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1. Introduction

In the analysis and design of controllers and filters for linear dynamical systems, the Riccati
equation is of great importance in both theory and practice (see [1-5]). Consider the following
linear system (see [4]):

x(t) = Ax(t) + Bu(t), x(0) = xo, (1.1)
with the cost

J= Jm (xTQx +u"u)dt. (1.2)
0

Moreover, the optimal control rate * and the optimal cost J* of (1.1) and (1.2) are

u*=Px, P=B'K,
(1.3)
Jr= ngxo,
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where xg € R" is the initial state of the systems (1.1) and (1.2), K is the positive definite
solution of the following algebraic Riccati equation (ARE):

ATK + KA -KRK = -Q, (1.4)

with R = BBT and Q are symmetric positive definite matrices. To guarantee the existence
of the positive definite solution to (1.4), we shall make the following assumptions: the pair
(A, R) is stabilizable, and the pair (Q, A) is observable.

In practice, it is hard to solve the (ARE), and there is no general method unless
the system matrices are special and there are some methods and algorithms to solve (1.4),
however, the solution can be time-consuming and computationally difficult, particularly as
the dimensions of the system matrices increase. Thus, a number of works have been presented
by researchers to evaluate the bounds and trace bounds for the solution of the (ARE) [6-12].
In addition, from [2, 6], we know that an interpretation of tr(K) is that tr(K) /n is the average
value of the optimal cost J* as xq varies over the surface of a unit sphere. Therefore, consider
its applications, it is important to discuss trace bounds for the product of two matrices.
Most available results are based on the assumption that at least one matrix is symmetric
[7, 8, 11, 12]. However, it is important and difficult to get an estimate of the trace bounds
when any matrix in the product is nonsymmetric in theory and practice. There are some
results in [13-15].

In this paper, we propose new trace bounds for the product of two general matrices.
The new trace bounds improve the recent results. Then, for their application in the algebraic
Riccati equation, we get some upper and lower bounds.

In the following, let R denote the set of n x n real matrices. Let x = (x1, xp,...,x,) be
a real n-element array which is reordered, and its elements are arranged in nonincreasing
order. That is, x[1) > xp2) > -+ > xp. Let [x| = (Jx1],|x2|,...,[x4]). For A = (a;j) €
R™", let d(A) = (di(A),da(A),...,dn(A)), M(A) = (M(A),12(A), ..., 1(A)), 0(A) =
(01(A),02(A), ..., 0,(A)) denote the diagonal elements, the eigenvalues, the singular values
of A, respectively, Let tr(A), AT denote the trace, the transpose of A, respectively. We define
(A);; = aii = di(A), A= (A+AT)/2. The notation A > 0 (A > 0) is used to denote that A is a
symmetric positive definite (semidefinite) matrix.

Let a, f be two real n-element arrays. If they satisfy

k k
Dag <> P, k=12,...,n, (1.5)
i=1

i=1

then it is said that « is controlled weakly by f, which is signed by a<,,.
If a<,p and

Z ap) = Z Prir, (1.6)

then it is said that a is controlled by f3, which is signed by a < j.
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Therefore, considering the application of the trace bounds, many scholars pay much
attention to estimate the trace bounds for the product of two matrices.
Marshall and Olkin in [16] have showed that for any A, B € R™", then

=Y 01i1(A)op (B) < tr(AB) < D 071 (A)oyi (B). (1.7)
i1 i1

Xing et al. in [13] have observed another result. Let A, B € R™" be arbitrary matrices
with the following singular value decomposition:

B = Udiag(c1(B),02(B), ..., 0,(B)) VT, (1.8)

where U, V € R™" are orthogonal. Then

M (AS) 3} 013y (B) < tr(AB) < Apij(AS) 3 oy (B), (1.9)
i=1 i=1

where S = UVT is orthogonal.
Liu and He in [14] have obtained the following: let A, B € R™" be arbitrary matrices
with the following singular value decomposition:

B = Udiag(c1(B),02(B), ..., 0.(B)) VT, (1.10)

where U, V € R™" are orthogonal. Then

min (VT AU),, >’ o7 (B) < tr(AB) < Ilrglgﬁ(vTAu)ﬁZ o (B). (1.11)

