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1. Introduction

Let p be a fixed prime number. Throughout this paper, the symbols Z, Z,, Q,, and C,
denote the ring of rational integers, the ring of p-adic integers, the field of p-adic rational
numbers, and the completion of algebraic closure of Q,, respectively. Let N be the set of
natural numbers, and Z, = N U {0}. Let v, be the normalized exponential valuation of C,
with |p|, = pr® = p! (see [1-24]). Let UD(Z,) be the space of uniformly differentiable
function on Z,. Let d be a fixed positive integer. For n € N, let

7
X = X, = lim , 1 =7,
< dpNZ
X* = U (ﬂ + deP)’ (11)
O<a<dp
(ap)=1

a+dpNz, = {x€X|an (modde>},
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where a € Z lies in 0 < a < dp™N. For f € UD(X), the p-adic invariant integral on X is defined
as

I(f) = jxf(x)dx = Nnm — Z f(x) (1.2)

(see [11-19]). From (1.2), we note that

I(f1) = I(f) + f'(0), (1.3)
where f'(0) = (df (x)/dx)|x=0 and fi(x) = f(x+1). Let f,(x) = f(x+n) (n € N). Then we can
derive the following equation from (1.3):

n-1
I(fu) = I(f) + 2. f'(0) (1.4)
i=0

(see [1-11]). Let y be the Dirichlet’s character with conductor d € N. Then the generalized
Bernoulli polynomials attached to y are defined as

ut
Z Xe(,z t e _Z an(x) 1 (1.5)

a=0

and the generalized Bernoulli numbers attached to y, B, , are defined as B, = B, (0)
(see [1-20, 25]). The purpose of this paper is to derive some identities of symmetry for the
generalized Bernoulli polynomials attached to y of higher order.

2. Symmetric Properties for the Generalized Bernoulli
Polynomials of Higher Order

Let y be the Dirichlet’s character with conductor d € N. Then we note that

t3E x@et &
—:ZBHX_'/

fXx(x)extdx = e‘dt . (2.1)

n=0

where B, are the nth generalized Bernoulli numbers attached to x (see [7, 9, 15, 25]). Now
we also see that the generalized Bernoulli polynomials attached to y are given by

. Zz (l)eit . © T
fxx(y)e< Py = —eftx ¢ = 2B (22)
n=0 :

By (2.1) and (2.2), we have

Ixx(x)x”dx =By, (2.3)
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(see [15, 25]), and
fxx(y) (x+y)"dy = Byy(x) (24)
(see [1-19, 25]). For n € N, we obtain that
n-1
fo(x+n)dx = fo(x)dx+ %f’(i), (2.5)

where f'(i) = (df (x)/dx)|x=i. Thus, we have

xt ndt _ d-1
%(Ixx(x)e("d+x)tdx— jxx(x)eXtdx> = nd]yX(x)e"dx e 1< Ox(i)e“). (2.6)

ndxt dt _
[yerd*tdx edt—1 \ £

Then

nd— o /nd-
1< f y ()" dx — f X(x)e’“dx) = Zl x(e'=> < Zl x(1)1k> t—k, (2.7)
ENJ x X 1=0 :

k=0 \ I=0

Let us define the p-adic function Tk (y, 1) as follows:
Ti(x,n) = D x (O (2.8)
1=0
(see [25]). By (2.7) and (2.8), we see that
1 (nd+x)t t ad tk
- x(x)e dx - | y(x)e¥dx) = ZTk (x,nd - D (2.9)
ENJ x X P k!
(see [25]). Thus, we have
f y(x)(nd + x)*dx - f y(x)x*dx = kTt (y,nd - 1), k,n,deN. (2.10)
X X

This means that
By (nd) — By = kTy1(y,nd-1), k,ndeN (2.11)

(see [25]).
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The generalized Bernoulli polynomials attached to y of order k, which is denoted by
B,(1 (%), are defined as

<t Zle;t X(l)ezt> Z BY (x )__ (2.12)

