nonempty closed bounded subsets of X. The generalized duality mapping J, : X — 2% is
defined by

2

Jo) = {f € X" (o f7) = Il | £l = I, vaeX, 2.1)

where g > 1 is a constant. In particular, J; is the usual normalized duality mapping.
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It is known that, in general, J,(x) = lx||972 J2(x) for all x#0 and J4 is single valued if
X* is strictly convex. In the sequel, we always assume that X is a real Banach space such that
J4 is single-valued. If X is a Hilbert space, then ], becomes the identity mapping on X.

The modulus of smoothness of X is the function px : [0,00) — [0, 00) defined by

1
pxtt) = sup{ 3 (Jx = yll I =wl) -1 el <1, vl <} @2)
A Banach space X is said to be uniformly smooth if
limPXY o, (2.3)

t—0 t
X is called g-uniformly smooth if there exists a constant ¢ > 0 such that

px(t) <ct?, Vg>1. (2.4)

Note that ], is single-valued if X is uniformly smooth. Concerned with the
characteristic inequalities in g-uniformly smooth Banach spaces, Xu [61] proved the
following result.

Lemma 2.1. A real Banach space X is q-uniformly smooth if and only if there exists a constant c; > 0
such that, for all x,y € X,

|+ y || < lxll + qly, Jo(x)) + cqly |- (2.5)

Definition 2.2. A set-valued mapping T : X — 2% is said to be ¢&-H-Lipschitz continuous if there
exists a constant ¢ > 0 such that

H(T(x),T(y)) <éllx-y

, Yx,yeX, (2.6)

where H : 2X x 2X — RU {+o0} is the Hausdorff pseudo-metric, that is,

H(A,B) = max{sup d(x,B),supd(y, A) }, VA,Be?2%, (2.7)
xeA E
where d(u, K) = infyex||u — v||.

It should be pointed that if domain of H is restricted to closed bounded subsets CB(X),
then H is the Hausdorff metric.
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Lemma 2.3 (see [62]). Let (X, d) be a complete metric spaceand let T : X — CB(X) be a set-valued
mapping satisfying

H(T(x),T(y)) <kd(x,y), Yx,yeX (2.8)

where k € (0,1) is a constant. Then the mapping T has a fixed point in X.

Lemma 2.4 (see [62]). Let (X, d) be a complete metric space and let T : X — CB(X) ba a set-valued
mapping. Then for any € > 0 and any x,y € X, u € T(x), there exists v € T (y) such that

d(u,0) < (1+e)H(T(x),T(y)). (2.9)

Definition 2.5. Let X be a g-uniformly smooth Banach space, T, A : X — Xandletn: XxX —
X be single-valued mappings.

(i) T is said to be accretive if

(T(x)-T(y), Jo(x-y)) >0, Vx,yeX; (2.10)

(ii) T is said to be strictly accretive if T is accretive and
(T) ~T(y), Jy(x~y)) =0 (211)

if and only if x = y;
(iii) T is said to be r-strongly accretive if there exists a constant r > 0 such that

(T() -T(y) Jo(x-y)) 2rllx-yl", VxyeX; (2.12)

(iv) T is said to be m-relaxed accretive if there exists a constant m > 0 such that

1, vx,yeX; (2.13)

(T(x)=T(y), Jg(x-y)) 2 -m|x -y

(v) T is said to be (¢, g)-relaxed cocoercive if there exist constants ¢, ¢ > 0 such that

1, vx,yeX; (2.14)

(T(x) =T(y), Jg(x=y)) > =¢||ITx) -TW)||" +¢|lx -y

(vi) T is said to be y-Lipschitz continuous if there exists a constant y > 0 such that

1T T <vllx-yll, Vryex; @.15)

(vii) 7 is said to be T-Lipschitz continuous if there exists a constant 7 such that

lnGx |l <zllx-yll, YxyeX; (2.16)
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(viii) 7(-,-) is said to be e-Lipschitz continuous in the first variable if there exists a constant
€ > 0 such that

G, w) =n(yw)|| <ellx-yll, Ve yueX; (217)

(ix) (-, u) is said to be (p, ¢)-relaxed cocoercive with respect to A if there exist constants
p,¢ > 0such that

(n(x,u) = n(y,u), Ji(Ax) = A(y))) = -plln(x,u) -1y, w||? +&llx-yll?, Vx,y,u E( X. |
2.18

In a similar way to (viii) and (ix), we can define the Lipschitz continuity of the
mapping 7(:,-) in the second variable and relaxed cocoercivity of #(u, -) with respect to A.

Definition 2.6. Let X be a g-uniformly smooth Banach space, 7 : X x X — X and let H, A :
X — X be three single-valued mappings. Set-valued mapping M : X — 2% is said to be

(i) accretive if

(u-v,J4(x-y)) >0, Vx,yeX, ue Mx, ve My; (2.19)

(ii) r-accretive if

(u-v,J4(n(x,y))) >0, Vx,yeX, ue Mx, ve My; (2.20)

(iii) strictly n-accretive if M is y-accretive and the equality holds if and only if x = y;

(iv) r-strongly n-accretive if there exists a constant r > 0 such that

(u-v,Jo(n(x, ) >r|x-y||’, Vx,yeX, ueMx, veMy; (2.21)

(v) a-relaxed n-accretive if there exists a constant a > 0 such that

(u-v,J;(n(x,y))) >-a||lx-y||’, V¥x,yeX, ueMx, veMy; (2.22)

(vi) m-accretive if M is accretive and (I + AM)(X) = X for all A > 0, where I denotes the
identity operator on X;

(vii) generalized m-accretive if M is y-accretive and (I + AM)(X) = X forall A > 0;
(viii) H-accretive if M is accretive and (H + AM)(X) = X for all A > 0;
(ix) (H,mn)-accretive if M is -accretive and (H + AM)(X) = X for all A > 0.

Remark 2.7. The following should be noticed.

(1) The class of generalized m-accretive operators was first introduced by Huang and
Fang [28] and includes that of m-accretive operators as a special case. The class of
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H-accretive operators was first introduced and studied by Fang and Huang [63]
and also includes that of m-accretive operators as a special case.

(2) When X = H# is a Hilbert space, (i)—(ix) of Definition 2.6 reduce to the definitions
of monotone operators, #-monotone operators, strictly #7-monotone operators,
strongly 7-monotone operators, relaxed 77-monotone operators, maximal monotone
operators, maximal #-monotone operators, H-monotone operators, and (H,7)-
monotone operators, respectively.

Definition 2.8. Let A : X — X, n: X x X — X be two single-valued mappings and let
M : X — 2X be a set-valued mapping. Then M is said to be (A, n)-accretive with constant m
if M is m-relaxed r-accretive and (A + AM)(X) = X forall A > 0.

Remark 2.9. For appropriate and suitable choices of m, A, 7, and the space X, it is easy to
see that Definition 2.8 includes a number of definitions of monotone operators and accretive
operators (see [38]).

In [38], Lan et al. showed that (A + /oM)_1 is a single-valued operator if M : X — 2%
is an (A, 17)-accretive mapping and A : X — X an r-strongly 5-accretive mapping. Based

on this fact, we can define the resolvent operator RX;I/; associated with an (A, 7)-accretive
mapping M as follows.

