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We mainly consider the system —A,yu = f(v) + h(u) in R, —Agv = g(u) + w(v) in R, where

1< p(x),q(x) € C'(R) are periodic functions, and —A 1 = —(|u’|p<x)_2u’)l is called p(x)-Laplacian.
We give the existence of infinitely many periodic solutions under some conditions.
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1. Introduction

The study of differential equations and variational problems with variable exponent growth
conditions has been a new and interesting topic. Many results have been obtained on this
kind of problems, for example [1-18]. On the applied background, we refer to [1, 3, 11, 18].
In this paper, we mainly consider the existence of infinitely many periodic solutions for the
system

—Apwu = f(v) +h(u) inR,
(pyq T rTReD (1)
-Ayv =g(u) +w(v) inR,

where p(x),q(x) € C!(R) are functions. The operator —Apyu = —(lu'|’ (x)_zu’)' is called one-
dimensional p(x)-Laplacian. Especially, if p(x) = p (a constant) and g(x) = g (a constant),
then (P) is the well-known constant exponent system.

(u,v) is called a solution of (P), if u,v € C1(R), [/ %1/ and |0/ 0’ are absolute
continuous and satisfy (P) almost every where.
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In [19], the authors consider the existence of positive weak solutions for the following
constant exponent problems:

-Apu=Af(v), inQ,
()4 -4Apv =1Ag(u), inQ, (1.2)
u=0v=0, on 0Q.

The first eigenfunction is used to construct the subsolution of constant exponent problems
successfully. Under the condition that A is large enough and

f[M(g(u))l/(p_l)]
lim =0

UuU—+o0 uP*l

, for every M >0, (1.3)

the authors give the existence of positive solutions for problem (I).
In [20], the author considers the existence and nonexistence of positive weak solution
to the following constant exponent elliptic system:

-Apu = v, in Q,
(IT)§ -Agv = Mbof, in Q, (1.4)

u=v=0, on 0Q.

The first eigenfunction is used to construct the subsolution of constant exponent problems
successfully.

Because of the nonhomogeneity of p(x)-Laplacian, p(x)-Laplacian problems are more
complicated than those of p-Laplacian. Maybe the first eigenvalue and the first eigenfunction
of p(x)-Laplacian do not exist (see [6]). Even if the first eigenfunction of p(x)-Laplacian
exists, because of the nonhomogeneity of p(x)-Laplacian, the first eigenfunction cannot be
used to construct the subsolution of p(x)-Laplacian problems.

There are many papers on the existence of periodic solutions for p-Laplacian elliptic
systems, for example [21-24]. The results on the periodic solutions for variable exponent
systems are rare. Through a new method of constructing sub-supersolution, this paper gives
the existence of infinitely many periodic solutions for problem (P).

2. Main Results and Proofs

At first, we give an existence of positive solutions for variable exponent systems on bounded
domain via sub-super-solution method. The result itself has dependent value.
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Denote Qr = (=R, R). Let us consider the existence of positive solutions of the
following:

~Apu = f(v) +h(u), inQg,
(P1) 4 —Ay0v = g(u) +w(v), in Qg, (2.1)

u=v=0, on 0Qg.

Write z* = sup, . z(x), 2~ = infyerz(x), for any z € C(R). Assume that

(Hy) p(x),g(x) € C}(R) satisfy

1<p <p"<oo, sup|p'(x)| < oo, 1<q <q"<oo, sup|q'(x)| < co. (2.2)

(H2) f, g, h,w:[0,+0) — R are C!, monotone functions such that

im0 = Jim ()= lim (0 = lim w®) =+ @)

(H3) For any positive constant M, there are lim;_, ., f[M(g(£))"/ T D]/t -1 = 0.
(Hy) limy oo h(£) /P71 = limy 4o (t) /19 71 = 0.

(Hs) f,g,h, and w are odd functions such that f(0) = g(0) = h(0) = w(0) = 0, p(x)
and g(x) are even, and T is a periodic of p and g, namely, p(x) = p(x +T),q(x) =
q(x+T),forall x e R.

Note. In [14], the present author discussed the existence of solutions of (P;), under the
conditions that (P;) is radial, p(x) = g(x), and h = w = 0. Because of the nonhomogeneity of
variable exponent problems, variable exponent problems are more complicated than constant
exponent problems, and many results and methods for constant exponent problems are
invalid for variable exponent problems. In many cases, the radial symmetric conditions are
effective to deal with variable exponent problems. There are many results about the radial
variable exponent problems (see [4, 14, 16]), but the following Theorem 2.1 does not assume
any symmetric conditions.

We will establish.

Theorem 2.1. If (H1)—(Ha) hold, then (Py) possesses a positive solution, when R is sufficiently large.