Isisn i1 i1

F. Zhang and Q. Zhang in [15] have obtained the following: let A, B € R™" be arbitrary
matrices with the following singular value decomposition:

B = Udiag(o1(B),02(B), ..., 0,(B)) V7, (1.12)

where U,V € R™" are orthogonal. Then

01i] (B)A[n-is1) (AS) < tr(AB) < Y o1 (B) A5 (AS), (1.13)

n
i=1 i=1

where S = UVT is orthogonal. They show that (1.13) has improved (1.9).
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2. Main Results

The following lemmas are used to prove the main results.

v

Lemma 2.1 (see [16, page 92, H.2.c]). If xp1] 2 -+ > X[n), Y[1)
any real array wup) > -+ > Uy,

n n
Zx[i Ui Z YIijUi]-
i=1

<0 2 Yy and x <y, then for

(2.1)

Lemma 2.2 (see [16, page 95, H3b]). If xpu] 2+ > X[n], Y1) =+ 2 Y[n) and x<yY, then for

any real array up) > -+ > U 20,

=

Zx[z Ujj] SZ YIi|Uyi]-

i=1

Remark 2.3. Note that if x<,y, then for k = 1,2,...,n, (xp},...,
from Lemma 2.2, we have

i=1
Lemma 2.4 (see [16, page 218, B.1]). Let A = AT € R™™, then
d(A) < A(A).

Lemma 2.5 (see [16, page 240, F4.a]). Let A € R™", then

A+ AT A+ AT
A( 2 ><“< 2 )

k k
ZX[i]u[i] < Zy[i]u[i], k=1,2,...,n.
i=1

<wO(A).

(2.2)

X[ )<w(]/[1], .., ]/[k])- Thus

(2.3)

(2.4)

(2.5)

Lemma 2.6 (see [17]). Let 0 <my <ax < My, 0<mpy <bp <My, k=1,2,...,n,1/p+1/q=1

Then

n n Vp s n /4 n
éakbk§<;ai> <;bz> < Cpg D akbr, (2.6)

k=1

where

P a9 p._4q
MlM - mym,

Cpq =

[p (Mo M3 = i Mom)] 7 [q (i Mo MY = Mo )]

(2.7)
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Note that if my = 0,my#0 or my = 0,my #0, obviously, (2.6) holds. If m;
Cp,q = +00, then (2.6) also holds.

Remark 2.7. 1If p = g = 2, then we obtain Cauchy-Schwartz inequality

; Y 12 , 1/2 "
kZakbk < <kZai> <kzbi> < ¢ akby,
=l =} -1

k=1

where

o = Mle + [ mimy
2= mimy M1M2 ’
Remark 2.8. Note that

. 1/p
plgr;o(a’l’ +ah+-tay) = f?}?g);{ak}’

_ _ MYM] - mhm]
limcp,; = lim

=1 [p(Mama M = Mamd)] P [q(m MaM] — Mymamd)]?

M M3 = /M)

5

= myp = 0, choose

(2.8)

(2.9)

= lim
1

-1 Ml/p [p(maM—(my/ M1) Mam])] UPM;VP [q(m1 My—Mimy(my/Mq)P)] e

. M, . 1 M,y
= lim p+p/a—p = hml/pT = —.
;ﬁlMl mle ;_>1M1 mq my

Letp — oo, g — 1in (2.6), then we obtain

n n n
mlzbk < Zakbk < Mlzbk-
pac} pac} k=1

Lemma29. Ifg>1,a; >0 (i=1,2,...,n), then

&\ o1a
<ZZai> SZZai.

i=1 i=1

(2.10)

(2.11)

(2.12)
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Proof. (1) Notethatg=1,0ra; =0 (i=1,2,...,n),
<lz > = 1Za (2.13)
= =

(2)If g > 1, a; > 0, for x > 0, choose f(x) = x9, then f'(x) = gx9! > 0 and f"(x) =
q(g — 1)x72 > 0. Thus, f(x) is a convex function. As a; > 0 and (1/n)3a; > 0, from the
property of the convex function, we have

lzn:w q—f lzn:a- <1§n:f(a-)—lzn:aq (2.14)
ng™ ) I\ng") T ngt vt g '

(3) If g > 1, without loss of generality, we may assume a; =0 (i=1,...,7),a; >0 (i =
r+1,...,n). Then from (2), we have