Definition 2.10. Let A : X — X be a strictly 5-accretive mapping and let M : X — 2% be an
(A, n)-accretive mapping. The resolvent operator R;l\ﬁ, : X — X associated with A and M is
defined by

Ry (x) = (A+pM) ' (x), VreX (2.23)

Proposition 2.11 (see [38]). Let X be a g-uniformly smooth Banach space, let 17 : X x X — X be
T-Lipschitz continuous, let A : X — X be a r-strongly n-accretive mapping and let M : X — 2%

be an (A, n)-accretive mapping with constant m. Then the resolvent operator R}fp X — Xis
(797 / (r — pm))-Lipschitz continuous, that is,

A 7!

iR ] <

lx-y|, VxyeX (2.24)

r—pm

where p € (0,r/m) is a constant.

In what follows, we denote the collection of all fuzzy sets on X by §(X) = {A | A :
X — [0,1]}. A mapping S from X to §(X) is called a fuzzy mapping. If S : X — F(X) is
a fuzzy mapping, then the set S(x) for any x € X is a fuzzy set on §F(X) (in the sequel we
denote S(x) by Sy) and S.(y) for any y € X is the degree of membership of y in S.. For any
A € F(X)and a € [0,1], the set

(A), = {x€X:Ax)>a) (2.25)

is called a a-cut set of A.
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A fuzzy mapping S : X — §(X) is said to satisfy the condition (x) if there exists a
function a : X — [0, 1] such that for each x € X the set

(Sx)ag = (v € X : Sx(y) 2 a(x)} (2.26)

is a nonempty closed and bounded subset of X, that is, (Sx) ;) € CB(X).
By using the fuzzy mapping S satisfying the condition (x) with corresponding
function a : X — [0, 1], we can define a set-valued mapping S as follows:

S: X —CB(X), x+—(S8y) (2.27)

a(x)"

In the sequel, S, T, L, D, G, W, and K are called the set-valued mappings induced by the
fuzzy mappings S, T, £, D, G, W, and K, respectively.

3. A New System of Fuzzy Variational Inclusions

In this section, we introduce some systems of fuzzy variational inclusions g-uniformly
smooth Banach spaces X and their relations.

Let X be a g;-uniformly smooth Banach space with g1 > 1, let X, be a g,-uniformly
smooth Banach space with g, > 1,1et E, P : X1xX, — X1, F,Q : XixXp — X5, A1: X1 — Xy,
Az . X2 i Xz,f,p,l : X1 i Xl,g,h,k : Xz i X2,711 IXl ><X1 i X1,1’12 : X2 XXZ i X2
be single-valued mappings, and let S, C, £,9 : X; — F(Xj) and G, W0, K : X, — F(Xp)
be fuzzy mappings. Further, suppose that M : X; x X; — 2¥and N : X; x X, — 2%
are any nonlinear operators such that for all z € X;, M(,,z) : X3 — 2%X1 is an (A1, m1)-
accretive with f(x) -y € dom(M(-, z)) forall x,y € Xj and forall t € X, N(-,t) : X, — 2%
is an (A, 72)-accretive with g(u) € dom(N(-,t)) for all u € X,. Now, for given mappings
a, E, E,J : Xy — [0,1] and e, fN ,g: X, — [0,1], we consider the following system.

System 3.1. For any given a € Xj, b € X, A1 > 0, A\, > 0, our problem is as follows:
Find x,z,u,v,m € X; and y,w, t, s € X, such that S, (u) > a(x), CTx(v) > b(x), Ly(z) >
c(x), Bx(m) > d(x), Gy(w) > e(y), Wy(t) > f(y), X,(s) > g(y), and

{a € E(p(x),w) + P(I(2),8) + WM (f (x) - v,x), o

be F(u,h(y)) +Q(m,k(s)) + 2N (g(v), v)-

This system is called a system of nonlinear fuzzy variational inclusions involving (A, n)-accretive
mappings in uniformly smooth Banach spaces.

Remark 3.2. For appropriate and suitable choices of Xl, Xo,q1,92,E,P,F,Q, A1, A, f,g 0k,
Lpm 1,58 7C LG W K M N,a, b c, d e, f and g one can obtain many known and
new classes of (fuzzy) variational inequalities and (fuzzy) variational inclusions as special
cases of System 3.1.

Now, we consider some special cases of System 3.1.
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System 3.3. Let S,T,L,D : X; — CB(X;) and G,W,K : X, — CB(X3) be classical set-valued
mappings and let M, N, f, g, E, P, F, Q, p, I, h, k be the mappings as in System 3.1. Now,
by using S, T, L, D, G, W, and K, we define fuzzy mappings 3, T, £,® : X; — 2% and
G, W, KX, — 2% as follows:

Sy = XSty Cx=XTex) Lx=XL&)
(3.2)
Dy = XD), Gx = XGx)r Wx = Xw), Kx = XK(x),

where xs(x), XT(x), XL(x), XD(x), XG(x)» XW(x), and Yk (x) are the characteristic functions of the
sets S(x), T'(x), L(x), D(x), G(x), W(x), and K(x), respectively.

It is easy to see that S, T, £, and @ are fuzzy mappings satisfying the condition (*)
with constant functions a(x) = 1, E(x) =1,¢c(x) =1, c?(x) = 1 for all x € Xj, respectively,
and G, 10, and K are fuzzy mappings satisfying the condition (%) with constant functions
e(y) =1, f(y) =1, 3(y) = 1for all y € X, respectively. Also

reXi: xsw(r) =1} =S(x),

r€ Xt Xrw(r) =1} =T(x),

(B)a) = (rsew)1 = {
(D) = (1), =1
(D) = (frw)y = {r € Xat yrw(r) =1} = L(x),
D)y = (X)) = {r € X1t XD (r) =1} = D(x), (3.3)
@Dz = (Xew); = {t€ X2 xow (1) =1} = G(y),

07y = Qow); = {tE€ X2t xw (1) =1} =W(y),

(K)g) = (xkw)y = {t€ X2t xx () =1} = K(y).
Then System 3.1 is equivalent to the following:

Find x, z,u,v,m € X1, y,w,t,s € X, such thatu € S(x), v € T(x), z € L(x), m € D(x),
weG(y), te W(y), s € K(y), and

{a € E(p(x), w) + P(I(2),£) + WM (f (x) - v,x), o

be F(u,h(y)) +Q(m,k(s)) + 2N (g(v), v)-

System 3.3 is called a system of nonlinear set-valued variational inclusions with (A,1)-
accretive mappings.

System 3.4. If T : X; — X is a single-valued mapping, then System 3.3 collapses to the
following system of nonlinear variational inclusions:

Find x,z,u,m € Xy, y,w,t,s € X, such that u € S(x), z € L(x), m € D(x), w € G(y),
te W(y), s € K(y), and

{a € E(p(x),w) + P(I(2),t) + \M(f(x) - T(x),x), 65

be F(u,h(y)) +Q(m,k(s)) + 2N (g(v), v)-
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System 3.5. If X; = H; (i = 1,2) are two Hilbert spaces, S: #H; — Hjand G : Hy — H; are
two single-valued mappings, p = h = | = k = I(: the identity mapping), Ay = A, =1, T = 0(:
the zero mapping), a = b = 0, M(x,y) = M(x) for all (x,y) € H1 x H1, N(x,y) = N(x) for
all (x,y) € Ha x H>, then System 3.4 reduces to the following system:

Find (x,y,z,m,t,s) such that (x,y) € H1xHo,z € L(x),m € D(x),t € W(y),s € K(y),
and

{OEE(JC,Y)+P(Zrt)+M(f(x))l (36)

0€F(x,y)+Q(m,s)+N(g(y))-

System 3.5 was introduced and studied by Peng and Zhu in [59].

System 3.6. If a =b =0, 1y =1, =1, and P = Q = 0, then System 3.3 can be replaced by the
following:
Find u € S(x), v € T(x) and w € G(y) such that

{OEE(p(x),w)+M(f(x)—v,x), a7

0€ F(uh(y)) + N(&(¥) v),

which is studied by Lan and Verma [54].

