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We shall introduce and construct explicitly the complementary Lidstone interpolating polynomial
P,,,(t) of degree 2m, which involves interpolating data at the odd-order derivatives. For Py, (t)
we will provide explicit representation of the error function, best possible error inequalities,
best possible criterion for the convergence of complementary Lidstone series, and a quadrature
formula with best possible error bound. Then, these results will be used to establish existence and
uniqueness criteria, and the convergence of Picard’s, approximate Picard’s, quasilinearization, and
approximate quasilinearization iterative methods for the complementary Lidstone boundary value
problems which consist of a (2m+1)th order differential equation and the complementary Lidstone
boundary conditions.
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1. Introduction

In our earlier work [1, 2] we have shown that the interpolating polynomial theory and the
qualitative as well as quantitative study of boundary value problems such as existence and
uniqueness of solutions, and convergence of various iterative methods are directly connected.
In this paper we will extend this technique to the following complementary Lidstone boundary
value problem involving an odd order differential equation

(-1)"x@m D () = f(t,x(t), te(0,1), m>1, (1.1)
and the boundary data at the odd order derivatives

x(o) = o, x(Zi—l)(o) = aj, x(2i_1)(1) = ,Bi/ 1 < i <m. (12)
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Here x = (x,x',...,x7),0 < g < 2m but fixed, and f : [0,1] x R?*! — R is continuous
at least in the interior of the domain of interest. Problem (1.1), (1.2) complements Lidstone
boundary value problem (nomenclature comes from the expansion introduced by Lidstone [3]
in 1929, and thoroughly characterized in terms of completely continuous functions in the
works of Boas [4], Poritsky [5], Schoenberg [6-8], Whittaker [9, 10], Widder [11, 12], and
others) which consists of an even-order differential equation and the boundary data at the
even-order derivatives

(=D"x®M(t) = f(t,x(t)), te€(0,1), m>1,

. . (1.3)
x®0)=a;, xPA)=b, 0<i<m-1.

Problem (1.3) has been a subject matter of numerous studies in the recent years [13-45], and
others.

In Section 2, we will show that for a given function x : C @m+110,1] — R explicit
representations of the interpolation polynomial P,,,(t) of degree 2m satisfying the conditions

Pan(0) =x(0), Py () =x®D(0), PRV =x®D(), 1<i<m  (14)

and the corresponding residue term R(t) = x(t) — P, (t) can be deduced rather easily from
our earlier work on Lidstone polynomials [46—48]. Our method will avoid unnecessarily long
procedure followed in [49] to obtain the same representations of P, (t) and R(t). We will also
obtain error inequalities

k (k) 2m+1
x 8 (t) = PR ()| € Camer gmax| x" 0 (1)

, k=0,1,...,2m, (1.5)

where the constants Cy;,41 are the best possible in the sense that in (1.5) equalities hold if
and only if x(t) is a certain polynomial. The best possible constant C,,,,.1,0 was also obtained
in [49]; whereas they left the cases 1 < k < 2m without any mention. In Section 2, we will also
provide best possible criterion for the convergence of complementary Lidstone series, and a
quadrature formula with best possible error bound.

If f = 0 then the complementary Lidstone boundary value problem (1.1), (1.2)
obviously has a unique solution x(t) = P,,(t); if f is linear, that is, f = Z?:o a;(H)x® then
(1.1), (1.2) gives the possibility of interpolation by the solutions of the differential equation
(1.1). In Sections 3-5, we will use inequalities (1.5) to establish existence and uniqueness
criteria, and the convergence of Picard’s, approximate Picard’s, quasilinearization, and
approximate quasilinearization iterative methods for the complementary Lidstone boundary
value problem (1.1), (1.2). In Section 6, we will show the monotone convergence of Picard’s
iterative method. Since the proofs of most of the results in Sections 3-6 are similar to those of
our previous work [1, 2] the details are omitted; however, through some simple examples it
is shown how easily these results can be applied in practice.

2. Interpolating Polynomial

We begin with the following well-known results.
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Lemma 2.1 (see [47]). Let y € C?™[0,1]. Then,
y(t) = Qom(t) + E(t), (2.1)

where Qppm-1(t) is the Lidstone interpolating polynomial of degree (2m —1),
m-1 ) )
Qun1() = 3 [y A1 - 1)+ y@ (A, (22)
i=0
and E(t) is the residue term
1
E(t) :f gm(t,s)y®™ (s)ds, (2.3)
0

here

Ao(t) =t, Aj(t)=Aia(t), Ai(0)=Ai(1)=0, ix]1, (2.4)

(t-1)s, s<t,
gl(t/ S) =
(s=1t, t<s,

(2.5)
1
gi(t,s) = f g1t t)gi-1(t, s)dty, i>2.
0
Recursively, it follows that
1 2i+1 2i-1 i-2 2k+3 2i-2k-3
1| 6t t 2(2%+3 —1) t
At = | gt s)sds = - | S - | - :
® jog(t s)sds 6[(21+1)! (21—1)!] ATk +4) O 2i-2k-3)!
: (2.6)

22i+1 1+6\ .
:(2i+1)!B2i+1< 2 ) izl

(Bais1(t) is the Bernoulli polynomial of degree 2i + 1, and Byy.4 is the (2k + 4)th Bernoulli
number By,1 = 0,k =1,2,3,...;,By=1,B; = -1/2,B, = 1/6, B, = -1/30, Bs = 1/42,
Bg = -1/30, Byg = 5/66, Bi; = —=691/2730, B14 = 7/6).
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Lemma 2.2 (see [47]). The following hold:

L(t,s)= ZA(t) (1_ )2m - t<s
gm 4 1)'/ = 9y
8m(t,5) = 2m-2i-1

2 — (1 — S— <
g (t,s) géAl(l Dam—m T SSb

0< (-1)"gm(t,s) = |gm(t,9)|,

1 B m m 1 _ (—1)mE2m
Iolgmﬁ,s)Ids— (D" Ean(t) < (1) 52m<§> " 22(2m)!

(2.7)

(2.8)

(2.9)

(Ei(t) is the Euler polynomial of degree 2m, and Ejy, is the (2m)th Euler number Epynq = 0,

m=0,1,2,..;Eg=1,Ey=-1,Ey =5, Es = —61)

1
folgin(t,s)lds = (1) [2Eam(®) + (1 = 26) Ezmr (] < (<1)"Ezmr (0)

2(22m - 1)

_ (_1\ym+l
_( 1) (21”’1)' BZm-

Theorem 2.3. Let x € C?™1[0,1]. Then,
x(t) = Py (t) + R(t),

where Py, (t) is the complementary Lidstone interpolating polynomial of degree 2m,
Pyu(t) = x(0) + 3 [x® D (0)(04(1) - wi(1 - ) + x* D (1) (ws(8) - w1(0)),
i=1
and R(t) is the residue term

1
R(t) = fohm(t, s)x@™ D (5)ds,

here
m ( _ )Zm—2i+1
, —g(vi(t) - Ui(o))m/ t<s,
h,(t,s) :I gm(T,8)dT = , .
0 IS m m—21+
- Z(vla D=0 gy S<t

A;(t) = vi(t)/ i > 0.