( > (Za’> } <n1 rg“i>q S nirﬁ]a?- (2.15)

Since ((n—r)/n)? < (n-r)/n, thus

< Za‘) -(5 r>q<nir)q<.i““>qsn;rniri“?ﬁiaé’- (216)

i=1

This completes the proof. O

Theorem 2.10. Let A,B € R™" be arbitrary matrices with the following singular value
decomposition:

B = Udiag(o1(B),02(B), ..., 0,(B))V', (2.17)

where U,V € R are orthogonal. Then

i (B)dn1+1](VTAU)<tr(AB)<Zo (B)dp (VT AU). (2.18)
i=1 i=1

Proof. By the matrix theory we have

tr(AB) = tr[AUdiag(o1(B), 02(B), ..., 0,(B)) V']

= tr[VT AUdiag(o1(B), 02(B), ..., 04(B))] (2.19)

n

= > 0i(B)(VTAU),,.

i=1
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Since oy1](B) > op21(B) > --- > 0, (B) > 0, without loss of generality, we may assume o(B) =
(op11(B),0121(B), - .., 0 (B)). Next, we will prove the left-hand side of (2.18):

> 01 (B)dp-is (VT AU) < > o (B)di (VT AU). (2.20)
i=1 i=1
If
d(VTAU) = (dy (VT AU), dp-y (VI AU, ..., dpy (VI ALD)), (2.21)

we obtain the conclusion. Now assume that there exists j < k such that d,-(VTAU) >
di (VT AU), then

o1 (B)dk (VI AU) + oy (B)d; (VT AU) - 011 (B)d; (VT AU) - oy (B)di (VT AUI) o
2.22
= [O'[]'] (B) - O[K] (B)] [dk(VTAU) — d]' (VTAU)] <0.

We use d(VT AU) to denote the vector of d(VT AU) after changing d;(V" AU) and di (VT AU),
then

Zn:tf[i] (B)d;(VT AU) < zn:o[i] (B)d; (VT AU). (2.23)
i=1 i=1

After limited steps, we obtain the the left-hand side of (2.18). For the right-hand side of (2.18),

D011 (B)di (VI AU) < Y o1 (B)dpy (VT AU). (2.24)
i=1 i=1
If
d(VTAU) = (dp (VT AU),dpy (VT AU, ..., diy (VI AL), (2.25)

we obtain the conclusion. Now assume that there exists j > k such that dj(VTALI) <
di (VT AU), then

o1j1(B)dx (VI AU) + oy (B)d; (VT AU) - o1, (B)d; (VT AU) - oy (B)di (VT AU) 026
2.26
= [o1j)(B) — o (B)] [dk (VT AU) - d; (VT AU)] > 0.
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We use d(VT AU) to denote the vector of (VT AU) after changing d; (VT AU) and di (VT AU),
then

Zn:a[i] (B)d:(VT AU) < zn:o[i] (B)d; (VT AUD). (2.27)
i=1 i=1

After limited steps, we obtain the right-hand side of (2.18). Therefore,

> 01 (B)d-in (VI AU) < tr(AB) < > oy (B)dp (VI AU). (2.28)
i=1 i=1
This completes the proof. O

Since tr(AB) = tr(BA), applying (2.18) with B in lieu of A, we immediately have the
following corollary.

Corollary 2.11. Let A,B € R™" be arbitrary matrices with the following singular value
decomposition:

A = Pdiag(01(A),02(A), ..., 0,(A)QT, (2.29)

where P,Q € R™" are orthogonal. Then
> 011(A)dp-is11 (Q"BP) < tr(AB) < D073 (A)d;) (Q"BP). (2.30)
i=1 i=1

Now using (2.18) and (2.30), one finally has the following theorem.

Theorem 2.12. Let A,B € R™" be arbitrary matrices with the following singular value
decompositions, respectively:

A = Pdiag(01(A), 02(A), ..., 0.(A))QT,

(2.31)
B = Udiag(01(B),02(B),...,0,(B))VT,
where P,Q, U,V € R™" are orthogonal. Then
max {20[1‘] (A)dp-i+11(Q"BP), D 011 (B)dpn-is1) (VI AU) }
i=1 i=1
l 1 (2.32)

< tr(AB) < min {ia[i] (B)di (VTAU),iC’[iI (A)dpi (QTBP)}-
i1 i=1
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Remark 2.13. We point out that (2.18) improves (1.11). In fact, it is obvious that

n

min (VT AU o(i1(B) o1i)(B)dpn-iv1) (VT AU
min ( )21] 1(B) < 3,00 (B} ) (2.33)

< tr(AB) < Zo[, (B)dj; (VT AU) < max(VTAU)uZG (B).
i=1 i=1

This implies that (2.18) improves (1.11).

