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1. Introduction

Hardy inequality in RN reads, for all u € C(RV) and N > 3,
N -2) 2
j IVuldx > QJ' = dx, (1.1)
RN 4 RN |x|

and (N —2)?/4 is the best constant in (1.1) and is never achieved. A similar inequality with
the same best constant holds if R is replaced by an arbitrary domain Q ¢ RN and Q contains
the origin. Moreover, Brezis and Vazquez [1] have improved it by establishing that for u €
C(Q),

Y 2 2/N
f \VuPdx > MI = dx +A(—A,2)<ﬂ> j utdx, (1.2)
Q 4 x| Q
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where wy and |Q| denote the volume of the unit ball B; and Q, respectively, and A(-A,2) is
the first eigenvalue of the Dirichlet Laplacian of the unit disc in R?. In case Q is a ball centered
at zero, the constant A(-A, 2) in (1.2) is sharp.

Similar improved inequalities have been recently proved if instead of (1.1) one
considers the corresponding L” Hardy inequalities. In all these cases a correction term is
added on the right-hand side (see, e.g., [2—4]).

On the other hand, the classical Rellich inequality states that, for N > 5,

IRN|Au|2dx > <M)ZI ”_2de ueCy (RN>’ (13)

4 RN |x|4

and (N(N —4)/4)? is the best constant in (1.3) and is never achieved (see [5]). And, more
recently, Tertikas and Zographopoulos [6] obtained a stronger version of Rellich’s inequality.
That is, for all u € C°(RY),

2 2
aupdes> Mo M Nss. (1.4)
2
RN 4 Jpn x|

Both inequalities are valid when RY is replaced by a bounded domain Q ¢ RY containing
the origin and the corresponding constants are known to be optimal. Recently, Gazzola et al.
[4] have improved (1.3) by establishing that for Q C Bg(0) and u € C°(Q),

_ 2 2 _ 2
f |AuPdx > (M) ~_dx + MA(—AJ)R-ZJ = dx
Q Qx| Qx| (15)
+A((—A)2,4>R‘4f WPdx,
Q

where

f(4)(Au)2dx
A(-8)%4) = inf S (1.6)
uew22(B0)\(0) [ pwuldx

and B§4) is the unit ball in R*. Our main concern in this note is to improve (1.4). In fact we
have the following theorem.

Theorem 1.1. There holds, for N > 5 and u € C? (L),

2 2 2/N
f |Au|2dxzif 'V”‘Z' dx+A(-A,2)<“’—N> f |Vuldx. (1.7)
Q 4 )a |x| 1< Q

Inequality (1.7) is optimal in case Q is a ball centered at zero.

Combining Theorem 1.1 with (1.2), we have the following.
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Corollary 1.2. There holds, for N > 5 and u € C{°(L2),

f AuPdx > = f Vul ey N2 2)(“’N>2/Nf LN

o |xf? 4 [®] alx]?
4/N
+A(-4,2) <|Q|> Jguzdx.

Next we consider analogous inequality (1.5). The main result is the following theorem.

(1.8)

Theorem 1.3. Let N > 8 and let Q C RN be such that Q C Bg(0). Then for every u € C3 () one
has

_ 2
I \Aufdx > N vul ;, NN 8)A(—A,2)R‘2f ~dx
4 ) 3P 4 alx|
(1.9)
+A<(—A)2,4>R‘4f wPdx.
Q
Remark 1.4. Since
2 2/N 2
'V”z' dx > (N 4)° f —dx+A( A, 2)(“’N> f “dx, N5, (1.10)
o |x| <2 alx|

inequality (1.5) is implied by (1.9) in case of N > 8.

2. The Proofs

To prove the main results, we first need the following preliminary result.

Lemma 2.1. Let N > 5 and u € CF(RN). Set r = |x|. If u(x) is a radial function, that is, u(x) =
u(r), then

2 2
upde- N[ VM, o v u,|Pdx M 2.1)
4 2
RN RN |x|

BN x|
Proof. Observe that if u(x) = u(r), then

du N-1 du
|Vu| = |u,|, Au = e (2.2)
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Therefore, we have

f |Auldx = f
RN RN

:IR u?,dx + (N - 1) j rdx+2(N 1)j

2

N -1 dx

Upr + — Uy
r

urrur dx (23)

