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1. Introduction and Preliminaries
Let f(x) and p(x) be two positive real valued functions with f:p(x)dx =1, then from theory

of convex means (cf. [1-3]), the well-known Jensen inequality gives that fort <Oort > 1,

t

I:P(x)(f(x))tdx > (ij(x)f(x)dx) , (1.1)

and vise versa for 0 < t < 1. In [4], Simic has considered the difference

S

b b
D, = Du(a,b, f,p) = f p () (F (x))"dx — ( f p(x)f(x)dx) . (12)

The following result was given in [4] (see also [5]).
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Theorem 1.1. Let f(x), p(x) be nonnegative and integrable functions for x € (a,b), with
ffp(x)dx =1,thenforO<r <s<t;r,ss,t#1,onehas

s(s = 1) : : <r(rD—r 1) )t_s (t(tD_tl) >S_r' (1.3)
C=n

Remark 1.2. For extension of Theorem 1.1 see (cf. [4]).

Popoviciu ([6-8], [9, pages 214-215]) has proved the following results.

Theorem 1.3. Let ¢ : [a,b] — R be convex and f : [0,1] — R be continuous, increasing, and
convex such that a < f(x) < b for xe[0,1]. Then

1 b+a-2f 2(f —a) (?
L‘i’(f(@)dx S T2 $(a) + (b a) Ia¢(x)dx/ (1.4)

where
o
f= J' f(x)dx. (1.5)
0
If ¢ is strictly convex, then the equality in (1.4) holds if and only if

x-dble-d L b+a—2f.

20— b-a (16)

fx)=a+({-a)

Theorem 1.4. Let ¢ : [a,b] — R be continuous and convex, and let f : [0,1] — R be convex of
order1,...,n+ 1such that a < f(x) <b for xe[0,1].

Then
j:¢(f(x))dx < f:¢(uj(f, x))dx for j]fl:lb <f<l- 1]?” P oaci<n, Ay
f:¢(f(x))dx <V() forasf<matl (18)

where
Uit x) =a+j(j + 1)<<t— j]fl:lb) + <(j - 1;“”’ —t)x>xf-1, (1.9)

, (mrD)(x-a) b p(x)dx
n(b_a)(n+1)/n a (x_a)(n—l)/n'

(1.10)
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If ¢ is strictly convex, then equality in (1.7) holds if and only if

f(x) =U;(f,x); (1.11)
and equality in (1.8) holds if
fx)=a+(b-a) <%_"CM_M)" where 1 = 2 "“b__(z DI a

With the help of the following useful lemmas we prove our results.
Lemma 1.5. Define the function

_r
s(s-1)’
Ps(x) = “logx, s=0; (1.13)

s#0,1;
xlogx, s=1

Then ¢ (x) = x572, that is, s (x) is convex for x > 0.
The following lemma is equivalent to definition of convex function (see [9, page 2]).

Lemma 1.6. If ¢ is a convex function on I for all s1,s2,s3 € I for which sy < s, < s3, the following
is valid

$(s1)(s3—52) + P(s52) (51 = 53) + p(s3) (52 = 51) > 0. (1.14)

We quote here another useful lemma from log-convexity theory (cf. [4]).

Lemma 1.7. A positive function f is log-convex in the Jensen-sense on an open interval 1, that is, for
each s, t €1,

50> (55, (1.15)
if and only if the relation
w2 f(s) +2uwf<sT+t> +wrf(t) >0, (1.16)

holds for each real u,w and s,t € 1.
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The following lemma given in [10] gives the relation between Beta function f§ and
Hypergeometric function F.

Lemma 1.8. Suppose a,b,c,a,y € R are such that a+c >b>0and 0 < a <2y, pand F are Beta
and Hypergeometric functions, respectively. Then

a,b
a+c

u) (1.17)

© b1
J - Cdx:y‘bﬂ(b,a+c—b)1:'< v

o (T+ax)®(1+yx)

The paper is organized in the following way. After this introduction, in the second
section we discuss the log-convexity of differences of the Popoviciu inequalities (1.4), (1.7),
and (1.8). In the third section we introduce some mean value theorems and the Cauchy means
of the Popoviciu-type and discuss its monotonicity.