Remark 2.14. We point out that (2.18) improves (1.13). Since fori = 1,...,n, 0;(B) > 0 and
d;(VTAU) = d;((VT AU + (VT AU)")/2), from Lemmas 2.1 and 2.4, then (2.18) implies

VT AU + (VTALI)T>

(i) (B) A fn-i 1]<
i:Zl 1 n—i+ 2
<VTAu + (VTALI)T>

n
< > 01 (B)dpn-is)

i=1 .

< tr(AB) (2.34)

n VTAU + (VT AU
SZG[iJ(B)d[iJ< § ) >

i=1

VT AU + (VTALI)T>

< >0 (B))tm< >
i1

In fact, fori=1,2,...,n, we have

VT AU + (VT AU)" AUVT + (AUvVT'
A > = x|V > v

< AUVT + (AUVTY" > (2.35)
=\ >

= \;(AS).
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Then (2.34) can be rewritten as

ZO‘[i] (B).)L[n_i+1] (R) < ZO‘[,’] (B)d[n_i+1] (VTAU)
i=1 i=1

<tr(AB)

< ZO‘[,’] (B)d[i] (VTAU)
i=1

< > 01 (B) A (AS).

i=1

This implies that (2.18) improves (1.13).

Remark 2.15. We point out that (1.13) improves (1.7). In fact, from Lemma 2.5, we have

L(AS)<,0(AS).

(2.36)

(2.37)

Since S is orthogonal, 6(AS) = o(A). Then (2.37) is rewritten as follows: A(AS)<,,0(A). By

using oy1](B) > op)(B) > -+ > 0, (B) > 0 and Lemma 2.2, we obtain

n n

011 (B)Ai (AS) < Yoy (B)oyi (A).

i=1 i=1

Note that A;(~AS) = —A,,_i;1(AS), from Lemma 2.2 and (2.38), we have

=011 (B)An-is11 (AS) = Y07 (B)Ajij (-AS)
i=1 i=1

< > 01 (B)| A1 (AS)] < Doy (B)oy (A).
i1 i1

Thus, we obtain

n

=Y 01 (B)oi (A) < > 07 (B)A[n-is1] (AS).
i=1

i=1

Both (2.38) and (2.40) show that (1.13) is tighter than (1.7).

(2.38)

(2.39)

(2.40)
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3. Applications of the Results

Wang et al. in [6] have obtained the following: let K be the positive semidefinite solution of
the ARE (1.4). Then the trace of matrix K has the lower and upper bounds given by

L@ + VI @] A ®eQ) o An@ + V@B + 0 R /mix@)
Ay (R) - - A1 (R) /. '

(3.1)

In this section, we obtain the application in the algebraic Riccati equation of our results
including (3.1). Some of our results and (3.1) cannot contain each other.

Theorem 3.1. If1/p +1/g =1 and K is the positive semidefinite solution of the ARE (1.4), then

(1) the trace of matrix K has the lower and upper bounds given by

Lt )+ L] + [ZL0, (R F1r(Q)
[ (R

(3.2)

Aoy (A) + \/ D)+ [(1/pqn/a) [S A7 (R)] 7| (@)

<tr(K) < 7
(1/ cpqn® /1) [y AT (R)]

(2) If (A + AT) /2 > 0, then the trace of matrix K has the lower and upper bounds given by

(l/C;,,qnl‘l/‘?) [Z?:l)f[’i] (A)] Yy \/[(1 /Cpqnt /1) [Z?:l)tl[ji] (A)] 1/P]2 + [Z?:U\?i] (R)]l/ptr(Q)
[l ®)]”

< tr(K)

[, @] + \/ [0y @] + [(1/ gm0 [0, (R] 7] 1x(Q)
< .