Proof. If we can construct a positive subsolution (¢1,¢$,) and supersolution (z;,z;) of (P1),
namely,

~ApyP1 < f(P2) + h(d), —Agn P2 < g(P1) +w(¢2), forae xeR,

“Apwz1 2 f(22) +h(z1),  —Dgwz2 > g(z1) +w(zp), forae x€R,

(2.4)

which satisfy ¢; < z1 and ¢, < zp, then (P;) possesses a positive solution (see [5]).
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Step 1. We will construct a subsolution of (P;).
Denfine

P1(x) = 3

P2(x) = 3

(ek2R) _1 R-a<x<R,

4

R-a
e 1+ f (kze“kz)(p(R_a)_l)/(p(r)_l) [sm(sz(r -(R-a))+

X

/(p(n- )
2)]1 p 1

ar
R-a—-—<x<R-a,
252

R-a ,
eakz_l"'f (kzeakz)(p(RﬂH)/(p(rH) [sin<£z(r—(R—a))+%)]UW H)dr,

R-a-/2¢e;
ar ar
-R+a+—<x<R-a-
2&1 2e,"

ek _1 4+ ch (k ek ) (P( R+a)- 1)/(]9(1’) 1) [Sll’l( Ce (T 3 (—R N a)))]l/(P(T)—l)dr’
—R+a

a
-R+a<x<-R+a+—,
251

ehi*R) _ 1 _R<x<-R+a.
(e k(R _1, R-a<x<R,

R-a .
wh—1+f @ﬁwgwmwrnuwwnkn<au_(R a) + 2HU@“1)f

T
R-a-—<x<R-ag,
254

fea a r 1/(q(ry1
ek~ 1+f (k48“k4)(q(R )/ (arr) [sin<£4(r—(R—a))+£>] @ )dr,
R-a-or/2ey 2

a a
-R+a+—<x<R-a-—,
263 2ey

et -1 +fx (kaesto) R/ GO g in(Z - ea(r - (-R+ »)]U(qm_l)dr,
~R+a

a
-R+a<x<-R+a+—,

£3
[esC+R) —1, —-R<x<-R+a,
2.5)
where
inf -1 inf -1
a= mln{ o p(,x) ’ o q(,x) } b = min {f(o)l g(o)/ h(o)/ (U(O), _1}/
4(sup|p'(x)| +1)" 4(sup|q'(x)| + 1)
g=k? e ™, =12  g=k%e%, i=34 R>2, i=1,234,

&

(2.6)
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ky and k; satisfy

R-a
ar ak,\ (PR=)-1)/ (p()-1) T b w1/ (p()-1)
. 1+IR_a_n/Zgz<kze ) [Sm (52<r (R a))+§>] dr

(2.7)
—R+a+r /2¢ (~R+a)-1)/ (p(r)-1 1/(p(r)-1
= e“k1—1+f <k1e“k1)(p Y )[sin<§—51(r—(—R+a))>] v )dr,
—R+a
ks and ky satisfy
R-a
aky aky \IB-a)-1/q()-1p ary\11/4(r)-1
e —1+j kse sin(es(r— (R—a)) + = dr
R-a-i/2¢4 < ) [ ( 2 >] (2 8)

—R+a+m/2e3 (=R+a)-1/q(r)-1 1/q(r)-1
=eak3—1+f <k3eak3>q a)-1/q(r [sin<§_g3(r_(_R+a))>] dr,

—R+a

then ¢1(x) € C([-R,R]), and ¢(x) € C([-R,R]). It is easy to see that ¢; > 0 and ¢; €
CY([-R,R]),i=1,2. Obviously, ¢; = ki_p+e‘“kf’"+ is continuous about k;.
In the following, we will prove that (¢1, ¢») is a subsolution for (P;). By computation,

Ay 1 =
((kpe k=R (p(x)=1) +p' (x) In ko—kop' (x)(x-R)], R—a<x<R,
llkz (p(R—a)—l) _ _ J_T — i —
&2 (kpe™ ) cos <ez(x (R-a)) + 2), R 26 <x<R-a,

) _ I a
0, R+a+2€1<x<R a %,
51(kle“kl)p(_Rm_1 [cos(% —e1(x - (-R+ a)))], -R+a<x<-R+a,

| (ky bt RO (p(x)=1)=p (x) In ky—kip'(x)(x+R)], -R<x<-R+a.

(2.9)

If k, is sufficiently large, we have

~ApP1 < -k, |inf p(x) -1 -sup|p'(x)| <lnkk2 +R- r)] <-kya, Vxe(R-a,R).
2

(2.10)

As a is a constant and only depends on p(x) and g(x), when k; is large enough, we
have —ka < 2b. Since ¢1(x) > 0 and f + h is monotone, we have

~Apod1 <2b < F(0) +h(0) < f(¢s) +h(¢1), R-a<x<R. 2.11)
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According to (H;), when k; are large enough, we have

fle®-1)21, gle®-1)21, n(e™-1)21, w(e™-1)21, i=1,234,
(2.12)

where k; are dependent on f, g, h, w,p and g, and they are independent on R. Since &, =
kz_p e " when x € (R—a—x/2¢,R - a), we have

(R-1)-1 . .
—DpyP1 = 52<k26ak2>(1’ ) Cos(s(x -(R-a))+ %) < szkg eer” — 1. (2.13)