System 3.7. If T : X; — X is a single-valued mapping, then System 3.6 collapses to the
following system of nonlinear variational inclusions:
Find x,u € X;, y, w € X, such that u € S(x), w € G(y) and

{0 € E(p(x),w) + M(f(x) - T(x),x), .

0€F(uh(y))+N(gW) y),

which is studied by Lan and Verma [54].

System 3.8. Ifp=h=1,T =0, M(x,y) = M(x) for all (x,y) € X; x X;, N(x,y) = N(x) for
all (x,y) € Xo xX5,5: X7 — Xj,and G : X, — X are identity mappings, then System 3.7
reduces to the following system:

Find (x,y) € Xj x X5 such that

{OeE(x,G(}/)) +M(f (x)), (3.9)

0€ F(S(x),y) + N(g(v))-

System 3.8 is investigated by Jin [55] when S and G are the identity mappings.

System3.9. If f-T=¢g=1,P=Q=0, 4 =1,=1,5:X; — Xj,and G: X; — X, are two
single-valued mappings, then System 3.4 is equivalent to the following:
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Find (x, y) € X3 x X5 such that

{a € E(p(x),G(y)) + M(x, x), (3.10)

be F(S(x),h(y)) + N(v, ),

which is introduced and studied by Lan [39] when S and G are identity mappings.

System 3.10. Whenp =h=S=G=1,a=>b =0, System 3.9 can be replaced to the following:
Find (x,y) € X3 x X5 such that

{OGE(x,y)+M(x,x), (311)

0€F(x,y) + N(y,y),

which is studied by Jin [56].

System 3.11. If X; = H; (i = 1,2) is two Hilbert spaces, M(x,y) = M(x) for all (x,y) €
HixHq1and N (x,y) = N(x) forall (x,y) € HxH>, then System 3.7 reduces to the following
generalized system of set-valued variational inclusions:

Find x,u € H1, y,w € H;, such that u € S(x), w € G(y), and

{0 € E(p(x),w) + M(f(x) - T(x)), 512)

0€F(uh(y))+N(g(y)),

which is studied by Lan et al. [57] when M, N are A-monotone mappings and there exists
single-valued mapping ¢ : #1 — H1 such that ¢(x) = f(x) — T(x) for all x € H;.

System 3.12. If g =p = h = f — T = I, then System 3.11 collapses to the following system of
nonlinear variational inclusions:
Find (x,y) € H#1 x H#H», u € S(x), w € G(y) such that

{0 € E(x,w) + M(x), -

0eF(u,y)+N(y),

which is considered by Huang and Fang [28].

System 3.13. If S : H1 — Hqand G : Hy — H, are two single-valued mappings, then
System 3.12 is equivalent to the following:
Find (x,y) € H#1 x H#, such that

{0 € E(x,G(y)) + M(x), (3.14)

0€F(S(x),y) + N(y),
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which is investigated by Fang et al. [31] and Peng et al. [35], Fang and Huang [34], and Verma
[36] withS=G=1.

System 3.14. If M(x) = 0p(x) and N(y) = 0¢(y) for all x € H; and y € H,, where ¢ :
H1 — RU{+oo}and ¢ : H, — RU {+oo} are two proper, convex, and lower semicontinuous
functionals, and Op and 0¢ denote subdifferential operators of ¢ and ¢, respectively, then
System 3.13 reduces to the following system:

Find (x,y) € #;1 x H, such that

{<E(xrc(y))'5‘x> t9(s) —9(x) 20, Vs ek, (3.15)

(F(S(),y),t=y)+d(t) - p(y) 20, Vi€,

which is called a system of nonlinear mixed variational inequalities. Some special cases of System
3.7 can be found in [22]. Further, if S = G = I, then System 3.7 reduces to the system of
nonlinear variational inequalities considered by Cho et al. [25].

System 3.15. If M(x) = 00k, (x) and N(y) = 06k, (y) for all x € K; and y € K, where
Kj and K, are nonempty closed convex subsets of #; and <#», respectively, and 6k, and 6k,
denote indicator functions of K; and K, respectively, then System 3.14 becomes the following

problem:
Find (x, y) € K; x K3 such that

(3.16)

(E(x,G(y)),s-x)>0, VYseKj,
(F(S(x),y),t-y) >0, VteKk,,

which is the just system in [24] when S and G are singlevalued and S =G =1.

System 3.16. If H1 = Hy = H, K1 = Ky = K, E(x,G(y)) = p1G(y) + x —y, and F(S(x),y) =
p2S(x) +y —x for all x, y € H, where p; > 0 and p, > 0 are two constants, then System 3.15 is
equivalent to the following:

Find an element (x, y) € K x K such that

G +x-1Y,s—x)>0, VseKk,
{(Pl (v) y ) (317)

(pS(x)+y—-x,t-y) >0, VieKk,
which is the system of nonlinear variational inequalities considered by Verma [22] with S =
G.

Remark 3.17. If x =y, S = G and p; = py, then System 3.16 reduces to the following classical
nonlinear variational inequality problem:
Find an element x € K such that

(S(x),z—x)>0, VzeK. (3.18)
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4. Existence Theorems

In this section, we prove the existence theorem for solutions of Systems 3.1. For our main
results, we have the following lemma which offers a good approach to solve System 3.1.

Lemma 4.1. Let X;, A;, mi, \i (i=1,2),E,F,P,Q, 5 C £9,G W, X, M,N, f, g hpl
k, a, and b be the same as in System 3.1. Then, for any given x,z,u,v,m € X; and y,w,t,s € Xy,
(x,y,z,t,m,s, u,v,w) is a solution of System 3.1 if and only if

fe = o s RS [0 - 0) - 2 (B, 0) + P - ),
(4.1)

$) = UL, [22(59) = B2 (FGw h(w)) + Qm k(s)) =),

where py > 0 and p; > 0 are two constants.
Proof. The conclusion follows directly from Definition 2.10 and some simple arguments. [
From Lemma 4.1, we have the following.

Theorem 4.2. Let Xy and X, be the same as in Lemma 4.1, let S,T,£L,D : X3 — F(Xy) and
G0, K+ Xo — §(Xp) be fuzzy mappings satisfying the condition (x) with the corresponding
functions ab, c, , e f and g, respectively, S,T,L,D : X; — CB(Xy), and let G,W,K : X —
CB(XZ) be ¢-Hy-Lipschitz continuous, {-Hy-Lipschitz continuous, y-Hi-Lipschitz continuous,
w-H,-Lipschitz continuous, &'-Hy- szschztz continuous, {'-Hy-Lipschitz continuous, and y'-H,-
Lipschitz continuous, respectively, where H; is the Hausdorff pseudometric on 2% fori = 1,2. Assume
that n; + X; x X; — X, is 7-Lipschitz continuous, A; : X; — X is ri-strongly n;-accretive and ;-
Lipschitz continuous for i = 1,2, p,1 : X3 — Xy are 61-Lipschitz continuous, and 6,-Lipschitz
continuous, respectively, h,k : Xo — Xy are or-Lipschitz continuous and r-Lipschitz continuous,
respectively, f : X1 — Xy is (x, eq)-relaxed cocoercive, p-Lipschitz continuous and g : Xo — Xy is
(0, e2)-relaxed cocoercive, e-Lipschitz continuous. Suppose that M(-,z) : X; — 2% js an (A1, m1)-
accretive operator with constant my for all z € Xy and N(-,t) : Xo — 2%X2 js an (A, 1p)-accretive
operator with constant my for all t € X,, and E, P : X1 x Xo — X are two single-valued mappings
such that E(-,y) and P(-,y) are vi-Lipschitz continuous and v,-Lipschitz continuous in the first
variable, respectively, E(x, ), P(x,-) are 1;-Lipschitz continuous t,-Lipschitz continuous in the second
variable, respectively, for all (x,y) € X1 x Xp, and E(p1(-),y) is (01, s1)-relaxed cocoercive with
respect to f', where f' : X4 — X is defined by f'(x) = Ay o (f(x) —v) = Ai1(f(x) — v) for
all x € Xl,g : Xy — [0,1] and Ty(v) > E(x). Further, suppose that F,Q : X1 x X — X»
are two nonlinear mappings such that F(-,y), Q(-,y) are pi-Lipschitz continuous and p,-Lipschitz
continuous in the first variable, respectively, F(x,-) and Q(x,-) are vi-Lipschitz continuous and v,-
Lipschitz continuous in the second variable, respectively, and F(x, h(-)) is (02, s2)-relaxed cocoercive
with respect to §', where §' : X, — Xy is defined by ¢'(x) = Az o g(x) = Ax(g(x)) for all x € X».
In addition, if there exist constants p1 € (0,r1/my) and py € (0,12/my) such that