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)
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Remark 2.4. From (2.4) and (2.15) it is clear that vy(t) = 1; vi(t) = A1 (), i > 1; f(l)v,-(s)ds =0,

i>1;0,0)=0,i>1;7,(1)=0,i>2v)(t) = ff)vi_l(S)ds, i>1;

t t2+ 7
24 12 360

’ UZ(t)

N =

tZ
v(t) =1, vi(t) = 5

Proof. In (2.1), we let y(t) = x'(t) and integrate both sides from 0 to ¢, to obtain

m—

f X' (r)dr = x(t) - x(0) = > [ @ (O)It Ai(1 = 7)dT + x®*D (1)f Ai(T)dT]
0 0 0

i=0
t 1
(2m+1)
+ -[o (fogm (1,8)x (s)ds> dr.

Now, since
t
J Ai(m)dr = f Al (T)dT = Al (t) = AL, (0) = vig (£) = 0i11(0), >0,
0
and, similarly
t
[ A=mdr = K (1) == = v -0 1), 820,
it follows that

x(t) = x(0) + 3 [xP D O)w(1) ~ 0i(1 - ) + 2D D) () - :(0))]
i=1

t /el
2m+1)
+ ’[0 <Iogm(T, s)x (s)ds> dr

= Po(t) + R().

Next since

t /el 1/ pt
— (2m+1) _ (2m+1)
R(t) 4[0 <.[ogm(T/ s)x (s)ds> dr ’[0 <J‘Ogm(‘r, s)d7’>x (s)ds

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)
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fort <'s, from (2.7), we get

t t
hy,(t,s) = f gm (T, 8)dT = f g,ln(T, s)dr
0 0

(1 — g)2m-2i-1
= —Z <’[ Ai (T)d7'> m (2.22)
oz (1 — 5)2m2i+1
= —g(vi(t) - Ui(o))m, t<s,
and similarly, for s < t, we have
t s t
h,(t,s) = (T, 8)dT = 1 (1,s)d 2 (1,s)d
(t,s) J‘Og (t,s)dr J‘Og (,s) T+Lg (t,s)dr ( |
2.23
- m (1 S)Zm —2i+1 m SZm—2i+1
——é(vi(s)—vi(o))m*‘zwz(l Uz’(l—s))m-

Finally, since (2.12) is exact for any polynomial of degree up to 2m, we find

( _ )Zm—2i+1

(t- S)Zm (—5)2m m (_S)Zm—2i+1 1—s
= +§[—.(Ui(1)_vi(1—t))+m(vi(t)—vi(()))],

(2m)! (2m)! (2m—-2i+1)!
(2.24)

and hence, for t = s, it follows that

( _ S)Zm—2i+1

2m m 2m-2i+1
o= > [(S)—-(Uz‘(l) -vi(l-s)) - (vi(s) - vi(O))]. (2.25)
i=1

(2m)! (2m -2i+1)! 2m—-2i+1)!
Combining (2.23) and (2.25), we obtain
2m 2m—2i+1
= _ <t .
h,,(t,s) f gm(T,8)dT = (2 )i +Z(v,(1 t) — vl(l))(zm P s<t (2.26)
O
Theorem 2.5. Let x € C?™1[0,1]. Then, inequalities (1.5) hold with
4(22m+2 1)
Coms10 = (=1)" “@mta) D
(_l)mik+1E2m—2k+2
Comi1 k-1 = <k<m, (2.27)

, 1<k<
22m=2k+2 (2 — 2k +2)!

2 (22m —2k+2 1)

mBZm ok+2, 1<k<m

Comsiok = (1) *
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(Csp =1/12, C31 =1/8, C3p =1/2, Cs59 = 1/120. C51 = 5/384, Cs5, = 1/24, Cs53 = 1/8,
Css=1/2).

Proof. From (2.14) and (2.8) it follows that
0< (=1)"hm(t,s) = |hm(t, s)|- (2.28)

Now, from (2.11) and (2.13), we find
1
|x(t) = Po ()] < max<J‘ |h(t, s)|ds> max|x<2m+1>(t)|. (2.29)
0<t<t \ ) o 0<t<1
However, from (2.9), we have

f:|hm(t, s)|ds = ’[:

t
j gm(T,s)dT
0

t 1 t
ds = (T, 8)|ds )dr = ~1)"Ey,(T)dT.
s f0<f0|g (7,9)] s> r L( " Enp(r)dlr

(2.30)

Thus/ fI‘OIl’l (_1)mE2m(T) > O/ T € [O, 1]/ El2m+1 (T) = EZm(T)/ and E2m+1 (0) + E2m+1(1) = 0/ we
obtain

1 1
f | (t,5)|ds Sf (-1)™E,,,,, (T)dT
0 0

= (=1)"[Ezms1(1) = Ezms1(0)] = (1) 2E2,,41 (0) (2.31)

ma 4272 1)

=D (2m +2)!