2. Main Results

Theorem 2.1. Let f : [0,1] — R be continuous, increasing, and convex such that 0 < a < f(x) < b
for x € [0,1], and let f be defined in (1.5) and

(

1 b+a_2f~ s 2(]?—(1) S+ s+ ! s .
G- bma T omaieen L 1)_j(f(x)) dx]’ s#0,1;
Z(f f log(f(x))dx - % loga - 2I(yf > (blogb —aloga), s=0;
Q,(f) = 1 B B ( a)
b +ba__a2f aloga+ f__j)z (b*logb — a*log a)
F .

2.1)

and let Qs (f) be positive.
One has that Qg (f) is log-convex and the following inequality holds for —oo <r < s <t < +oo,

QT (f) QT (HKQT(f)- (2.2)
Proof. Consider the function defined by
w(x) = uz(ps (x) + 2uwep,(x) + ’wz(pt(x), (2.3)

where r = (s +1t)/2, @ is defined by (1.13) and u, w € R. We have

w"(x) = 1?x72 + 2uwx"? + wixt?

(2.4)

s/2-1

= (ux + th/z‘l)2 >0, x>0.
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Therefore, w(x) is convex for x > 0. Using Theorem 1.3,

% (uPps(a) + 2uwy,(a) + we(a))
2((f a)f (u s (x) + 2uwep,(x) + w <pt(x))dx

> f (0.7 0) + 2o (£ () + (£ (),
2(F - a)

u2 [%‘Ps(a)

f po(x)dx - fws(f(x )dx]

+ 2uw I:w r(a) + Z(f

b- f r(0)dx = fq)r(f(x )dx]

w2[%%(a) 2(f - )f i (x)dx - j¢t(f(x))dx:|>0
since
b o
Qu(f) = ”—zfq)s(a) Z(f )f pu(x)dx - f¢s(f<x)>dx 7= [ seax,
0
we have

Qs (f) + 2uwQ, (f) + w?Q(f) > 0.
By Lemma 1.7, we have
Qs(Q(f) 2 QXf) = .y o (),
that is Q,(f) is log-convex in the Jensen-sense for s € R. Since

mQ(f) = Qo(f), T Qu(f) = 2 (f).

This implies Q(f) is continuous, therefore it is log-convex.

(2.5)

(2.6)

(2.7)

(2.8)

(2.9)

Since Q(f) is log-convex, that is, log Qs(f) is convex, therefore by Lemma 1.6 for

-~ <r < s <t<+ooand taking ¢, = log Q,, we get
log Q7 (f) <log QE5(f) +1og Q7 (f),

which is equivalent to (2.2).

(2.10)

O
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Theorem 2.2. Let f, Qs(f) be defined in Theorem 2.1 and let t, s, u, v be real numbers such that
s<u,t<v,s#t, u#v,onehas

&5 <@H o

Proof. In (cf. [9, page 2]), we have the following result for convex function f with x; < vy,
X2 S Y2, X1 # X2, Y1 # Yo2!

f(x2) = f(x1) P fQy2) = fn)

(2.12)
X2 — X1 Y2—WN
Since by Theorem 2.1, Q,(f) is log-convex, we can set in (2.12):
f(x) =logQyand x1 =5, x2 =1, 11 = u, y» = v. We get
log i(f) ~10g Qu(f) _ logQu(f) ~log Qu(f)
t—s - v-u ’
Qt(f) 1/(t-s) Q (f) 1/ (v-u) (213)
(DY cun(20)
Qs (f) Qu(f)
and after applying exponential function, we get (2.11). O

Theorem 2.3. Let f : [0,1] — R be convex of order 1,...,n+ 1 such that 0 < a < f(x) < b for
x € [0,1], and let f be defined in (1.5) and

1 B 1
A = [ 9 ()= [ gutrens (214)
0 0
where
~ ~ ja+b j — b - )
Uj(f,x) =a+jj+ 1)(<f‘ ],?:1 ) ' <% —f)x)xf‘l, (215)
for
ja+b ~ (j-1)a+b .
i sfsf, 2<j<n, (2.16)

and let As(f) be positive.
One has that Ag(f) is log-convex and the following inequality holds for —oo <1 <s <t < +oo,

ATT(f) SATHNT (). (2.17)