”R'}\}’:;),pl( )-RyS (z)” < Vx,y,z € X1, (4.2)
||R%':;),p2(z) -REE (2 || <Olx-y|, Yxy,zeX, (4.3)
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c+¢+ ql\/l —qrer + (cq + i) < 1,

8+ qz\/l — qrex + (cqy + quo)e® < 1,

1*[]1
Cqp1 v 16" ch M

q1
\/ﬂih (n+¢)" - ‘ll% (=06, ™ +51) + (11— p1ma) y1 - by,

A P
” CpprPorPm® 1, )
\/ﬂgzeqz - qz%(—szﬂzqu +8) + p qlz <2 2 (r2 — pama) X2 — V22Y,
2 Ao P2
(4.4)
where
g2-1
) p27,  (p1¢ + pow@)
=1-(g+¢+/1- + + q1> - ,
X1 <€ G+ V1-gqien+ (cq + i) (2 = pa) e

ot (g 0g)
M(r - pim)

Y2=1- <19+ qz\/l — ez + (cq +q20)eqz)

A1, Ay are the same as in System 3.1, and cy,, c,, are two constants guaranteed by Lemma 2.1, then
System 3.1 admits a solution.

Proof. For any given p; > 0 and p, > 0, define mappings @, : X1 x X1 x X3 x Xo x Xp — X
and ¥, : X1 x X1 x Xp x Xo — X; as follows:

@), (x,z,v,t,w)

=x—f(x)+v+ R”A;’é;)lpl [Al (f(x)-v) - %(E(p(x),w) +P(I(z),t) - a)] ,
(4.6)
1PPZ (ur m,s, y)

= y=5(0) + R, |42 (5) - (P () + Qo (s)) =)

forall (x,y,z,t,m,s,u,v,w) € X1 x X x X1 x X x X1 x X5 x X1 x Xj x Xp, where a € X; and
b € X, are the same as in System 3.1, and let g, E, E,c?: X; — [0,1] and e, f,g : X, — [0,1] be
mappings such that S, (1) > a(x), Tx(v) > E(x), L,(z) > c(x), Dy(m) > J(x), Gy(w) > e(y),
W0y (t) 2 f(y), and Ky (s) > g().

Now, define a norm || - || on X3 x X, by

G, 0, = llull +lloll,  V(u,v) € Xy x Xs. (4.7)

It is easy to see that (X; x X, || - [|x) is a Banach space (see [34]). For any given p; > 0 and
p2 > 0, define a mapping Q,, ,, : X1 x Xo x X1 x X1 x X1 x X1 x Xp x Xp x Xo — Xj x Xp by

Qpp. (X, Yy, z,u,0,m, 5,1, w) = (Dp, (x,2,0,t,w), ¥, (u,m,s,y)) (4.8)
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forall (x,y,z,u,v,m,s,t,w) € X1 x Xp x X3 x X3 x X1 x X1 x Xp x X5 x X5 and let

Roo (5, Y) ={Qpipn (x,y,2,u,0,m,5,t,w) :
Se(u) > d(x), T(v) > b(x), Ly (2) > E(x), Dy (m) > j(x),Gy(w) >e(y),
10, (8) > f(y), £y(s) 2 §(y), where &@,b,¢,d: X; — [0,1],

5 f3:% — [0,1]}
(4.9)

for all (x,y) € Xj x Xp. Then, for any given (x,y),(x,y") € X; x X, ¢ > 0 and
Qm,pz(x,y,z,u, v,m,s,t,w) € E)%pllpz(x,y), there exists (z,u,v,m,s, t,w) € X; x X3 x X3 x
X; x X5 x X5 x X5 such that

Se(w) 2a(x),  Tu()2b(),  L(2)2E(x),  De(m)2d(x),

] (4.10)
Gyw)2e(y), W, >f(y), Ky(s)28),

where @,b,&,d: X; — [0,1],&,f,§: Xo — [0,1] and (4.6) holds. Since S, (1) > @(x), Tr(v) >
b(x), £y(z) 2 €(x), Dx(m) > d(x),Gy(w) > e(y), Wy(t) > f(y), Ky(s) > Z(y), that is, u €
S(x) € CB(X1), v € T(x) € CB(Xy), z € L(x) € CB(X;), m € D(x) € CB(X1), w € G(y) €
CB(X,), t € W(y) € CB(Xy), s € K(y) € CB(X»), it follows from Lemma 2.4 that there
existu' € S(x'), v e T(x'), 2’ € L(x'), m' € D(x'), w' € G(y'), t' € W(y'), s € K(y'), that
is, Su(u) > G(x'), Tp(v') > b(x'), L (2) > E(X'), D (1) > d(x'), Gy (W') > E(y), Wy () >

Fy), £y(s') > Z(y') such that
lu-u|| < (1+e)Hi(S(x),S(x)), |lo-o|| < (1+&)Hi(T(x), T(x)),
lz-2|| € (1 +e)Hi(L(x),L(x)), |m —m'|| < (1 +e)Hi (D(x),D(x)),
lw-w < 1+e)H2(G(y),G(y)),  lt-t]<A+e)H(W(y), W (Y)),

Is =5l < (1 +e)Ha(K(y), K ().

(4.11)

Letting
@, (x, 2,0, 1, w)
< 50 ol Rl [ ) o) - B B, w) + P - )]
v, (', m,s,y)

~ =5 + RE( |4 6) = R (B () + QU k() - 1),
(4.12)
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we have
(@, (x, 2,0, 1, w"), ¥, (u,m',s",y')) = Qpp, (X, Y, 2,0, 0", m, s, ¥, w'). (4.13)

Now, it follows from (4.2) and Proposition 2.11 that

|D,, (x, 2,0, t, w) = D, (x, 2,7, ', 0" ||
<lx=o' = (fe) = FEN) + lo-2

+

R | 10700 —0) = R (B, ) + PU), 0 - )
Rl [0 ) -0 - BEGE),w) +PUE). 1) - a)
<l = (F@ - SN + oo

Ry |41 0@ - 0) - B B0, w) + Pa@), 0 - )

+

Rl [ ) =) = ECE), @)+ PUE), 1) -a)|

+

Rl [Al (f(=)-v) - % (E(p(x'), w') + P(I(2),¥) - a)]

R [A1 ) =) = R EG),w) + PUE) ) - o)

<l =2 = () = FGDN [ + o = + 6] = x|

Q-1
T

rL—pim

+

A1(f(x) ~0) - B (E(p(x), ) + PU), ) - a)