Bom+z = Coms10-

Using the above estimate in (2.29), the inequality (1.5) for k = 0 follows.
Next, from (2.11), (2.13) and (2.14), we have

. 1
xD(t) =Pty = | UVt s)x® D (s)ds, 1<j<2m (2.32)
2m g ]
0
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and hence in view of (2.5) and (2.9) it follows that

1
(21 ) - (2k 1)(t)| < max<j |gr(3k_2)(t/ s)|ds>max|x(2m+1)(t)'
0

0<t<1 0<t<1

1
_ (2m+1) |
max <f0 | gm-k+1(t, 5) |d5>5r<1ta<>1<|x ()

0<t<1

(2.33)

(=)™ Eppogies
m—.
T 22m-2k+2(2m - 2k + 2)! 0511

(2m+1) (t) |
= C2m+1,2k—1max'x(2m+1)(t)|, 1<k<m,
0<t<1

and similarly, by (2.5) and (2.10), we get

0<t<1

x @) (4) - P(2k (t < max(J‘ |g2k Uit,s |ds> ax

0<t<1

1
— ) (2m+1) t |
max<f0|gm_k+1(t, s)|ds>grgltas>1<'x t)

(2.34)
. k2(22m —2k+2 1)

<OV am oy

2m—2k+2max|x @m+D) (1) |
0<t<1

= C2m+1,2kmax'x(2m”) ) |, 1<k<m.
0<t<1

Remark 2.6. From (2.13), (2.28), and the above considerations it is clear that
1
R(t) = <f Bt s>dS> xP (@) = [Egn () - Bzt O]x®"D(@), 0<¢<1.  (2.35)
0

Remark 2.7. Inequality (1.5) with the constants Cp,.1x given in (2.27) is the best possible,
as equalities hold for the function x(t) = Epp+1(t) — Exms1(0) (polynomial of degree (2m +
1)) whose complementary Lidstone interpolating polynomial P, (t) = 0, and only for this
function up to a constant factor.

Remark 2.8. From the identity (see [47, equation (1.2.21)])

0 . (2f)2m+2
;kznﬁz =1 mBme (2.36)

we have

® 9 a2 (2‘72_)2m+2
— =2 +21, .
Zk 6 2 2@m+2) P2l (2.37)
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and hence

2
[Banal < <%> % (238)

We also have the estimate (see [47, equation (1.2.41)])
2m+1
|E2maa| < (;) (2m +2)!. (2.39)

Thus, from (2.27), (2.38), and (2.39), we obtain

4‘71_ 1 2m+1 o 1 2m—2k+2
Coms10 < = — ;o Comripk-1 £ (= ,
2\

3 \uo
S (2.40)
200 / 1\
Coms1,2k < ?<;> , 1<k<m.
Therefore, it follows that
4 2m+1-k
Comsrk < ?” (%) , 0<k<2m. (2.41)
Combining (1.5) and (2.41), we get
2m+1-k
® ey po | <« 2 (1 @m+1) - 2.42
x®(#) P2m(t)'_ (- max|x (t)|, k=0,1,...,2m. (2.42)

Hence, if x € C*[0,1], for a fixed k as m — oo, Pz(:;) (t) converges absolutely and uniformly

to x®)(t) in [0,1], provided that there exists a constant A, || < o and an integer 7 such that
x@m ) (1) = O(N2™1K) for all m > n, t € [0,1].

In particular, the function x(¢) = cos At, t € [0, 1] satisfies the above conditions. Thus,
for each fixed k, expansions

x® () = (=1)* A% cos At = (~1)FA% [1 + i(—ni)&i-l sin A(v;(t) — v; (0))], (2.43)
i=1
xPD (1) = (-1 sin At = (—1)")‘%%(-1)%-1 sin A1 (t) (2.44)

i=1

converge absolutely and uniformly in [0, 1], provided |A| < or. For A = +ur, (2.43) and (2.44),
respectively, reduce to absurdities, cos ort = 1 and sinrt = 0. Thus, the condition || < o is the
best possible.
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Remark 2.9. If x € C?™*1[qa,b], then

Pon(t)=x(a)+ 3 0-0 [+2 @) (i) - ) )+x2 ) (0 (22 ) 20|,

i=1

b
_ __\2m t-a s—a (2m+1)
R(t) = (b-a) ahm<b — a>x (s)ds.

S

Thus, in view of f(l)v,-(s)ds =0,i>1wehave

b m
j Pon(t)dt = (b - a)x(a) + 3 (b - a)¥ [x(Zi_l)(a)vi(l) - x(Zi‘l)(b)vi(O)].
a i=1
Now, since B (t) = kBx_1(t), Bi(1 = t) = (<1)*Bi(t), k = 1,2,..., from (2.6), we find
e 2R T+ _ 2% /1t
Ailt) = (21')!321'( 2 ) - (2i)!BZl< 2 )

and hence by (2.15) it follows that

, B 221' 1 B 221' i .
'Ui(O) = AI(O) = mBm(E) = m(zl 2 _ 1)B21,

22i

vi(1) = Aj(1) = @Bzi-

Using these relations in (2.47), we obtain an approximate quadrature formula

b = 2i 2% (2i-1) 1-2i (2i-1)
Lx(t)dt = (b-a)x(a) + > (b= ) Bai o [x (a) - (2 - 1>x (b)].

(2.45)

(2.46)

(2.47)

(2.48)

(2.49)

(2.50)

It is to be remarked that (2.50) is different from the Euler-MacLaurin formula, but the same
as in [49] obtained by using different arguments. To find the error e in (2.50), from (2.28) and
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(2.46) we have

b 1 1
e= f R(t)dt = (b - a)”"*zf < B (t,8)x®™ D (a + s(b - a))ds) dt
a 0 0

1 1
= (b - a)*™*? <f0 <I0hm(t, s)ds>dt> xCm @y, a<E<b

1 (2.51)
= (b - a)2m+2 <f0 [E2m+1 (t) - E2m+1 (0)]dt> x(2m+1) (‘j)

= (b - @)™ (~Eapms1(0)x@™D (8)

2 (22m+2 1)

—Gmapr Bema(b - a) "),

Thus, it immediately follows that

b m
J' x(t)dt - (b - a)x(a) - D>, (b- a)zile

P (2i)!
2(22m+2 _ 1)
m_\N" 7 _ \2m+2 (2m+1)

am oy Db =a) T max |x (t)|'

le| =

[x(m D(a) (21721‘ _ 1>x(2i1)(b)]‘
(2.52)

<(-1)

From (2.52) it is clear that (2.50) is exact for any polynomial of degree at most (2m).
Further, in (2.52) equality holds for the function x(t) = Epps1[(t — a)/ (b — a)] — Ezm+1(0) and
only for this function up to a constant factor.