Proof. As in the proof of Theorem 2.1, we use Theorem 1.4 instead of Theorem 1.3. O



Journal of Inequalities and Applications

7

Theorem 2.4. Let f, As(f) be defined in Theorem 2.3and t, s, u, v be real numbers such that s < u,

t<v,s#t, u#v, one has

Ad(f)
As(f)

(

1/(t-s)
) <(

(2.18)

Ao (f)
Au(f)

) 1/(v-u)

O

Proof. Similar to the proof of Theorem 2.2.
Lemma 2.5. Let f : [0,1] — R be convex of order 1,...,n+ 1such that 0 < a < f(x) < b for x €

[0,1], f be defined in (1.5) and V be defined in (1.10), and let p and F are Beta and Hypergeometric

functions respectively, and

~ 1
Is(f)=V(f) - fo(/’s (f (x))dx. (2.19)
Then
(1 [btna-@m+Df | m+D)(f-a) _,,/b-a\""
s(s—l)[ b-a T b= gy v <T>
s+1+1 1
1 2T | b-a
xp(=,1)F JCHN (N [ 1)edt|, 0,1;
G)el | [ e 5
n
b+na-(n+1)f (n+1)(f - a)
b-a (-loga) - n(b - a)(n+1)/n
1/ 1/ <b_a>1/n+l (1 > 1+1'1+1 b-a
x|nlogb(b-a)’" —na'/" ~+1,1)F| n n
Ts(f) = 4 ° ’ A %+2 b
s=0;

1
+J' log(f())dt,
0

b+na-(n+1)f (n+1)(f - a)
P aloga + —n(b— a)(n+1)/n

log b(b—a)l/"“—al/"(

1
—+1,1
n

)

boa

b

>1/n+1p<

1
ol |- sorogro),

n
n+1

x[na(b—a)l/” log b+
1 s=1,
n+

1 1
—+1,—+1
n+1 n+ b-a [
—+2 b

n

xF
(2.20)

\
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for
a<f< "na:lb. 2.21)
Proof. First, we solve these three integrals
b b b
t° log t tlogt
I = f ' n- j 8L, L- f 8 g @)
a(t—a) a(t—a) a(t—a)
Take
b 5
I = f Gt (2.23)
Substitute
:¢11+be df = b_azdx, (A)
X (1+x)

and limits, whent — athenx — 0, whent — b then x — oo. So,

b £ ®  ((a+bx)/(1+x))° b-a
I = —d = . d
' .[a(t—a)("l)/" : Jo ((a+bx)/(1+x)—a)™V" (1+x)? *
o s -1/n
- (a+bx)*(1+x)"" dx, (2.04)

0 (1+x)%2xl-1/n
. ® xl/nfl
h= (b - a)l/ asj s+1/n+1 -5 dx
0 (1+x) 1+ (b/a)x)

By using Lemma 1.8 witha=s+1/n+1,b=1/n,c=-s,a=1,y =b/asuchthatl/n+1>
1/n>0and 0 <1< 2b/a, we get

1 s+—+1,— b-a
I = a**V/n(p - a)l/"ﬁ<—,1>F veon . (2.25)
n 1 b
—+1
n
Take second integral
b logt
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using integration by parts, we have

b
I, =nlogb(b - a)"/" - nf 1t - a)t/"dt. (2.27)

a

Let

b
Iy = f 1t - a)/"dt. (2.28)

a

By using same substitution (A) as above, we get

C1+x a+bx Un p_q (b-a)l/mt (= K (1/m+1)-1
I4=f < —a) . 2dx= f T dx.
0 a+bx 1+x (1+x) a 0(1+X)/"+(1+(b/a)x)
(2.29)

By using Lemma 1.8 witha=1/n+1,b=1/n+1,c=1,a=1,y =b/asuch that1/n+2 >
1/n+1>0and 0<1<2b/a, we get

_ 1/n+1 —
Izznlogb(b—a)“"—nal/"<b "‘) p(l+1,1)F neoon b-a (2.30)
b n 1 b
—+2
n
Now, take third integral
b tlogt
L= J' T (2.31)

Using integration by parts, we get

b 1/n+1 b 1/n
_ _ N\I/n n _NUnel T (t—a) _ J‘ (t—a)
Iy =na(b-a) '"logb+ — logb(b - a) p— 1Ia ; dt —na . ; dt.
(2.32)