(4 @) -0) - B E@E), ) + PAELY -a) )|
< llx =2 = (F@) = F D + o=/l +ellx -]

Q-1
T

r = pim

: {2 EEE,©) - E@e,w)] + 1P, - P,
HP),1) - PUE), )]

M) =0) = A(F () o) = TEQE,w) B, )] |
(4.14)

+
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Thus, by Lemma 2.1, we have

[l = x" = (f(x) = FD|"

S e =" = qu(fG0) = F(¥), T (2 = %)) + equ [l f () = FEON™ o
Since f is (k, e1)-relaxed cocoercive and p-Lipschitz continuous, we conclude that
[l =2 = (£ = FENN" < Mlx = %[ = quenllx = 2| + (eq + que)u® || = =[] w1
= (1-qer + (cq + quie) ™) ||x = x'|| "
By (4.11) and ¢-H;-Lipschitz continuity of T,
lo-2'|| < @ +e)Hi(T(x), T(x')) <¢(1+e)|lx-x||. (4.17)

Since E(x,-) is y-Lipschitz continuous in the second variable and G is §’—/I—T2—Lipschitz
continuous, by (4.11), we have

IE(p(x),w) - E(p(x),w)|| < u]lw - w'|| <u(1+e)Ha(G(y),G(¥'))
<ndd+o)ly -y

(4.18)

Since P(x,-) is 1-Lipschitz continuous in the second variable, W is §’—ﬁ2—Lipschitz
continuous, p, is 6,-Lipschitz continuous, P(-,y) is v,-Lipschitz continuous in the first
variable, and L is y-H;-Lipschitz continuous, using (4.11), we deduce that

|P(2),t) = P(I(z),t) || < ||t =¥ || < (1 +&)Ha (W (y), W (¥))

(4.19)
<udd+e)|y-v|.
and also
1PUG),#) - PUE), )| < valli) - 1(2) ] < vabiel|= - =]
<6, (1 +€)Hy (L(x), L(x")) (4.20)

<Gyl +e)||x— x|
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Again, by Lemma 2.1, it follows that

qi
M) -0) = A (F () =) = B (Epx), @) - E(p), w) H

< A1 (f (%) —v) = A (f(x) =) ||* -’11% (4.21)

x (E(p(x),w) - E(p(x'),w'), I, (A1 (f(x) - 0) - A1 (f () = ©)))

np p1—q1||E( (x),w') - E(p(x'), w')||"
qu )le P ’ P ’ .

Since A; is pi-Lipschitz continuous, f is p-Lipschitz continuous, and T is ¢-Lipschitz
continuous, by (4.11), we get

AL (Fx) = 0) = A1 (F () o) | < Bill F) = F() = (0= )]
<Pl fF ) = FEDN N+ lo=2'|l) (4.22)
<Pr(p+ i +e) x|

Since E(p(-),y) is (61, s1)-relaxed cocoercive with respect to f', where f'(x) = Aj o (f(x) -

v) = A1(f(x) —v), E(-,y) is vi-Lipschitz continuous in the first variable and p is 6;1-Lipschitz
continuous, we have

(E(p(x),w") = E(p(x'),w'), Jg, (A1 (f(x) = v) = A (f(x') = 7))
< -01||E(p(x),w') - E(p(x'),w)||" + s1]jx - x'||

(4.23)
< =017 [[p(x) = p()[| " + sif|c - x'||"
< (—91V1q161q1 + Sl) ||x — x’||q1,
and also
[E(p(x),w') = E(p(x'), @) || <vilp(x) = p(x) || < w6l = |- (4.24)
Hence, using (4.21)—(4.24), we have
q
[ 4170 -0 art70) - ) - B Ep0, ) - Ep), )|
(4.25)

Cq 15111;15]16 @ ,
< <ﬂ1‘“ (k¢ + )" = (o767 +51) + %) - [1*,

where ¢, is the constant as in Lemma 2.1. Using (4.14)—(4.20), and (4.25), it follows that

|Dp, (x, 2,0, t, w) =D, (X, 2,0, 1,0 || < pr(e)||x = x'|| + pr () ||y - V|, (4.26)
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where

Pl (mbay(1+£) + ¢ (e))

_ 1 2 o
pi(e) =g+c(l+e)+ \/ e+ (cy + qe)pt + M (r - prm)

cqp1T v 16,

) (4.27)
4L

p1(e) = \/ﬂﬂl (p+¢(1+e)™ - q1—( —O 16,7 +5,) +

P! T (d +1g)(1+e)

P1(e) = e (1’1 —p1m1)

Similarly, for any (u,m, s, y), (u',m',s',y') € X1 x X3 x X5 x X», it follows from (4.3) and
Proposition 2.11 that
¥, (u,m,5,y) = ¥p, (', m', s, y) |
<y-v'- () -g@))l

12,A2
RN( Y).p2

Ax(g(1)) = L (F (0 h(y)) + QU K(s)) - b)|

R [42(500) - B2 F ) + Q0 k() )|

<lly-y' - (gw)-gwNI

12,A2
RN( )2

Ax(g()) ~ 2 (F(u, () + Qo k(s)) ~b)|

R, 4230 - R Gh) + Q0 k() -b) |

|| Re A2 0) - £ (PG + @G, k() )]

RS [0 000) - (G ) + QG k() -0 |

<lly-v - (W) -gN)Il+3lly-¥l

‘1
+

A2(g(v)) - (F(u/ h(y)) +Q(m,k(s)) - b)

) — patin

(425~ E(F 1)) + Qo k() -D) )|
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921
T.
< ) _ ! Sy -/ 2
slly-v'-(sw) -8l +oly-yli+ =

< {E 1B ) - P )]+ 1Q0m k(s) - Qo k(o)
+lQ(m', k(s)) = Q(m', k(s'))I)

420 - A5 - EF @ ) - Pt n)| )
(4.28)
Thus, by Lemma 2.1, we have
ly -y - (g - s N*
(4.29)
<Ny -v'I" - a{s@) - 8W) Jo (v = ¥)) + ca:llg(w) = 8[|
Since g is (o, e>)-relaxed cocoercive and e-Lipschitz continuous, we have
ly-v' = W) - sNI* < lly-¥I” - geally - ¥/ || + (g + q20)e® |y - /|| (4.30)

= (1= qe2+ (cg, + 920)™) [ly - /||

Since F(-,y) is pi-Lipschitz continuous in the first variable and S is ¢-H;-Lipschitz
continuous, by (4.11), we obtain

IF(u,h(y)) - E@ k()| < prllu -]l < pi(1+ &) Hi (S(x),S(x'))

(4.31)
<pié(L+e)|x—x'|

Since Q(x, -) is vy-Lipschitz continuous in the second variable, k is sr»-Lipschitz continuous,
Q(-, y) is ps-Lipschitz continuous in the first variable, D is @w-H;-Lipschitz continuous, and
K is y'-H,-Lipschitz continuous, using (4.11), we conclude that

IIQ(m,k(S)) - Q(m,/ k(s)) ” S PZIIm - m'”
< p2(1+e)Hi (D(x),D(x")) (4.32)
<prw(l+e)|x—x

Q' k(s)) = Q' k(s)) || < w2l (s) ~ k(s

<vamfls |

7

" (4.33)
< v (1+e)Hy(K(y), K(y'))

<vmy' (1+e)|y -y



Journal of Inequalities and Applications 21

Again, by Lemma 2.1, it follows that

q2
Ax(3(y)) - Ax(g(y)) - i—jmu’, h(y)) - Fd, h(y)))