Then we have

Jr
~ApyP1 1< f(d2) +h(r), R_a_Z_gz <x<R-a. (2.14)
Obviously
Jr Jr
—Ap(x)(i)l=O§1§f(¢2)+h(¢1), -R+a+—<x<R-a-—. (215)
2¢e1 2¢ey

When k; is large enough, from (2.7) we can see that k; is large enough. Similar to the
discussion of the above, we can conclude

~Apbr <1< F(da) + (), —R+a<x<—R+a+2££1, (2.16)
—ApyP1 < f(0) + h(0) < f(¢2) + h(¢1), —-R<x<-R+a. (2.17)
Since ¢;(x) € C}([-R, R]), combining (2.11), (2.14), (2.15), (2.16) and (2.17), we have
—ApyPr < f(¢2) +h(¢1), forae. x € (-RR). (2.18)
Similarly, when ky is large enough, we have
—Agn P2 < g(P1) +w(¢2), forae x e (-RR). (2.19)

Then (¢1, ¢2) is a subsolution of (P).

Step 2. We will construct a supersolution of (P;).
Let z; be a solution of

—(|z’1 |”(")‘Zz’1) =244,z1(R) = 0 = z(-R), (2.20)

where y is a positive constant and p > 1.
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Obviously, there exists xy € Qg such that z;(x) = jf|(r — x0)2u|Y PO (r — xp)dr.
Note that xy is dependent on y. Denote f# = (2u) = maxy<r z1(x). It is easy to see that

1 - .
Eyl/” 1 <p(2u) <Cu'’P!, where C > 1 is a positive constant. (2.21)

Let us consider

—Dpx)21 = 2u in Qpg,
~Dgnz2 =28(B(2pn)) in Q, (2.22)

z1=2,=0 on 0Qg.

Similarly, we have
é[g(ﬁ(Z#))]l/(qq) < max z(x) < Clg(Bp)]V T, (2.23)

We will prove that (z1, z») is a supersolution for (P;). From lim; _, .o.w(t)/ t7-1 =0 and
(2.23), when p is large enough, we can easily see that

—Dgnz2 =28(f(2p)) 2 8(z1) + w(z2). (2.24)

Since limHmf[Cg\)f(Zt)l/(qll)]/ﬂf”‘1 = 0 and lim;_,,,h(t)/t## 1 = 0, when p is large
enough, according to (2.21) and (2.23), we have

2> z(éz&(zm)p_l > fle(g(p@u) ] + h((B(2w))). (225)

This means that
~Bpwz =202 F[C(2 (BT + h((B(21))) 2 f(z2) + h(z1). (2.26)
According to (2.24) and (2.26), we can conclude that (zj, z,) is a supersolution for (P),

when p is large enough.

Step 3. We will prove that ¢; < z; and ¢, < z.
Obviously, when p is large enough, we can easily see that g(f(2u)) is large enough,
then

f(2) +h() <p, VxeQpg,

(2.27)
g(P) +w(a) < g(B(2p)), Vx € Q.
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Let us consider
—Ap(x)w =HU in QR. (228)

It is easy to see that ¢; is a subsolution of (2.28), when y is large enough. Obviously,
we can see that z is a supersolution of (2.28), and

21(R) = $1(R) = z1(-R) = $1(~R) = 0. (2.29)

According to the comparison principle (see [12]), we can see that ¢; < z;.
Let us consider

—Ap@ = g(B(2u)) in Q. (2.30)

It is easy to see that ¢, is a subsolution of (2.30), when y is large enough. Obviously,
we can see that z, is a supersolution of (2.30), and

22(R) = $2(R) = 2(-R) = $(~R) = 0. (231)

According to the comparison principle (see [12]), we can see that ¢, < z5.
Thus, we can conclude that ¢; < z; and ¢ < z», when p is sufficiently large. This
completes the proof.

O
Theorem 2.2. If (Hy)—(Hs) hold, then (P) has infinitely many periodic solutions.

Proof. Let R = nT. According to Theorem 2.1, we can conclude that there exists an integer ny
which is large enough such that (P;) has a positive solution (1 (x), v (x)) for any integer n >

np. Since p and q are even, and f, g, h,and w are odd, then (-uf(-x), -v!(-x)) is a negative
solution of (P;). We can define a C! function (u,(x), v,(x)) on [-nT,3nT] as

{u*fl(x), x € [-nT,nT],
up(x) =
-ut(-=(x-2nT)), x € (nT,3nT],
(2.32)
v (x), x € [-nT,nT],
U(x) =
vt (=(x-2nT)), x € (nT,3nT].

We extend (u,(x), v, (x)) as (1, (x), v,(x)) = (uy(x+mdnT), v, (x+m4nT)), where m is
an integer such that x + m4nT € [-nT,3nT]. It is easy to see that u,, v, € C}(R), (1, (x), vn(x))
is a solution of (P), and the periodic of (u,(x), v,(x)) is 4nT. This completes the proof. O
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