We will now present two examples to illustrate the importance of (2.50) and (2.52).

Example 2.10. Consider integrating (#'* + 1) over [0,1]. Here,a=0,b=1,and x(t) =t + 1 €
C*=[0, 1]. The exact value of the integral is

1
1
14 1L 253
.[o<t +1>dt 1= (2.53)

In Table 1, we list the approximates of the integral using (2.50) with different values of m, the
actual errors incurred, and the error bounds deduced from (2.52).

Note that x(1® (t) = 0, hence the error e = 0 when (2m + 1) = 15 or m = 7. Although
the errors for other values of m (< 7) are large, ultimately the approximates tend to the exact
value as m — oo.

Example 2.11. Consider integrating sin 2t over [0,or/2]. Here, a = 0, b = x/2, and x(t) =
sin2t € C*[0,ar/2]. The exact value of the integral is

ar/2
f sin2tdt = 1. (2.54)
0
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Table 1
m Approximate (2.50) Actual error |e| Error bound (2.52)
1 4
1 - 2— 1
3 3 15 ?
2 1
2 -39— 40— 1001
39 5 0 5 00
19 16
3 453E 452E 7293
7 38
4 -3178 - 179— 1031
3178 3 3179 G 3103
5 22
5 12321 5 12320 5 62881
6 19111 4 191121 38227
15 3
1
7 1—
15 0 0
Table 2
m Approximate (2.50) Actual error |e| Error bound (2.52)
1 0.822467 0.177533 2.029356
2 0.957757 0.042243 2.002894
3 0.989549 0.010451 2.000310
4 0.997394 0.002606 2.000034
5 0.999349 0.000651 2.0000038
6 0.999837 0.000163 2.00000042
7 0.999959 0.000041 2.000000046

In Table 2, we list the approximates of the integral using (2.50) with different values of m, the
actual errors incurred, and the error bounds deduced from (2.52).

Unlike Example 2.10, here the error decreases as m increases. In both examples, the
approximates tend to the exact value as m — oo. Of course, for increasing accuracy, instead
of taking large values of m, one must use composite form of formula (2.50).

3. Existence and Uniqueness

The equalities and inequalities established in Section 2 will be used here to provide necessary
and sufficient conditions for the existence and uniqueness of solutions of the complementary
Lidstone boundary value problem (1.1), (1.2).

Theorem 3.1. Suppose that My > 0, 0 < k < g are given real numbers and let Q be the maximum of
|f(t, x0, x1,...,x4)| on the compact set [0,1] x Dy, where

Do = {(x0,x1,...,%q) : |xk| <2My, 0 < k < g}. (3.1)
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Further, suppose that

QComs1k < Mg, trer;gﬁ|P§,';’(t)( =pr <My, 0<k<g, (3.2)

then, the boundary value problem (1.1), (1.2) has a solution in D.

Proof. The set

B[0,1] = {x(t) ec@io,1]: ||x<k> || - g}g{(}ix(k)(t” <2My, 0<k< q} (3.3)

is a closed convex subset of the Banach space C? [0, 1]. We define an operator T : C@[0,1] —
C?m10,1] as follows:

1
(Tx)(t) = Pom(t) + folhm(t,S)lf(S,X(S))dS- (3.4)

In view of Theorem 2.3 and (2.28) it is clear that any fixed point of (3.4) is a solution of the
boundary value problem (1.1), (1.2). Let x(t) € B[0, 1]. Then, from (1.5), (3.2), and (3.4), we
find

|(Tx)<’<>(t)| < Mi+QComix =2My, 0<k<gq. (3.5)

Thus, TB[0,1] C B[0,1]. Inequalities (3.5) imply that the sets {(Tx)*(t) : x(t) € B[0,1]},
0 < k < g are uniformly bounded and equicontinuous in [0, 1]. Hence, TB[0, 1] that is compact
follows from the Ascoli-Arzela theorem. The Schauder fixed point theorem is applicable and
a fixed point of T in Dy exists. O

Corollary 3.2. Assume that the function f(t,xo,x1,...,x4) on [0,1] x R satisfies the following
condition:

q
|f(t,x0,x1,...,%q)| <L+ Y Lilxil", (3.6)
i=0

where L, L;, 0 < i < q are nonnegative constants, and 0 < \; <1, 0 <i < g, then, the boundary value
problem (1.1), (1.2) has a solution.

Theorem 3.3. Suppose that the function f(t,xo,x1,...,%4) on [0,1] x D satisfies the following
condition:

q
|f(t,x0,x1,...,xq)| §L+ZLl~|xi|, (37)
i=0
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where
L+c
D, = {(xo,xh---,xq) skl < prc+ sz+1,k—1 —5 0<k< q}, (3.8)
q
c= ZLiPi/ (39)
i=0
q
0= Zc2m+1,iLi <1, (3.10)
i0

then, the boundary value problem (1.1), (1.2) has a solution in D;.

Theorem 3.4. Suppose that the differential equation (1.1) together with the homogeneous boundary
conditions

x(0)=0, x%D0)=0, x@V1)=0, 1<i<m (3.11)
has a nontrivial solution x(t) and the condition (3.7) with L = 0 is satisfied on [0, 1] x D,, where

D; = {(x0,x1,...,%q) : x| < Come1xM, 0<k < g} (3.12)

and M = maxqe(o1)|x®"*V (t)|, then, it is necessary that 6 > 1.

Remark 3.5. Conditions of Theorem 3.4 ensure that in (3.7) at least one of the L;, 0 <i < g will
not be zero; otherwise the solution x(¢) will be a polynomial of degree at most 2m and will
not be a nontrivial solution of (1.1), (1.2). Further, x(t) = 0 is obviously a solution of (1.1),
(1.2), and if 8 < 1, then it is also unique.

Theorem 3.6. Suppose that for all (t,xo,x1,...,%4), (t,X0,X1,...,X4) € [0,1] x Dy the function f
satisfies the Lipschitz condition

q
|f(t,x0,x1,...,x5) = f(t, %0, %1, ..., %) | < D Liloi — xil, (3.13)
i=0

where L = maxepoa)|f(t,0,0,...,0)|, then, the boundary value problem (1.1), (1.2) has a unique
solution in D;.