< [|A2(g(y)) - Aa(g(y)]|*

P2 ! ! ! ! (4.34)
a2y (FQ h(y)) - F(, h(y'), Jo (A2(8(y)) - A2(8(¥))))
p2q2 , , ’ Q@
R W |F(', h(y)) = F@, h(y' )"
Since A, is fo-Lipschitz continuous and g is e-Lipschitz continuous, we have
1428 () = A2 (WDl < Pllg(w) = (W) < Paelly - /]I (4.35)

Since F(u, h(-)) is (02, s2)-relaxed cocoercive with respect to ¢’ = Ay o g, F(x,-) is v1-Lipschitz
continuous in the second variable, and h is sri-Lipschitz continuous, we get

(F(u' h(y)) = F(, h(y), Ja. (A2(8(v)) = A2(8(¥))))
<-0:||F(', h(y)) = F(u, h(y'D||" + s2lly - /||

(4.36)
< =6,01%||h(y) = k()| + s2lly - /||
< (=001 + 50) ||y - v'||*)
|F (', h(y)) - F(', h(y))|| <vil|k(y) - h(y)|l 37)
<umlly -y
Therefore, it follows from (4.34)—(4.37) that
q2
[ 42t - Axts) - 82 ) - P hi )
(4.38)

qupqu U1 q2_71'1 q2

< <ﬁz’h€‘72 - qzi—i(—ezvlqzqu +52) + T) ly-v'II",
2

where ¢, is the constant as in Lemma 2.1. From (4.28)—(4.33), and (4.38), it follows that

1¥p: (wm,5,y) =¥, (', 0,8, y) || < (@) [|x = X[ + g2y -y, (4:39)
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where

po1” (pré + paw) (1 +€)
Ao (12 — pamy)

pa(e) =

po1 (vammay' (1 + €) + ¢p2)

Pa(e) =8+ qz\/l —qoes + (g, + q20) €% + WEp—" , (4.40)
@2 = qZ\/ﬁququ - Clzi—i(—921)1q271'1q2 +82) + qupzq)i:#
It follows from (4.26) and (4.39) that
|®p, (x, 2,0, t, w) = D, (&, 2,0, ¥, W) || + | ¥, (w,m,5,y) - ¥, (W', m', s, y) || wan)

<w(E)([lx =2+ ly - [,

where w(e) = max{epi(e) + pa(e), P1(€) + P2(e) }. Using (4.8) and (4.41), we deduce that

” Q,ﬂl,pz (xl y/ ZI ul U/ ml S/ tl w) - Q,Ul,pz (xll ylr ZI/ u,/ U,/ m’/ S,I t’/ w’)

*

(4.42)
< (AJ(£)”(X, y) - (x// yl) %7
that is,

sup A(Qpp. (x,y,z,u,0,m,s,t,w), Ry, 5, (X, y'))

Qo1 (XY, zu0,ms,tw)ER,, p, (X,Y) (4 43)
< (,()(E) ” (x/ ]/) - ('xl/ y/) ”*
Similarly, we have
sup A(Qpy (<, 210,00, 8,0, 20), By (3, )

QP‘] . (xl,y/,zllu/,U/,mI,S/,t/,wl)emp-l . (xr,y/) (4 44)

<w(e)||(x,y) - Y.
By (4.43), (4.44), and the definition of Hausdorff pseudo-metric, we have
H(Rp, 0, (%, 9), R o (¥, 1)) Sw(@)]|(x,9) = (¥, V(x,y), (x,y) € X1 x Xa. (4.45)
Letting ¢ — 0, one has

ﬁ(mﬂhﬂz (x'y)/mphpz (x’,y’)) < w||(x,y) - (*y)

o Y(xy), (d,y) eXixXo, (446)
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where

w:max{(p1+(p2,gb1+gb2}, (447)

prri " (mbay + 1)
M (7’1 - p1m1)

¢1=g+§+1vl—qW1+(%l+%Khﬂl+

n c Giyy, 91 5, D
g1 =BT (u+0)" - qlﬂ(_glvlql(slm +51) + M%
)L1 )Ll !

pZTZ (02‘7[2]/ + (PZ) (448)

=0+ 3/1- + + a2 +
$2 \/ 322+ (Cqy + 20)€ %2 (rs = parma)

1y (pié + pow)
A2 (12 — pamy)

1T1 (llé' + 1)

M (7’1 - lel)

$2 =

7

$1 =

and ¢ is the constant as in (4.40). From (4.4), we know that 0 < w < 1 and so it follows
from (4.46) that R, ,, : X1 x X — Xj x X3 is a contractive mapping. Hence Lemma 2.3
implies that R, ,, has a fixed point in X; x X»; that is, there exists a point (x*,y*) € X; x
X3 such that (x*,y*) € Ry, p, (x*, y*). Now, it follows from (4.6), (4.8), and Lemma 4.1 that
(x*,y*, z*, u*,v*, m*, n*, t*,w") is a solution of System 3.1 and this is the desired result. This
completes the proof. O

By using Theorem 4.2, we can derive the following.

Theorem 4.3. Let X;, A, n: (i=1,2),8,C £,9,G W, X S T,L,D,GW,K, M, N, E, P,
F,Q,p L h k, f,and g be the same as in Theorem 4.2. Assume that f : X1 — Xj is xk-strongly
accretive p-Lipschitz continuous and g : X, — X, is o-strongly accretive e-Lipschitz continuous.

Further, if there exist constants p1 € (0,11/my) and py € (0,12 /my) such that (4.2) and (4.3)
hold and

c++ [1-qix +cypuT <1,
O+ q\Z/l — 420 +cge” < 1,

" PG 1%A
\/ﬂlql(#+§)ql‘511%(‘91"1’“51‘71+51)+ qpl)tqlm 1 1(Tl pim) 1 = 62y,
1

1—q2
Cg P20 7oy T Py T, A2

Ty — pom — vy,
)quz 2 (2 P2 2))(2 Iy

(4.49)

\/,32"2€q2 - 42/;—2(—9201"27f1q2 +8) +
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where

1 + po@)
= 1 bt g 1 - q p2T2 (plé 7
X <§+§+ \/1—qix+cqp ) o (r2 — pamz)
q-1 ! !
7, (ng +nd)
=1-(8+%/1- 2) - P10 )
X2 < + 420 + Cg,€ ) X1 (r1 — pumy)

(4.50)

M, Ay are the same as in System 3.1, and cg,, ¢4, are two constants guaranteed by Lemma 2.1, then
System 3.1 admits a solution.

Theorem 4.4. Let X;, A;, 1 (i = 1,2), p, L h, k, f, g F, Q, M, N, and P be the same as in
Theorem 4.2. Assume that T : X1 — X1 is ¢-Lipschitz continuous, and S,L,D : X3 — CB(Xl)
and G W, K : X, — CB(Xz) are ¢- H1 Lipschitz continuous, y- H1 -Lipschitz continuous, w- Hl—
Lipschitz continuous, ¢&'- H2 -Lipschitz continuous, {'- Hz -Lipschitz continuous, and y'- Hz -Lipschitz
continuous, respectively. Suppose that E : X1 x Xo — Xy is a single-valued mapping such that
E(-,y) is vi-Lipschitz continuous in the first variable and E(x,-) is y-Lipschitz continuous in the
second variable for all (x,y) € X1 x Xo, and E(p(-),y) is a (01, s1)-relaxed cocercive mapping with
respect to f' = Ay o (f —T) defined by f'(x) = A1o(f(x)-T(x)) = A1(f(x)-T(x)) forall x € X;.
If there exist constants py € (0,11/my) and py € (0,1r2/my) such that conditions (4.2)—(4.4) hold,
then System 3.4 has a solution (x*,y*, z*,u*, m*,s*, t*, w").