Then the values of Bfl (%) at x = 0 are called the generalized Bernoulli numbers attached to
x of order k. When k = 1, the polynomials of numbers are called the generalized Bernoulli
polynomials or numbers attached to y. Let wy, w> € N. Then we set

K(m, x; w1, w,)
d (o TT Gy S T ) (T x Gep)e S s [T d;
- J'Xedwlwzxtdx 4
(2.13)
where
flxi, ., xm)dxy---dxy, = f f flxt, .o, Xm)dxy - dxy,. (2.14)
Xm X X

In (2.13), we note that K(m, y; w1, ws) is symmetric in w;, w,. From (2.13), we derive

K(m, x; w1, w,)

m W Xyt
= f HX(xi)e(zzlxi)wltdm...dxm pWiwaxt df X (xm)e™ ™" dxyy
o L (T (2.15)

i=1

m-1
X <f H x(xl-)e(zi'gl xi)wztdxl ... dxm_1>ew1w2yt.
Xm—l

i=1
It is easy to see that

wid |y x(x)eXdx
'[Xedun xtdx

o wid-1
Z < Z x(@)i >k' ZTk(x,wld 1)k"

(2.16)
wlwzxtfx Hx(x )e(z’ 1x)‘uhtdx d

wnt 41 "= (m) n
_ pwiwyxt wiat _ m n-_
¢ <edw1t Zx(a)e ' > _nzzo Bux (wax)1on™ .
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From (2.16), we note that

K(m, x; w1, w,)

= m l ! t e iti 1
= <1§ B;,X)(sz) ><Z Tk (x, wnd - 1) —— wz ><Z B( D (w wi2! ><E>

:i [i < >w.w;l g 1B:lm1)x(w2x) Z Tic(x, wnd - 1)< >B](mk)1()( 1y):l1t1_"'

n=0 | j=0
(2.17)
By the symmetry of K (m, y; w1, w;) in w; and w,, we see that
K(m’ xl w1, wZ)
© n j_ n—j=15(m) (m1) n
nZ:O [}ZO ( >w w, " B, (wix) Z Ty (), wod — 1)< )B] Mex (wzy)] =
(2.18)

By comparing the coefficients on the both sides of (2.17) and (2.18), we see the following
theorem.

Theorem 2.1. Ford,wi,w, € N, n >0, m > 1, one has

S (! )bt 5 ) 3 1m0 () )

j=0

' (2.19)
i wlw) ' B (wx)iT( wyd - 1) ! B (wyy).
P 1772 n-j,x 1 k:OkX’Z k ]kX 2Y
Remark 2.2. Let y = 0 and m = 1in (1.4). Then we have
< ("N, i g
Z ; wyw, ' By (wyx)Tj(x, wid - 1)
j=0
(2.20)

_n n j "11
_Z j ww, ' By (w1)Tj(x, wed - 1)

j=0

(see [25]).
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We also calculate that

K(m’ X w1, wZ)
[ee] n n dw;-1 trl (221)
k-1, n-k p(m-1) (m) w, .
= B B w, "
nZ:O [kzzo <k> wy W, n-k,y (wly) g{; K,y (wzx + o 1>] —
From the symmetric property of K (1, x; w1, w2) in wi and w, we derive
K(m’ X’ w1, w2)
0 n n dwy~1 n (222)
5[5 ()t st 5 o 2]
n=0 Lk=0 k X par X w0, oy

By comparing the coefficients on the both sides of (2.21) and (2.22), we obtain the following
theorem.

Theorem 2.3. For wi,w, €N, n €7, m € N, one has

< ("N ke ek p(m-1) st om) (%
Z L Wy wh Bn_k,x (wiy) Z Bk,x WX + o
k=0 i=0 1
(2.23)
- (Y, k1 ek pm-1) & w1
=Z <k> wy W B,y (way) Z By, <w1x + u721>
k=0 i=0
Remark 2.4. Let y = 0and m = 1in (2.23). We have
dw1—1 defl
w’ffl Z B,y (wzx + Ei) = wg’l Z By, <w1x + ﬂi) (2.24)
i=0 w1 i=0 w2

(see [25]).
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