Example 3.7. Consider the complementary Lidstone boundary value problem

—xO(t) = f<t,x,x’,...,x(‘4)>, te(0,1), (3.14)

x(0)=1, x0)=-1, x1)=1, (3.15)
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where 0 < g < 2 is fixed. Here, m = 1 and the interpolating polynomial satisfying (1.4) is
computed as P(t) = 1 -t + > with

= = = = / = / = = /" =
po = g&ﬁle(t)l rLO)=1, m fé}@i‘]lp2(t)| PR =1,  p trer}gﬁll’z (] =2.
(3.16)

We illustrate Theorem 3.1 by the following two cases.

Case 1. Suppose g = 0 and f(t,x) = tx?, then, Theorem 3.1 states that (3.14), (3.15) has a
solution in the set Dy = {x : |x| < 2Mj} provided

My >po=1, QCsp < My. (3.17)
We will look for a constant M that satisfies (3.17). Since

j— — 2
Q= <t,x>1§[13ﬁxno|f (t,x)] = @2Mo)", (3.18)

the condition QCj3y < My simplifies to 0 < My < 3. Coupled with another condition M, > 1,
we see that 1 < M, < 3 fulfills (3.17). Therefore, we conclude that the differential equation

-x® () =tx?, te(0,1) (3.19)

with the boundary conditions (3.15) has a solution in Dy = {x : |x| < 2M,} where M, € [1,3].

Case 2. Suppose q = 2 and f(t,x,x',x") = 2x + v/tx' + (t/2)x", then, Theorem 3.1 states that
(3.14), (3.15) has a solution in the set Dy = {(x,x’,x") : |x| < 2My, |x'| < 2M3, |x"| < 2M>}
provided

Mg >2pr, QCsk <My, k=0,1,2 (3.20)

Here

= t///" :ZM +2M +M,
(t,x,x’,JIc}}g[)é),l]xD[)'f( * X, X )| 0 1 2 (321)

and the conditions QCsx < My, k = 0,1, 2, reduce to
10My-2M1-M, >0, -2My+6M;-M;, >0, -2My-2M;+ M, >0. (3.22)

Pick My =1, M; =1, M, = 4 which satisfy (3.22) and also My > pk, k = 0,1,2. It follows
from Theorem 3.1 that the differential equation

—xO(t) = Px +Vix' + G)x te(0,1) (3.23)
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with the boundary conditions (3.15) has a solution in Dy = {(x,x’,x") : |x|] < 2, |x'| < 2,
|x"| < 8}.

Example 3.8. Consider the complementary Lidstone boundary value problem

"

—xO)(t) = sint + (sint)x + (cos t)x' + XZ' te(0,1) (3.24)

with the boundary conditions (3.15). Here, m = 1, g = 2 and the interpolating polynomial
P, (t) satisfying (1.4) is given in Example 3.7. To illustrate Theorem 3.3, we note that for t €
[0/ ]-] and any (x()r X1, XZ),

| f(t, x0, 21, x2) | = |sint + (sint)xg + (cos t)x + % <1+ |xo| + |xg| + |9;_2| (3.25)

Thus, condition (3.7) is satisfied with L =1, Ly = 1, L; = 1, L, = 1/4. The constants ¢ and 0
are then computed as

c= ZL,-pi = g 0= ZC;;,iLi = % <1 (3.26)

By Theorem 3.3, problem (3.24), (3.15) has a solution in

53

37 } (3.27)

23
D1={(xx x") |x|_16 |_8

4. Picard’s and Approximate Picard’s Methods

Picard’s method of successive approximations has an important characteristic, namely, it
is constructive; moreover, bounds of the difference between iterates and the solution are
easily available. In this section, we will provide a priori as well as posteriori estimates on
the Lipschitz constants so that Picard’s iterative sequence {x,(t)} converges to the unique
solution x*(t) of the problem (1.1), (1.2).

Definition 4.1. A function x(t) € C?™*1[0,1] is called an approximate solution of (1.1), (1.2) if
there exist nonnegative constants 6 and e such that

(2m+1)
g‘?ﬂ( "ED () - f(1%(0)| <6, @)
max | Py P () - P (t)| <e€Comrrk, 0<k<g, (42)
€
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where Py, (t) and P,,,,(t) are polynomials of degree 2m satisfying (1.2), and

P0)=%0), P° 0 =x%1©), P*1)=x2D1), 0<i<m (43

respectively.
Inequality (4.1) means that there exists a continuous function #(t) such that

(-1)"x2™ (1) = £t (1) +7(8),

1| <é. “4
max |n(f)]
Thus, from Theorem 2.3 the approximate solution x(t) can be expressed as
_ 1
x(t) = Pom(t) + f [, 9)| [ (5, %(s)) + 7 (s)] ds. (4-5)
0

In what follows, we will consider the Banach space B = C@[0,1] and for x € C(@[0,1],

Coms10 )
= —_— t 4.
i = pex{ ot ol 9

Theorem 4.2. With respect to the boundary value problem (1.1), (1.2) one assumes that there exists
an approximate solution x(t), and

(i) the function f(t, xo, x1,...,x,) satisfies the Lipschitz condition (3.13) on [0, 1] x D3, where

C
D3={(xo,x1,...,xq):|xk— Y| <N i’"i’; OSkSq,N>0}, (4.7)
m+

(i) No = (1-6)"' (e + 6)Cami10 < N.
Then, the following hold:
(1) there exists a solution x*(t) of (1.1), (1.2) in S(x,Ny) = {x € B: |x-x| < No},
(2) x*(t) is the unique solution of (1.1), (1.2) in S(x,N),
(3) the Picard iterative sequence {x,(t)}, defined by

Xps1 (£) = P (t) + f1|hm(t,s)|f(s, x,(s))ds, n=0,1,..., (4.8)
0

where x(t) = x(t) converges to x*(t) with ||x* — x,|| < 6" Ny, and

Ix* = xull < 61 =6) It = X, (4.9)

4) for any xo(t) = x(t) € S(X, No), x*(£) = limy— oo (£).
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In Theorem 4.2 conclusion (3) ensures that the sequence {x,(t)} obtained from (4.8)
converges to the solution x*(t) of the boundary value problem (1.1), (1.2). However, in
practical evaluation this sequence is approximated by the computed sequence, say, {z,(t)}. To
find z,1(t), the function f is approximated by f,. Therefore, the computed sequence {z,(t)}
satisfies the recurrence relation

1
Zun() = Pa(t) + f0|hm<t, ) fuls,zu(s)ds, n=01,..., (4.10)

where zg(t) = xg(t) = x(t).
With respect to f, we will assume the following condition.