Theorem 4.5. Let X;, A;, n; (i = 1,2),p, I, h, kK, E,F,P,Q M, N,S,T,L, D,G W, and K
be the same as in Theorem 4.4. Suppose that f : X1 — X is x-strongly accretive and p-Lipschitz
continuous and g : X, — Xy is o-strongly accretive and e-Lipschitz continuous. If there exist
constants p1 € (0,r1/my) and p, € (0,12/my) such that conditions (4.2), (4.3), and (4.49) hold,
then System 3.3 has a solution (x*,y*, z*,u*, m*,s*, t*, w*).

5. Iterative Algorithm and Convergence

In this section, motivated by Theorems 4.2 and 4.4, Lemmas 4.1 and 2.4, we construct the
following iterative algorithms for approximating solutions of Systems 3.1 and 3.3 and discuss
the convergence analysis of the algorithms.

Algorithm 5.1. Let X;, Ai, m;, \i (i = 1,2), E, P, F,Q,p, I, h k, f,g, M, N, S, T, £,9,¢,
W, K, ST, L D, G, W, K, aand b be the same as in System 3.1. For any given (xo, yo) €
X1 x Xo, E,E,E,J : X1 — [0,1] and E,f,g : Xp — [0,1] for all n > 0 and an element
(x,y,z,u,v,m,s,t,w) € X1 x Xp x Xq x X3 x X5 x X1 x Xp x Xy x Xy, define the iterative
sequence {(Xy, Yn, Zn, Un, Un, Mp, S, tn, Wy) }peo DY

A
Xpi1 = (1 —ay)x, + ay <xn — f(xp) +vn + R”l ; . (@n)> + apen +1n,

Ynel = (1 - an)yn +ay (]/n - g(]/n) + R%( ;n) P2 (Qn)> + anfn + kn/

S ) 2@, o=l < (14 1 )PS0, SG0),
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Tu@) 2w, ool < (14 1 ) (), T00),
L) 28w, -2l < (1 ) L) L),

1 1
D, (my) 2 d(x), |y —ml| < (1 —_—

)E(D(xnw(x)),

G () 28), Twn—wl < (1+ 1= ) Ba(G(1n). G)),

+n
~ 1 —
00,0 > Fn), =t (14 1 )W), W),
~ 1 \=
0,50 28, lsu-sls (14 1 ) (K (), K (),
(5.1)
where
O = A1(f () = 0) = T (E(p(a), w02) + PUza) ) = ),
(5.2)

Q= Aa(g(y)) = T (F atn, () + QUom, K(s1)) ~b),

p1 and p; are constants, {a,} is a sequence in [0,1] with 377, a,, = oo, and {(en, fx) }5eo and
{(rn, kn) }5z are two sequences in X; x X, to take into account a possible inexact computation
of the resolvent operator point satisfying the following conditions:

! " ! "
eﬂ:en+en/ fﬂ:fn+ n’s

lim || (e}, f)]|, =0,
i 16 1] o

[oe] [o'e)
Sl il <o Sl kn)ll, < oo.
n=0 n=0

Algorithm 5.2. Assume that X;, A;, n;, i (i=1,2),E,P,F,Q,p,l,hk, f,g, M,N,S,T,L,D,
G, W, K, a and b are the same as in System 3.4. For any given (xo,10) € X1 x Xp, n > 0 and
an element (x,y,z,u,m,s, t,w) € X1 x Xo x X3 x X3 x X1 x Xp x X5 x X, define the iterative
sequence {(Xy, Yun, Zn, Un, Mn, Sn, tn, Wn) }reo DY

A
X1 = (1= an)xn + ay <xn — f(xn) + T(x,) + R?\Z(»,;n),m (@’n)> + apep + 1y,

2,A2
Yn+e1 = (1 - an)]/n + Xy <yn - g(yn) + R?V('/yn)/PZ (Qn)> + anfn + kn/

€50, oyl < (14 3 ) F (SCxn), S0,



26 Journal of Inequalities and Applications

2 € L(x), lzn—z] < <1 - n)ﬁ(L(xn),L(x)),
my, € D(x,), ||m, —m|| < (1 1 in>ﬁ1(D(xn),D(x)),

V(G ), ),

1
—wl| <
wn € Gy, lwon-wl < (14 1

1
e W), It —tl < (1 T

VW (5n), W),

1
e K(y,), —sll< (1
€K, lsu-sl < (1+ 11

V(K ). K ),
(5.4)

where @,n = Al(f(xn) - T(xy)) - (Pl/il)(E(p(xn)/wn) + P(l(zn), tn) — a), Qu, P1, P2, {an},
{(en, fn) }oeo and {(7n, kn) } 7o are the same as in Algorithm 5.1.

Remark 5.3. If e, = f, =0foralln >0, L =D =W =K=0,P=Q=0a=0b=0,
and Ay = Ay = 1, then Algorithms 5.1 and 5.2 reduce to Algorithms 4.1 and 4.2 of [38]. In
particular, when we choose suitable a,, e,,, fu, n, kn, Ai, i (i=1,2),E,P,F,Q,p,l,hk, f, g,
M,N,S,C,L,9,GMNWX,S1T,L D,G,W,K,and the spaces X;, X, then Algorithms 5.1 and
5.2 can be degenerated to a number of algorithms involving many known algorithms due to
classes of variational inequalities and variational inclusions (see, e.g., [38, 55, 56, 58—60] and
the references therein).

Lemma 5.4. Let {a,}, {bn}, and {c,} be three nonnegative real sequences satisfying the following

condition: there exists a natural number ng such that

any1 < (1 —ty)ay, +buty +c,, Yn2>mny, (5.5)

where t, € [0,1], > tn = 00, limy, . ooby, =0, >77 ¢n < 0. Then lim,, _,pa, = 0.
Proof. The proof directly follows from Liu [64, Lemma 2]. O

Theorem 5.5. Let X;, A;, n; (i=1,2),E,P,F,Q,p,Lh k f,g M,N,S, T, £9DG W, KX,S,
T,L,D,G,W,and K be the same as in Theorem 4.2. Suppose that all the conditions of Theorem 4.2
hold. Then the iterative sequence {(Xn, Yn, Zn, Un, Un, Mn, Sn, tn, Wy) } mey generated by Algorithm 5.1
converges strongly to a solution (x*,y*, z*, u*, v*, m*, s*,t*,w*) of System 3.1.