Let

b 1/n+1
t —
Is = f (#dt. (2.33)

By using same substitution (A) as above, we get

. J'°° ((a+bx)/(1+x)-a)’/™  b-a Lo (- a)t/m1 F x(/mr1)-1
5 = =
0

. dx.
((a+bx)/(1+x)) (1+x)? a 0 (1+x)Y™1 1+ (b/a)x) *
(2.34)
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By using Lemma 1.8 witha=1/n+1,b=1/n+1,c=1,a=1,y =b/asuch that1/n+2 >

1/n+1>0and 0<1<2b/a, we get

! +1,—+1
b-a\Y™ /1 n 'n b-a
_ Ll/n — n e
Is=a ( 5 ) ﬂ<n+1,1)1-" 1 b (2.35)
—+2
n
Let
b N1/n
Is = j %dt. (2.36)
By using same substitution (A) as above, we have
“((a+bx)/(1+x)-a)/" b-a (b-a)/™" (= x (/1)1
Is = . Sdx = e dx.
o ((a+bx)/(1+x)) 1+ x) a 0 (1+x)Y"™ 11+ (b/a)x)
(2.37)

By using Lemma 1.8 witha=1/n+1,b=1/n+1,c=1,a=1,y =b/asuch that1/n+2 >

1/n+1>0and 0<1<2b/a, we get

1

1

—+1,—-+1
b-a\V™ /q n+ ’ b-a
I = 1/n — .
6=a < . ) ﬂ<n+1,1)1-" 1 b (2.38)
—+2
n
Then
_ 1/n+1
IS:na(b—a)l/"logb+nzllogb(b—a)l/'”l—al/"(baa)
(2.39)
xﬂ<l+1,1)F<l+1,l+1,l+2 —a)[ 1 +na|.
n n n n b n+1
Fors#0,1,

1 b+na—(n+1)fas+ (n+1)(f —a) (b

t

IﬂS(f)zs(s—l) b-a

nb-a)™Vm ) (t - a)

s 1
- fo ( f(t))sdt] .
(2.40)
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Using I;, we have

1 [b+na— (n+1)fas N (n+1)(f - a) as+1/n<b—_a>”"

Ls(f) = s(s—1) b-—a n(b_a)(nﬂ)/n b
1 1 (2.41)
1 S+,_1+1'; b-a 1 .
xﬂ(;,l)F 1+1 b —fo(f(t)) dt].
n

Fors =0,

b+na—(n+l)f

7_ b
ro()= 2 o o) - U S (7087

n(b_a)(nJrl)/n a (t_a)(nfl)/rl

1
dt+ I log(f(H)dt.  (2.42)
0

Using I, we have

_bt+na-(n+1)f (n+1)(f - a)
To(f) = T (-loga) (b — )7
1 1
_ o\ I/n#l —+1,—-+1 B
x nlogb(b—a)“"—nal/"<b ”) ﬁ<l+1,1>F n n b-a
b n 1 b
—+2
n
1
+I log(f(t))dt.
0
(2.43)
Fors=1,

b+na—(n+1)f (n+1)(f—a) b tlogt !
I(f) = —_— aloga+ o)™ ) 1 a)(n_l)/ndt— fof(t)log(f(t))dt.

(2.44)

Using I3, we have

b+na—(n+1)f (n+1)(f—a)
I'i(f) = P aloga+m

x| na(b—a)"log b+ —— log b(b—a)/"*1 - g1/ ba o —+1,1
na(b—a og b+ log a a b p -+l (2.45)

—+1,—-+1 b
xF n n ;ﬂ n
1 b n+1

—+2
n

1
+ na] - fo F(B)log(f(1))dt.
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Theorem 2.6. Let f : [0,1] — IR be convex of order 1,...,n + 1 such that 0 < a < f(x) < b for
x € [0,1], f be defined in (1.5) and let T's(f) defined in (2.20) be positive.
One has that T's(f) is log-convex and the following inequality holds for —oo <1 < s <t < +oo,

T () ST O () (2.46)

Proof. As in the proof of Theorem 2.1, we use Theorem 1.4 instead of Theorem 1.3. O

Theorem 2.7. Let f,I's(f) be defined in Theorem 2.6 and t, s, u, v be real numbers such that s < u,
t<v,s#t,u#uv,onehas

LHNY (TN
(= 1) ) = <ru<f> ) (247)
Proof. Similar to the proof of Theorem 2.2. O

3. Cauchy Means

Let us note that (2.11) has the form of some known inequalities between means (e.g.,
Stolarsky’s means, etc.). Here we prove that expressions on both sides of (2.11) are also
means.