2 d 2
- f w2 dx + (N - 1)2f B e+ (N - 1)J' 1 Q)
RN RN Tz RN dr
Though integration by parts, when n > 3,
d 2 © d 2 2
J' 1 (u’)dx :J' daf N2 (L’)dr . _(N_Z)I % oax, (2.4)
RN r dT‘ SN-1 0 dT RN 1‘2

and hence

N2 \% N 2
I |Auf*dx - f [vul dx = j u?, dx — ( )’ f —d
RN 4 RN |x| RN RN T

(2.5)
[ - N2 f
RN le
O
By Lemma 2.1 and inequality (1.2), we have, when restricted to radial functions,
N? |Vu| wn \ N 2
|Aul*dx - —f > A(-A 2)( ) I |Vul*dax. (2.6)
IQ 4 Jo |x|2 <]

Our next step is to prove the following. If u(x) is not a radial function, inequality (2.6) also
holds.

Let u € C{(L2). If we extend u as zero outside €2, we may consider u € Cf° (RN).
Decomposing u into spherical harmonics we get

u= iuk = ifk(r)d)k(o'), (2.7)
k=0

k=0

where ¢r(o) are the orthonormal eigenfunctions of the Laplace-Beltrami operator with
responding eigenvalues

ck =k(N+k-2), k>0. (2.8)
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The functions fi(r) belong to C5°(2), satisfying fi(r) = O(r¥) and fi(r) = O asr — 0.
In particular, ¢o(0) =1 and uy(r) = (1/|aBr|)JaB,u do, for any r > 0. Then, for any k € N, we

have
s = (Afel) = % 4ur) ) (o).
So

[ Jawfax= [ (an0)-%5 (r))zdx,

IRNIVuk|zdx:f <|ka(r)|2+:—§f£(r))dx'

RN

In addition,

J‘RN|Au|2dx = ;IRN|Auk|2dx = ;IRN (Afk(r) - i—’;fk(r)>2dx,

IRN|Vu|2dx = %IRNWudex = %LRN <|ka(r)|2 + i—’;f,f(r))dx.

Using equality (2.10), we have that (see, e.g., [6, page 452])

j |Au*dx = J- (fl’(’)zdx +(N-1+ ch)j r‘2(f,’<)2dx
RN RN RN
+cx[cx +2(N - 4)]f r fldx,
RN

f |Vu—k|2dx = I |ka—(r)|2dx + Ck @dx.
RN

RN |:)C|2 T2 RN T4

Therefore, we have that, by (2.12),

2 2
f |Auk|2dx-if 'V”’;I dx
RN 4 Jrvo x|

= IRN (fl,cl)zdx - (N;2)2 IRN (f;()zdx

r2

+ Ck [2 (f;‘) dx + <ck— N2_8N+32> <fk)2dx].

r2 4 r

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)
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Lemma 2.2. There holds, for N > 4and k > 1,

(f)" N2-8N+32\ [ (fi)® wn \YN ([ (fo)’
S dx+ | ck — 1 S dx >2A(- A2)<|Q|) IQ " dx.
(2.14)

Proof. Set gk = fi/r. Then g satisfies gc(r) = O(* ') and g, (r) = O(r*2) as r — 0.
Moreover, since fi(r) belong to C5°(£2), we have that

ort

J‘Q(g;()zdx=J‘Q (J;kz) dx -2 Q%dx+f fkd

7\2 2
(]; ’;) dx + (N - 3)I ];—de (2.15)
Q Q

1\ 2 2
(f’;) dx+(N—3)J S dx.
Q r Qr

Here we use the fact when N >4 and k > 1,

fifs Lmdofo oy d(fk)d - (N- 4)I fkd. (2.16)

973

Using inequalities (1.2) and (2.15), we have that, for N >4 and k > 1,

(f)? s <Ck_ N2—8N+32> (fk)

QT'Z 4 Q T4

2 N2 +8 o
:ng(gk) dx+<ck— 1 > Qrzd

(N—2)2J' g,% < >2/NJ' 5 N2 +8 gk
> - —
5 p dx +2A(-A,2) Q) gedx + { cx - 1 rzd

2/N
:—8N+4‘:’<j gkd +2A(-A 2)(%) Jgg,idx

2/N
>WJ gkd N A2)< > fg,zdx
Q
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2/N

>2A(-A 2)<|Q|>2/Nf grdx

ancan(2)”[ YL

(2.17)
O

An immediate consequence of the inequalities (2.13) and Lemma 2.2 is the following
result. For k > 1,