(1/ cpqn*=/7) [Z?:Mfi] (R)] v

(3.3)
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(3) If (A + AT) /2 <0, then the trace of matrix K has the lower and upper bounds given by

S R DT A IS R DPT + [/ a0 [SE 8 (R)] Q)

(1/ cpqn*™/7) [Z?:l)‘fi] (R)] v

< tr(K)

! - n A v

Py (—1/010,{1711 V) [SE [ M- (A) 7] g’
= n 1/
[SiAf, (]

VIO et ) S i PP + [, (] (@)
+
(S (R

4

(3.4)
where
M’fMZ - mfmz
Cpa = / /a’
[p(M,mkMZ - mermZ)]1 p[q(m,Mka - M,mkm’:)]1 1
M; =A(R), my =LA (R), Mg =Ap(K), my =LAy (K),
Pagd_ P4 (3:5)
J = My M, —mymy
rAa 1/ 1/q’
[p (MM = Mim)] ™ [q (mi M MY, — Mymgem) ]
M = A (A), my = A (A).
Proof. (1) Take the trace in both sides of the matrix ARE (1.4) to get
tr(ATK) + tr(KA) - tr(KRK) = —tr(Q). (3.6)

Since K is symmetric positive definite matrix, \(K) = o(K), tr(K) = X,i;07:1(K), and from
Lemma 2.9, we have

tr(K)

nl-1/q = [tr<Kq)]1/q < tr(K), (3.7)

n

n n 2
> ou(KK) = Yot (K) < [Zom (K)] = [ (K)]*. (3.8)
i=1 i=1

i=1
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By the Cauchy-Schwartz inequality (2.8), it can be shown that

n n n ) 2 2
Z (KK _ ZO_ ](K) > Zi=1o;il] (K)] _ [tr(1,{<)] ) (3.9)
i=1 i=1
Note that
K? = Udiag(A](K), A5(K), ..., A (K)u', (3.10)

K,Q,R >0, A\;j(UTRU) = A3(R) (i = 1,...,n), then by (2.34), use (2.6), considering (3.7)
and (3.9), we have

tr(KRK) = tr(K*R) > i)t[,»] (R)opi; (K?)
i=1

1/pr & 1/q
>_[ZM’ (R)] I:;of’i](Kz)] (3.11)

F’qll

1 " 1/p
> — [;ﬂ[’ﬂ (R)] [tr(K)]*.

Cpq

From (2.34), note that A;;j(UT AU) = Aj;1(A) and A (UTATU) = Ay (AT) (i =1,...,n), then
we obtain

n

tr(AK) < D A (Ao (K) < Apj(A) D op(K),

o o (3.12)
tr(ATK) < > A (AT)op (K) < Ap (AT)ZG i (K).
i=1 i=1
It is easy to see that
tr(ATK) + tr(KA) < [Ap (AN tr(K) + App (A)tr(K)] tr(K)
. B (3.13)
= 21 (A i A)tr(K) = 201 (A)tr(K).
Combine (3.11) and (3.13), we obtain
1 " 1/p B
=T [;ﬂ[’i] (R)] [tr(K)]? = 2tr(K) A (A) = tr(Q) < 0. (3.14)

Solving (3.14) for tr(K) yields the right-hand side of the inequality (3.2). Similarly, we can
obtain the left-hand side of the inequality (3.2).
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(2) Note that when (A + AT)/2 > 0, A\j(UTAU) = Aj(A) and A (UTATU) =
Alil (AT) (i=1,...,n),by (2.34), (2.6) and (3.7), we have

n 1/p
tr(ATK) < [Zﬂ[’ﬂ (AT)] tr(K),

i=1

) (3.15)
n 1/p
tr(KA) < [Z)‘ﬁ] (A)] tr(K).

i=1

Thus,
1/p
tr(ATK) + tr(KA) < [ ZAM (AT)] [ZA[I] (A)Htr(K)

<2 Z)f (AT+A>] tr(K) (3.16)

. 1/p
=2 Zﬂ[’i] (Z)] tr(K).
| i=1

From (3.11) and (3.16), with similar argument to (1), we can obtain (3.3) easily.
(3) Note that when (A + AT)/2 < 0, by (3.3), we obtain (3.4) immediately. This

completes the proof. O

Remark 3.2. From Remark 2.7 and Theorem 3.1, let p = 2, g = 2 in (3.2), then we obtain

1/2

1 )+ B (D] + (£, (R] (@)

(S, 02, (R)]

(3.17)

L A Ban B (1) [0, ()] e
(1/ein®2) [Z?=1)‘[i] (R)]1/2 ’

<tr(K) <

where c; = (V/M, My /m,my + \/m,my /M, My).