Proof. It~ follows  from  Theorem4.2 that System 3.1 has a solution
(x*,y*, z*,u*,v*, m*, s*,t*,w*). Hence, by Lemma 4.1, we have

Fe) ="+ Rl [ -0 - 2 E @), w) + PUE), ) - ),
(5.6)
8(7) = RES, [A2(s () = P (F G h(y)) + Qo k() - 1)
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Using (5.1), (5.6), and our assumptions, it follows that

12¢ne1 = 271 < (1= an)l|26n = x7[| +
. (IIxn =3 = (f) = FEN) ||+ llon - 7]

+

R [ 410760 =) = B (B0, 00) + PUG, 1) - )]

Rl [0 =07 - R (E(),w) + a1 -0)||)
+ el + 1l

<(-aln -l +a,
< (=" = (F) = £ + o =)

+

R;CI/(Aj,icn)/ﬂl [Al (f(xn) —on) = %(E(p(x")’w") + Pz, ta) - a)]

+

RWML(/i;n%pl [Al (f@x) -7 - %(E(P(x*),w*) +P(I(z"),t") - a)]

_phA
RM('rx")lpl

A=) = LEGEw) 10 -4 )

+an([len]l + llenll) + liral
<A - an)llxn = x| + an

q-1

x { [lxn = " = (f Gen) = F ) || + llow =071 + gllxn = 7] + g

r—pimg

: (%(”E(T’(X")fwn) — E(p(xn), w") || + IP(L(zn), tn) = P(I(zn), )|

+HIP(I(zn), ) = P(I(z"), £)])

+

M) = 0) = A (F ) - ) = L (E (), w) - E(p(x*>,w*)>“)}

+anflen]l + [lenll + lrl

< (1= an) |13 = || + et (91 () [1260 = X[ + 1 () ||y = y*||) + @nllen || + [len]] + [I7all,
(5.7)
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where

‘Pl(")=€+§<1+ 1J1rn>

! (vz62y(1 +1/(1+n)) +¢1(n))
A (1 = pima)

a . 1 q P 1 <1 C1P V. 5q1
q,l(n)=Jﬁ‘l7 <y+§<1+1+n>> —th\(qu&‘? +s>+_q 11‘7—11 —,
1

+ ql\/l —qier + (cq + ) +

7

(5.8)

17'1 (zlg' +d)1+1/1+n))

¢1 (n) = I (rl _ P1m1>

Similarly, we have

ot =971l < A=)l =3 +

« (llvn =y = 3) - gD

erl\zl(Ag ).p2 [ 2(8(ym)) - %(F(u”’h(y")) +Qmn, k(sn)) = b)]

R [Aeta) - B ) + Q0 ks 1))

+ an”fn” + ”kn”

<A -an)||yn - y*|| + an

X@%—f—@@@—ﬁfﬁ"

erl\;(A; ).p2 [ 2(8(yn)) - %(F(u"’h(y")) +Qmn, k(sn)) = b)]

Rﬁfﬁnukﬁ(gﬁf))‘§§UWu5th))+Q“"ik“ﬂ)_bﬂ

_ 12,A2
RN(y)Pz

Fan([L£ull+ 1Al + kel

Aa(a(or) - 22 F ) + Q0 ks b))
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< (1 =-an)|lyn - y*|| +an

-1
2

2 — P2y

+

x { lyn—v* = (8(yn) WD +Hyn -y

x (%(IIF(wh(yn)) = F(', h(ya) [l + 1Q0mn, k(sn) = Q" k(sn)|
HIQ(m", k(sn)) - Q(m™, k("))
Ax(g(m)) - Ax(g(v')) = (P b)) - Fe hw ) )}

+ o[ full + £ Il + leal
< (= an)[lyn = y* | + an(p2(m)llxn = ¥ + g2 () lyn — )
+au | full + 11Full + eall,

+

(5.9)

where

pzrgrl (LY (1+1/(1+n)) +¢n)

-8 @ 1— 0
$a(n) " \/ G2e2+ (Cp + G20) €% + Ao (12 = pam)

7

(5.10)
pﬂgz_l (p1é + pow)(1+1/(1+n))
Ao (12 — pomy)

pa2(n) =

7

and ¢ is the same as (4.40). By (5.7) and (5.9), we obtain

| Genet, ymn) = (% Y | = 12mn = XN+ [[ymar = 97| < (1= ) [ Goens yn) = (2, 7).
+ oy max {1 (n) + ga(n), d1 (1) + o () } || Gt ) = (%, ) |1,
+ | (e, i) |l + 1 Cen SN, + 1, )
= (1- A -wm)an) || (xnyn) = (" y7) .
+ e[ el S|, + [ Cen S + 1 K s

(5.11)
where

w(n) = max{p:(n) + ¢2(n), p1(n) + g2(n) }. (5.12)

Now, w(n) — w = max{y1 + 2, ¢1 + ¢2} asn — oo, where ¢y, @2, $1, and ¢, are the
constants as in (4.48).
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Since w = (1/2) (w+1) € (w, 1), deduce that there exists ny > 1 such that w(n) < @, for
all n > ny. Accordingly, it follows from (5.11) that for all n > ny,

||(xn+1/]/n+1) - (x*,y*)||* <(1-(1- a’)“n)"(xnzyn) - (x*,y*)”* + an”(e;ﬂfr’z)”*

. (5.13)
+{[Cen fi)ll. + 1, Kn) .-
Letting

an = || (xne1, Yui1) = Y|, =1 -@)ay,

5.14)
[[CHAIN (
b= SR e = [l (b Ll KL,
then (5.13) can be written as

a1 < (A -ty)a, +byt, +c,, Yn>0. (5.15)
Therefore, it follows from Lemmab5.4 that lim,_.,.a, = 0 and so the sequence
{(Xn, Yn, Zn, Un, On, My, Sp, tn, Wy) by defined by Algorithm 5.1 converges strongly to a
solution (x*,y*, z*, u*, v*, m*, s*, t*, w*) of System 3.1. O

Theorem 5.6. Suppose that X;, A;, n; (i =1,2),E,P,F,Q,p,Lh k, f, g M,N,S, T £ 9,
G W, K,S,T,L D,G,W,and K are the same as in Theorem 4.3. Assume that all the conditions
of Theorem 4.3 hold. Then the iterative sequence {(Xn, Yn, Zn, Un, Un, Mu, S, tn, Wy) }mey generated by
Algorithm 5.1 converges strongly to the solution (x*,y*, z*, u*,v*, m*,s*,t*,w*) of System 3.1.

Theorem 5.7. Assume that X;, A;,n; (i=1,2),E,P,F,Q,p,l,hk, f,g M,N,S, T,L,D,G, W,
and K are the same as in Theorem 4.4. Suppose that all the conditions of Theorem 4.4 hold. Then the
iterative sequence { (Xn, Yn, Zn, Un, Mn, Sn, tn, Wn) }eg Senerated by Algorithm 5.2 converges strongly
to a solution (x*,y*, z*, u*, m*,s*, t*,w*) of System 3.3.

Theorem 5.8. Let X;, A;, n; (i = 1,2), E,P,F, Q,p,Lh k, f,g M, N,S, T,L,D,G, W,
and K be the same as in Theorem 4.5. Suppose that all the conditions of Theorem 4.5 hold. Then the
iterative sequence { (Xn, Yn, Zn, Un, Mn, Sn, tn, Wn) } o Senerated by Algorithm 5.2 converges strongly
to a solution (x*,y*, z*, u*, m*,s*, t*,w*) of System 3.3.

Remark 5.9. The following should be noticed.

(1) Theorem 3.1 in [54] is a special case of the Theorems 4.2 and 4.3. Moreover,
Theorems 4.4 and 4.5 improve and extend Theorem 3.2 [54].

(2) In view of Remark 5.3, Theorems 5.5 and 5.6 improve and generalize Theorem 4.1
in [54]. Also, Theorems 5.7 and 5.8 are extensions of Theorem 4.2 in [54].

Remark 5.10. When M and N are (A, 7)-monotone operators, A-accretive mappings, A-
monotone operators, (H, 77)-accretive mappings, (H, 17)-monotone operators, or H-monotone
operators, respectively, from Theorems 4.2-4.5 and 5.5-5.8, we can obtain the existence
and convergence results of solutions for Systems 3.1 and 3.4. In brief, for a suitable and
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appropriate choice of the mappings A;, n; (i = 1,2), E, P, F, Q,p, L h k, f, g, M, N, S,
T L,9,G MW K, S T,L D, G W, K, and the spaces X;, X, Theorems 4.2-4.5 and 5.5-5.8
include many known results of the generalized variational inclusions as special cases (see
[29-35, 38, 39, 55-60] and the references therein).
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