N? \Y
J‘ IAuklzdx——f I ukl
RN 4 RN |x|

ZI (f) dx _WN- Z)I ()’ dx + 2ci A(- Az)(wN>2/N (f)

gy T2 (9] o 2

(2.18)

Using inequalities (2.18) and Lemma 2.1, we have that, since fx(r) € Cy°(L2), for k > 1,

)
> A(=A 2)<|Q|>2/NJ' (f1)dx +2ccA(~A 2)( )Z/N (fk)

> Ao (G )W <f e O dx>

wWN /N 2
= A(-4, 2)< |Q|> IRN|Vuk| dx.

(2.19)

Inequality (2.19) implies that, if u(x) is not a radial function, then

2 2/N
f \AuPdx - N vul’ > A=A 2)( N) f |Vul dx. (2.20)
Q 4 )a |x| (] Q

Proof of Theorem 1.1. Using inequality (2.6) and (2.20), we have that, for N > 5 and u €
Cr(©),

2 2/N
I |AuPdx > Nf 'V”| dx + A(-A 2)(‘@') J |VuPdx. (2.21)
Q
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In case Q is a ball centered at zero, a simple scaling allows to consider the case Q = B;. Set

[ Aufdx — (N?/4) [, (IVul*/|x*)dx
H= inf =2 n > (2.22)
ueCy (Br)\{0} J‘B |Vu| dx

Using Lemma 2.1 and inequality (1.2), we have that H < Hagiat = A(=A,2). On the other
hand, we have, by inequality (2.21), H > A(-A,2). Thus H = A(-A, 2). The proof is complete.

O
Proof of Theorem 1.3. A scaling argument shows that we may assume R = 1 and Q =
B, = B. O
Step 1. Assume u is radial, r = |x| and v(r) = |x|N~9/2y(r), then (see [6, Lemma 2.3])
2 2 2 2
A -
f |AuPdx - ij L j 200 g+ <M -N(N-4)>f T _dx,
B 4 )5 x 5l 4 Bl
(2.23)
and (see [6, (6.4)])
|Avp f 2, o
dx = 7dx+ (N -1)(N - 3) — dx. (2.24)
JB |oc| N4 B x|V x|N?
Therefore
2 2
f |Aufdox - Vil - f i dx+3f o 2dx+N(N S)J
4 B |x? B x| B x| B x|
(2.25)
Since v is radial,
02
f Sdx > A(-4, Z)I —x 4%
B|x| -
02 v? SN v?
L dx+3f — —dx=— v? dx+3— —dx
flel B |x|N 2 24 ) pw 3y ) g |x)?
>
= =N |Araa 4|2 dx (2.26)
2 ) pw

Z
- ZJZ <( Ay’ 4>IB(4)Ude
2

- A<(_A)2,4>Jlelvmdx,
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where = denote the surface area of the unit sphere in R¥, B® is the unit ball in R*, and

o> 30
- 4 2.27
Aracl,4 ar2 + ror ( )
is the radial Laplacian in R*.
Therefore, for N > 8,
\%
J aufdx - N ] uf g
|x|
N(N -8) , 0?
> A=A 2)f X+ A((~A)24 f dx (2.28)
N 4 < > B |x[N

- A(—A,Z)J‘B;?dx + WA((—A)Z,Q J‘Buzdx.

Step 2. For u € C{(B), set

= Sue= S Fpi(o). (2.29)

k=0 k=0

We get, by (2.18),

2 2 92 1\2
I IAuklzdx—iJ‘ IVu,;| dxz,[ (f,'c’)zdx— (N-2) (fe) dx
B 4 )5 x| B

4 B 12

(2.30)
20|V
:j |Afie|dx — —— | f’;l d
B 4 )5 |x
In getting the last equality, we used Lemma 2.1.
Using inequality (1.9) for radial functions from step 1,
J‘ |Auk|2d N |Vuk|
A )p

> A(-A 2)f |f’< dx M f fidx (2.31)

- A(—A,Z)’[B;—lgdx + MNT_S)A«—A)Z,AL)fBuidx,
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one obtains, by (2.11),

N2 f |Vl

|Au)dx — —
IB 4 x|?

dx > A(—A,z)J'Bﬁdx + WA((—A)ZA) J‘Bu2dx (2.32)

which demonstrates inequality (1.9).
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