Remark 3.3. From Remark 2.7 and Theorem 3.1, let p — oo, g — 1 in (3.2), then we obtain
(3.1) immediately.

4. Numerical Examples

In this section, firstly, we will give two examples to illustrate that our new trace bounds
are better than the recent results. Then, to illustrate the application in the algebraic Riccati
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equation of our results will have different superiority if we choose different p and g, we will
give two examples whenp =2, g=2,andp — o0, g — 1.

Example 4.1 (see [13]). Now let
0.9140 0.6989 0.6062

A= 02309 0.0169 0.04501 |,
0.3471 0.5585 0.0304

(4.1)
0.9892 0.1140 0.1233
B =] 0.0410 0.3096 0.5125
0.0476 0.7097 0.0962
Neither A nor B is symmetric. In this case, the results of [6-12] are not valid.
Using (1.9) we obtain
0.78 < tr(AB) < 1.97. 4.2)
Using (1.11) yields
0.8611 < tr(AB) < 1.9090. (4.3)
By (2.18), we obtain
1.0268 < tr(AB) < 1.7524, (4.4)
where both lower and upper bounds are better than those of (4.2) and (4.3).
Example 4.2. Let
0.0624 0.8844 0.2782 0.0389
0.7163 0.6565 0.2923 0.5980
A= ,
0.5502 0.2660 0.5486 0.3376
0.1134 0.5739 0.3999 0.2792
(4.5)

1.7205 0.6542 1.3030 0.8813
0.6542 0.0631 0.6191 0.2696
1.3030 0.6191 0.4715 0.7551
0.8813 0.2696 0.7551 0.4584

Neither A nor B is symmetric. In this case, the results of [6-12] are not valid.
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Using (1.7) yields

—6.1424 < tr(AB) < 6.1424. (4.6)
From (1.9) we have

-1.5007 < tr(AB) < 5.0110. (4.7)
Using (1.11) yields

-3.1058 < tr(AB) < 6.0736. (4.8)
By (1.13), we obtain

—0.7267 < tr(AB) < 4.3399. (4.9)
The bound in (2.18) yields

—0.5375 < tr(AB) < 4.2659. (4.10)

Obviously, (4.10) is tighter than (4.6), (4.7), (4.8) and (4.9).

Example 4.3. Consider the systems (1.1), (1.2) with

-5 -2 4 823 538 440 266
A=|2 3 -1|, BB'=|274| Q=] 440 441 321 |. (4.11)
1 0 -3 3409 266 321 296

Moreover, the corresponding ARE (1.4) with R = BBT, (A, R) is stabilizable and (Q, A) is
observable.
Using (3.17) yields

8.5498 < tr(K) < 47.9041. (4.12)

Using (3.1) we obtain

9.0132 < tr(K) < 19.0099, (4.13)

where both lower and upper bounds are better than those of (4.12).
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Example 4.4. Consider the systems (1.1), (1.2) with

-6.0 15 20 4.0 1.0 2.0 175 745 3.465
A=] 00 -20 -3.0 |, BBT =| 1.0 2.0 05 |, Q=] 745 97 7845

25 40 -15 2.0 0.5 2.5 3.465 7.845 9.905
(4.14)

Moreover, the corresponding ARE (1.4) with R = BBT, (A, R) is stabilizable and (Q, A) is
observable.
Using (3.1) we obtain

1.6039 < tr(K) < 5.6548. (4.15)

Using (3.17) yields

1.6771 < tr(K) < 5.5757, (4.16)

where both lower and upper bounds are better than those of (4.15).

5. Conclusion

In this paper, we have proposed lower and upper bounds for the trace of the product of two
arbitrary real matrices. We have showed that our bounds for the trace are the tightest among
the parallel trace bounds in nonsymmetric case. Then, we have obtained the application in
the algebraic Riccati equation of our results. Finally, numerical examples have illustrated that
our bounds are better than the recent results.
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