Lemma 3.1. Let h € C?(I) be such that h" is bounded, that is, m < h" < M. Then the functions
@1, P> defined by
M
$i(t) = 5 E=h(),  ¢at) = h(H) - T, (3.1)

are convex functions.

Theorem 3.2. Let h € C?(I1), Iy is a compact interval in R and f be a continuous, increasing and
convex such that a < f(x) < b for x € [0,1], f be defined in (1.5) then 3¢ € [a,b], &+#0 such that

b+a-2f 2(f - a)
b-a hia) + (b-a)

h”(g) b+a- 2f 2(f —a) (b +ba+a®) (L
[ @t 3(b-a) _fo(f(x))zdx].

Proof. Suppose m = min h"(x) < h"(x) < M = maxh"(x) for x € I. Then by applying ¢ and
¢ defined in Lemma 3.1 for ¢ in (1.4), we have

f () dx - f h(f (x))dx
(3.2)

r_ b 1
b+a 2f¢1( ) + if_ aaz)f ¢1(x)dx2fo¢1(f(x))dx,
! (33)
brac 2f bra-2fy @+ 2(f %) f $o(x)dx > f $2(F ()b,
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that is,

M[b+a-2f , 2(f-a)(P®+ba+a®) (! )
e e R

- (3.4)
b -2
> %afh(a) o a)f h(x)dx - f h(f(x)dx,
b+a-2f _
+ba_a fh(a) (l(?f_ )J h(x)dx - I h(f(x))dx
(3.5)
mb+a-2f , 2(f-a)(p*+ba+a?) (!
Sl 3(b-a) —fo(f(x)fdx].

By combining (3.4) and (3.5) and using the fact that for m < p < M there exists ¢ € I; such
that h"(¢) = p we get (3.2). O

Theorem 3.3. Let k,I € C*(I;) and satisfy (3.2), f be a continuous, increasing and convex such that
a< f(x) <bforxe[0,1], f be defined in (1.5), and

x—A+|x—1 b+a—2f

f(x);fa+ (b—a)w, where \ = ﬂ’ (36)
then there exists ¢ € Iy such that
k') _ (b+a- 2f)/(b-a))k(a) + (2(f a)/(b-a)*) [ k(x)dx - fok(f(X))dx (3.7)

g ((b+a-2f)/(b-a)l(a)+ 2(f —a)/(b-a)®) [ 1(x)dx - [pI(f (x))dx

Provided that denominators are non-zero.

Proof. Consider the linear functionals ¥ and # such that ¥(m) = n(m)(¢) for some function
m € C%(I}) and ¢ € I;. Consider the following linear combination

m=cik - cl, (3.8)

where ¢; and ¢, are defined as follows:

. _b+a—2jF Z(f—a) b 1
=¥ = S )+ fal(x)dx - fol(f(x))dx,
(3.9)
_ 1
=Wk =" +b“ 2f k(a) + (if_ o) (* ROES fok( F(x))dx.

Since k,I € C%(I;) and satisfy (3.2), therefore m as linear combination of k and I should also
satisfy (3.2).
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Let 7 be defined as follows:

" b _9F 2(F — P+b 2 1
awe =K@ [P 2 O E D [ pad. o

Obviously, we have
¥(m) = 0. (3.11)
On the other hand, there is an ¢ € I; such that

n(m)(§) = ¥(m) = 0. (3.12)
By using the linearity property of the operator 7
0="¥()n(k)(E) - ¥k)n0) () (3.13)
Now ¥ (1) #0 and 7(1)(¢) #0, we have from the last equation

w(k) _ (k)@

v o @) (3.14)