Condition C1. For z,(t) obtained from (4.10), the following inequality holds:

| f(t,2a(t)) = fult, za(D)| S p|f(t,2a(1))], m=0,1,..., (4.11)

where p is a nonnegative constant.

Inequality (4.11) corresponds to the relative error in approximating the function f by
fn for the (n + 1)th iteration.

Theorem 4.3. With respect to the boundary value problem (1.1), (1.2) one assumes that there exists
an approximate solution x(t), and Condition C1 is satisfied. Further, one assumes that

(i) condition (i) of Theorem 4.2,
(i) =1+po <1,
(iii) Ny = (1 - 61)_1(6 + 06 + uF)Copmir0 < N, where F = maxe[o11|F (t, X(t))],
then,

(1) all the conclusions (1)—(4) of Theorem 4.2 hold,
(2) the sequence {z,(t)} obtained from (4.10) remains in S(x,N1),

(3) the sequence {z,(t)} converges to x*(t), the solution of (1.1), (1.2) if and only if
lim,, _, a,, = 0, where

ay = ) (4.12)

1
Znon (6) = Pom(t) - f0|hm<t, $)1£ (5, Za(s))ds

and the following error estimate holds
lx* = zpall < (1 -0)7" [9||Zn+1 -z + yszH,OtreI}gi(]U(t, zn(t))|] ) (4.13)

In our next result we will assume the following.



Journal of Inequalities and Applications 19

Condition C2. For z,(t) obtained from (4.10), the following inequality is satisfied:
|f(t,za(t) = fult,zo(t))| <v, n=0,1,..., (4.14)

where v is a nonnegative constant.

Inequality (4.14) corresponds to the absolute error in approximating the function f by
fn for the (n + 1)th iteration.

Theorem 4.4. With respect to the boundary value problem (1.1), (1.2) one assumes that there exists
an approximate solution x(t), and Condition C2 is satisfied. Further, one assumes that

(i) condition (i) of Theorem 4.2,
(i) N2 = (1-6)" (e +6+v)Camiro < N,
then,
(1) all the conclusions (1)—(4) of Theorem 4.2 hold,
(2) the sequence {z,(t)} obtained from (4.10) remains in S(x, N»),

(3) the sequence {z,(t)} converges to x*(t), the solution of (1.1), (1.2) if and only if
lim,, _, xa, = 0, and the following error estimate holds:

" = Zwall < (1= 6) 7" [0l|2n1 = zull + vCamiro]- (4.15)

Example 4.5. Consider the complementary Lidstone boundary value problem

I

Ot =T+x+x + xz, te(0,1) (4.16)

with the boundary conditions (3.15). Pick P»(t) = 1 -t + #? to be an approximate solution of
(4.16), (3.15), that is, let x(t) = P>(t). Then, from (4.2) we get € = 0. Further, from (4.1) we
have

ggﬁ|—x Dty - F(t,%(E), % () y”(t))|

max | f (t,x(t), %' (t), X" (1)) |

te[0,1]
u(t) (4.17)
= max |1 +x(t) + X (t) + —=
te[0,1]
= max|= +t+# =ZE6
t€[0,1] 2
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To illustrate Theorem 4.2, we note that the Lipschitz condition (3.13) is satisfied globally with
Lop=1,L; =1, L, =1/4, and the constants 8 and N are computed directly as

2
1 4 21
= iLi:_/ :1— :—S . 41
0 %Ca 3 No=(1-0)"(e+6)Cs0=7 <N (4.18)
By Theorem 4.2, it follows that
(1) there exists a solution x*(t) of (4.16), (3.15) in S(P», Ny),
(2) x*(t) is the unique solution of (4.16), (3.15) in S(P,N),
(3) the Picard iterative sequence {x,(t)} defined by
" t
() = 1+ 3 () + 2, (1) + x"4( L w01, )
x1(0)=1, x,,0)=-1, x,,(1)=1,
where x(t) = P,(t) converges to x*(t) with
1\"21 1
-l < (3) 50 I =l < 5l -l (420)
Suppose that we require the accuracy ||x* - x,|| < 107, then from above we just set
1\"21 5
—) =< 421
(5) = 420
to get n > 12. Thus, x12(t) will fulfill the required accuracy.
Finally, we will illustrate how to obtain x; (t) from (4.19). First, we integrate
xp (¢
xO(t) =1+ x0() + X (1) + 04< ) _ Jiter (4.22)
from 0 to t to get
p p 3t P
—x|(B) +2(0) = 5 + 5 + 3 (4.23)
Next, integrating (4.23) from 0 to t as well as from t to 1, respectively, gives
2 3 4
—x) (1) + x, (0) + tx} (0) = % + % + 1t—2 (4.24)
2 £t
)+ () (-0 =1- 2 L L (4.25)

4 6 12
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Adding (4.24) and (4.25) yields x{(0) = 3. Now, integrate (4.24) (or (4.25)) from 0 to t gives
) =1-t+—-——-— - —. (4.26)

A similar method can be used to obtain x,,(t), n > 2.

5. Quasilinearization and Approximate Quasilinearization

Newton’s method when applied to differential equations has been labeled as quasilineariza-
tion. This quasilinear iterative scheme for (1.1), (1.2) is defined as

(1" @) = £t % (1) +ﬁ(t)Z( x0 () - x“()) g ), 6D

Xu1(0) =ap, xZ V0=, xZVA)=p, 0<i<m, n=01,..., (5.2)

where x(t) = x(t) is an approximate solution of (1.1), (1.2).
In the following results once again we will consider the Banach space C@[0, 1] and for
x € C@[0,1] the norm | x| is as in (4.6).

Theorem 5.1. With respect to the boundary value problem (1.1), (1.2) one assumes that there exists
an approximate solution x(t), and

(i) the function f(t,xo,x1,...,X,) is continuously differentiable with respect to all x;, 0 < i <
qgon [0,1] x D3,

(ii) there exist nonnegative constants L;, 0 < i < q such that for all (t, xo, x1,...,x4) € [0,1] x
D3/

0
af(tl-xb/xlr- . ‘/xq) <L (53)

(iii) the function B(t) is continuous on [0,1], p = maxcjo11|f(t)], and 05 = (1 +2p)0 <1,
(iv) N3 = (1-65) "' (e + 6)Camsr0 < N.