After putting values, we get (3.7). O

Corollary 3.4. Let f be a continuous, increasing and convex such that a < f(x) < b for x € [0,1],
then for —oo < s#t#0, 1#s < +oo there exists ¢ € Iy such that

Cs(s-1) ( Da + LB a1 /(1) - [o(f (%) da )

= 3.15
tt-1) gas+£(bs+1_as+1)/(s+1)—f(1)(f(x))sdx ( )

ét—s
where D denotes (b+a—2f)/(b—a) and £ denotes 2(f — a)/ (b - a)*.
Proof. Set k(x) = ¢(x) and I(x) = ¢s(x), t#5#0,1in (3.7) we get (3.15). O

Remark 3.5. Since the function ¢ — ¢° is invertible, therefore from (3.15) we have

1/(t-s)
<b. (3.16)

. <s(s_1) Dal+ LB =) /(t+1) - [(F (%) dx >
N1 @as 4 2(bs+ - ast1) /(s +1) - [{(f(x))* dx
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In fact, similar result can also be given for (3.7). Namely, suppose that k" /1" has inverse
function. Then from (3.7) we have

i- ("")1 (B 2], k(x)dx — f; KGdry

m > 1 (3.17)
! Dl(a) + L[, I(x)dx — [, 1(f(x))dx
The expression on the right-hand side of (3.17) is also a mean.
From the inequality (3.16), we can define means M;,(f) as follows:
_ Dat + L(bH! - t+1/t+1_1 td 1/(t-s)
Mio(f) = (s(s ) Ra'+ L6 -a™)/(E+1) f(i(f(x)) x) , (318)
HE=1)  @as + 2(bs*1 —ast1) /(s + 1) - [y(f(x))° dx

for —oo < s#t#0, 1#s < +oo0. Moreover we can extend these means in other cases. By limit
we have

paloga+(v/(s +1)) (b logb - a*'loga)—(v/(s + 1)*) (b°*! - a**')~ E
pas + (v/ (s +1)) (b1 — ast) - [ (f(x))° dx
2s-1
_s(s—1)>' s70,1;
[3(0g(f (x)))* dx + 2[3 log(f (x))dx — < — v(b(log b)* - a(log a)?) — G)
2v(b—-a) + 2f(1) log (f(x))dx —2uloga—2v(blogb — alog a)

M;(f) = eXp(

7

Mop(f) = exp(

K+ (v/2)(b?(logb)* - a®(log a)*) - (3/2)v(b*(logb) — a*(log a)) - H
2ualoga+v(b?logb - a*loga) — (v/2)(b? - a?) - 2f(1)f(x)log (f (x))dx

Mi,(f) = exp(

. (3/4)v(b? - a®) - 2ualoga + 2[3 f(x)log(f(x))dx >
2ualoga+v(b?logb-a?loga)—(v/2)(b* - a?) —2f(1) f(x)log(f(x))dx '

paloga+ (v/2)(b*logb — a*loga) — (v/4)(b* - a*) — féf(x)log(f(x))dx)

M =
wif) < v(b-a) + [ log (f(x))dx — plog a — v(blogb - alog a)

pas + (v/ (s +1)) (b5 - a*h) — [1(f(x)) dx
s(s=1)[v(b-a)+ f(l) log (f (x))dx — ploga—v(blogb - aloga)

Mea() = ( | )1/5, 520,1;

pas + (v/ (s + 1)) (b4 - ) — [ (F(x))°dx ] >1/(H)f s#0,1,

Msa(f) = <s(s—1) [nalog a+(v/2)(b? logb-a?log a)-(v/4) (b*~a?)-O

(3.19)
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where E denotes J'é (f (x))°log (f (x))dx, H denotes p(log a)?, G denotes 2uloga, K denotes
ua(log a)?, H denotes f(l)(f(x))(log(f(x)))zdx, and O denotes j'(l)f(x)log(f(x))dx, where

W=—3—q _(b—a)z' (3.20)
In our next result we prove that this new mean is monotonic.
Theorem 3.6. Lett < u, r < s, then the following inequality is valid
M, (f;w) < Mus(f;w). (3.21)
Proof. Since Q;(f) is log-convex, therefore by (2.11) we get (3.21). O

Remark 3.7. Similar results of the Cauchy means and related results can also proved for
Theorems 2.3 and 2.6.
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