Then, the following hold:
(1) the sequence {x,(t)} generated by the iterative scheme (5.1), (5.2) remains in S(x,N3),

(2) the sequence {x,(t)} converges to the unique solution x*(t) of the boundary value problem
(1.1), (1.2),

(3) a bound on the error is given by

0\" -
bt () (007 e 1 64
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Theorem 5.2. Let in Theorem 5.1 the function p(t) = 1. Further, let f(t, xo,x1,...,x4) be twice
continuously differentiable with respect to all x;,0 < i < qon [0,1] x D3, and

62

—axiaxjf(t,XO,XL...,xq) <LLK, 0<i, j<q. (5.5)

Then,

on

Iotnst =l < ot = x| < = (el - ol < ~{ 2K (e +5)<L>2 56)
n+1 nll = n n-1 = 1 0 a2 1-0 7
where a = K6?/[2(1 — 0)Cams10]- Thus, the convergence is quadratic if

_K(e+6)<199>2<1. (5.7)

Conclusion (3) of Theorem 5.1 ensures that the sequence {x,(f)} generated from the
scheme (5.1), (5.2) converges linearly to the unique solution x*(t) of the boundary value
problem (1.1), (1.2). Theorem 5.2 provides sufficient conditions for its quadratic convergence.
However, in practical evaluation this sequence is approximated by the computed sequence,
say, {z,(t)} which satisfies the recurrence relation

()8 (1) = fult, zn(t))+ﬂ(t)z< 20 (1) - zﬁ?(t))azg 5 fa(t,2a (1)),

(5.8)

ze1(0) =ap, 2200 =, 2% V1) =g, 0<i<m n=0,1,...,

where zy(t) = xo(t) = x(t).

With respect to f,, we will assume the following condition.
Condition C3. fy(t, xo,x1,...,%4) is continuously differentiable with respect to all x;, 0 <i< g
on [0,1] x D53 with

0
afn(t/x()/xl/-"/xq) < Li (59)

and Condition C1 is satisfied.

Theorem 5.3. With respect to the boundary value problem (1.1), (1.2) one assumes that there exists
an approximate solution x(t), and the Condition C3 is satisfied. Further, one assumes

(i) conditions (i) and (ii) of Theorem 5.1,
(ii) Opp = (1+2p+p)0 <1,
(iii) Ny = (1-6p,)7 (e +6 +uF)Comuro < N,
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then,
(1) all conclusions (1)—(3) of Theorem 5.1 hold,

(2) the sequence {z,(t)} generated by the iterative scheme (5.8), remains in S(x, Ny),

(3) the sequence {z,(t)} converges to x*(t), the unique solution of (1.1), (1.2) if and only if
lim, _, xa, = 0, and the following error estimate holds:

I = Zpa || < (1= 0) 7 [(1+ )6l zns1 — zall + [/£C2m+1,0£'[lgi(]|f(t, z,(1)|]- (5.10)

Theorem 5.4. Let the conditions of Theorem 5.3 be satisfied. Further, let f,, = fo foralln =1,2,...
and fo(t, xo, x1,...,x4) be twice continuously differentiable with respect to all x;, 0 < i < g on
[0,1] x D3, and

aZ

axiaxjfo(t,xO/ X1,...,xq) <LLjK, 0<i, j<q. (5.11)

Then,

on

1 11 0\’
1Zn41 = Zall € @l|Zn = Zpa | < Z(“”Zl - zl)* < P I:EK(€ +06 + pF) <m> ] , (512)

where a is the same as in Theorem 5.2.

Example 5.5. Consider the complementary Lidstone boundary value problem
xO@W) =t+x% te(0,1) (5.13)

again with the boundary conditions (3.15). First, we will illustrate Theorem 5.1. Pick x(t) = 0
and f(t) =1 (so p = 1). Clearly, f(t,x) = t + x* is continuously differentiable with respect to x
for all (t,x). For x € D3 = {x : |x| < N}, we have

‘%f(t, x)| = [2x| < 2N = L. (5.14)

Thus,

N

0= C3,0L0 = %, Gﬂ = (1 + 2’3)6 = 5 (515)

Let N < 2 so that 65 < 1. Next, from (4.1) we have maxc(o11|f(t,0)| = 1 = 6. Also, from (4.2)
we find

— €
Py(t) — Pyr(t)| = P(t)=1<eC = —,
max| o) = Pa(6)] = max|Pu(o)] = 1< eCap = 5 5.16)
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and so we take € = 12. Now,

N3=(1-65)"'(e+6)Csp= — <N (5.17)

yields N >1/13/6 = 1.633. Coupled with N < 2 (so that 65 < 1), we should impose

\/g <N<2. (5.18)

The corresponding range of N3 will then be

13 /13
o <Na<y/— (5.19)

The conditions of Theorem 5.1 are satisfied and so
(1) the sequence {x,(t)} generated by
—xP (1) = £+ 2 () + 2[xtn1 (1) — X0 (D)]x0(t), n=0,1,...,

(5.20)
x,41(0) =1, x,.,0)=-1, x,,,(1) =1,

where x((t) = 0 remains in S(0, N3), that is, maXe(o,1]]Xn (t)| < N3,

(2) the sequence {x,(t)} converges to the unique solution x*(¢) of (5.13), (3.15) with

2N \" 13
*(t) - < . .
maxx* (0 -0 < (2 ) 5N (5.21)

Next, we will illustrate Theorem 5.2. For x € D3 = {x : |x| < N}, we have

2
% F(t,x)| =2 < 2K = @N)’K. (5.22)

Hence, we may take K = 1/(2N?). From Theorem 5.2, we have

1[1 o \*]" R

The convergence is quadratic if

1 0 \°
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which is the same as

14—3 <(6-N)? (5.25)

and is satisfied if N > 7.803 or N < 4.197. Combining with (5.18), we conclude that the
convergence of the scheme (5.20) is quadratic if

\ % <N<2. (5.26)

6. Monotone Convergence

It is well recognized that the method of upper and lower solutions, together with uniformly
monotone convergent technique offers effective tools in proving and constructing multiple
solutions of nonlinear problems. The upper and lower solutions generate an interval in
a suitable partially ordered space, and serve as upper and lower bounds for solutions
which can be improved by uniformly monotone convergent iterative procedures. Obviously,
from the computational point of view monotone convergence has superiority over ordinary
convergence. We will discuss this fruitful technique for the boundary value problem (1.1),
(1.2) withg = 1.

Definition 6.1. A function pu(t) € C?™1[0,1] is said to be a lower solution of (1.1), (1.2) with
q =1 provided
()" () < f (b pt), f (1), te[0,1],

[#0) - a] <0, () [1ED©O) - ai] <0, ()T VA)-p] <0, 1<i<m
(6.1)

Similarly, a function v(t) € C?™+1[0,1] is said to be an upper solution of (1.1), (1.2) with g = 1
if

(D)™v®D () > f(t,v(t),v' (1), te[0,1],
[V(O) _ aO] > 0’ (_1)1'—1 [V(2i_1) (0) _ ai] > O, (_1)i—1 [V(Zi—l) (1) _ ﬁl] > O, 1<i<m.
6.2)

Lemma 6.2. Let u(t) and v(t) be lower and upper solutions of (1.1), (1.2) with q = 1, and let Py ,,(t)
and Pay, , (t) be the polynomials of degree 2m satisfying

Payu(0) = p(0),  Phy '(0) = p@D(0), Por V(1) =p® (1), 1<i<m,  (63)
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and

Poy(0) = p(0), P2V

2m,v

(0) =v@ (), PEPA)=v@D(), 1<i<m, (6.4)

respectively. Then, for all t € [0,1], p® (t) < Pz(fi)(t) <p®

2m,u 2m,v

(), k=0,1.

Proof. From (2.5), (2.6), and (2.8) it is clear that (~1)'A;(£) >0, (-1)'A;(1—£) > 0,i > O and this
in turn from (2.18) and (2.19) implies that (—1)"(v;s1 (£)~0i41(0)) 2 0, (=1)"(vis1 (1) 0331 (1-1)) >
0, (-0, (t) = (-1)'A;(t) >0, (-1)"0,., (1 —=t) = (-1)'A;(1 = t) > 0,1 > 0. Now, since

i+1 i+1

Poy(£) = p(0) + Y [ 0 @i(1) = 01 = 1) + gD (1) 0i(t) - 0:(0))],
i=1

(6.5)
Payyu(t) = > ['”(Zi_l)(o)Ai—l(l —t) +p (1)Ai—1(t)],
i=1
it follows that
Pog(t) = p(0) + X [(-) D O0) (1) (@i (1) ~ 0i(1 - 1)
i=1

+ ()T HED D) )T @il) - 0i(0))

(6.6)

<ag+ ) [(—1)i_1ai(—l)i_1(vi(1) —vi(1=1) + (1) Bi(-1)" (wi(t) - vi(O))]
i=1

= PZm(t)-

() < P}, (t). The proof of P\ () < P{)

Similarly, we have P, 2m,v

2mp (t), k=0,1is similar. O

In the following result for x(t) € C'[0,1] we will consider the norm |x|| =
max{maxeo,1]|x ()|, maxse[o,17|x'(t)|} and introduce a partial ordering < as follows. For x,y €
C![0,1] we say that x < y if and only if x(t) < y(t) and x'(t) < y/(¢) for all t € [0, 1].

Theorem 6.3. With respect to the boundary value problem (1.1), (1.2) with q = 1 one assumes
that f(t,xo,yo) is nondecreasing in xo and yo. Further, let there exist lower and upper solutions
Ho(t), vo(t) such that py < vy. Then, the sequences {p, (t)}, {v,(t)} where p, (t) and v, (t) are defined
by the iterative schemes

1
st () = Pom(£) + f Tnt, )£ () pa(s))ds, n=0,1,...
6.7)

1
Va1 (t) = Poy(t) + Jo|gm(t, $)| f(s,vau(s),V,(s))ds, n=0,1,...



Journal of Inequalities and Applications 27

are well defined, and {p, (t)} converges to an element u(t) € C'[0,1], {v,(t)} converges to an element
v(t) € CY[0,1] (with the convergence being in the norm of C*[0,1]). Further, po < p1 < -+ < p <
e XUV Ly, 2 2y L, u(t), v(t) are solutions of (1.1), (1.2) with q = 1, and each
solution z(t) of this problem which is such that z € [pg, vo] satisfies p < z < .

Example 6.4. Consider the complementary Lidstone boundary value problem
XM =1+x+x, te(0,1),

(6.8)
x(0) =1, x'(0) = -1, x'(1) = -1.

Here, m = 1,q = 1 and the function f (¢, xo, o) = 1 + x + 1o is nondecreasing in xy and y,. We
find that (6.8) has a lower solution

po(t) =1-t (6.9)
and an upper solution
v(t) =1 +8t% - %79 (6.10)
such that
po(t) <wo(t),  pp(t) <op(t), te[0,1]. (6.11)

Hence, po < vy and the conditions of Theorem 6.3 are satisfied. The iterative schemes

—ygl(t)=1+/4n+‘u'n, n=0,1,...,
/’tTH—l (O) = 1/ )u,n+1 (O) = _11 /’l:ﬁ-l(l) = _11
® #H=1+v,+v,, n=0,1,...,

i (6.13)
v,:1(0) =1, v, ,,(0) = -1, v, (1) =-1

(6.12)

-V

will converge respectively to some p € C'[0,1] and v € C'[0, 1]. Moreover,

oS 2 Sy - UV Ly, < <yp <y, (6.14)
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and p(t), v(t) are solutions of (6.8). Any solution z(t) of (6.8) which is such that z € [uo, vo]
fulfills y < z < v. As an illustration, by direct computation (as in Example 4.5), we find

T S
H=1-t+——-—+—,
ui(t) +6 6+24

(t)_l_t_29t2+t3_t4_ r . t
Hall) = 160 6 36 180 5040

(6.15)
(B =1-t 79t2+t3+2t4 3 17
Vi) = 60 373 20 360
pa(t) =1t 832 £ 1098 9P ot #  13F 178
S 40320 6 720 3600 40 2520 10080 181440°
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