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1. Introduction

In 1908, Weyl published the well-known Hilbert’s inequality as the following. If
{an}iq, {bu)oy are real sequences, 0 < 350, a2 < coand 0 < 327, b2 < oo, then [1]

1/2
(o) [0} mbn [0} (o)
ZZ;+n<ﬂ<ZaiZbi> : (1.1)

n=1 m=1 n=1 n=1

where the constant factor o is the best possible. In 1925, Hardy gave an extension of (1.1) by
introducing one pair of conjugate exponents (p,q)(1/p+1/g=1)as [2].Ifp > 1, a,, b, 20,
0<>%, a, <ow,and 0 < 3%, b} < oo, then

© ® ap - » Vp /% /q
22 man sin(or /p) <Z aZ> <Z bZ> , (1.2)

n=1 m=1 n=1
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where the constant factor o/ sin(or/p) is the best possible. We named (1.2) Hardy-Hilbert’s
inequality. In 1934, Hardy et al. [3] gave some applications of (1.1)-(1.2) and a basic theorem
with the general kernel (see [3, Theorem 318]).

Theorem A. Suppose that p > 1, 1/p+1/q =1, k(x,y) is a homogeneous function of —1-degree,
and k = [ k(u, 1) u /P du is a positive number. If both k(u, 1)u="/? and k(1,u)u/1 are strictly
decreasing functions for u > 0, a,, b, > 0, 0 < |lal, = (X2, a’fl)l/p < oo, and 0 < ||bll; =
(32, b9 < oo, then one has the following equivalent inequalities:

> k(m, n)amby < kllall,|[bll,, (1.3)

where the constant factors k and k¥ are the best possible.

Ms 1DMs
Ms

P
k(m, n)am> <Kllall, (1.4)

]
—_

n 1

3
I

Note. Hardy did not prove this theorem in [3]. In particular, we find some classical Hilbert-
type inequalities as,

(i) for k(x,y) =1/(x +y) in (1.3), it reduces (1.2),
(ii) for k(x,y) = 1/ max{x, y} in (1.3), it reduces to (see [3, Theorem 341])

© » g % Vr /o 1/q
ZZ—m Tl Pq<Z ”> <§_£b2> , (15)

n=1m=1 n=1

(iii) for k(x,y) = In(x/y)/(x - y) in (1.3), it reduces to (see [3, Theorem 342])

& & ln(m/n)amn T &y w Oob‘i v 1.6
ZZ < [sin(m'/p)] nZ:lan ; ! . (0

n=1 m=1

Hardy also gave some multiple extensions of (1.3) (see [3, Theorem 322]). About
introducing one pair of nonconjugate exponents (p,q) in (1.1), Hardy et al. [3] gave that
ifp,g>1, 1/p+1/9>21, 0<A=2-(1/p+1/q) <1, then

0

) © 1/p / 1/q
> Z <K(p,q) <Z aZ) <Z bZ> . (1.7)
(m+ ) ~

n=1 m=1 n=1

In 1951, Bonsall [4] considered (1.7) in the case of general kernel; in 1991, Mitrinovic et al. [5]
summarized the above results.
In 2001, Yang [6] gave an extension of (1.1) as for 0 < A <4,

1/2

o oo " n )L )L o) - 0 ~
Ty nbn (E,§><§nl N Ab,%) , (18)

n=1 m=1 (m + 1’1)
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where the constant B(1/2,1/2,) is the best possible (B(u, v) is the Beta function). For A =1,
(1.8) reduces to (1.1). And Yang [7] also gave an extension of (1.2) as

© 2 g - Ur( w 1/q
(p-D(A-1) 4P (g-1)(1-1)p,4
nz )Lsm(yr/p) {Zn } {Zn bn} ’ (19)

)L
- m'+n ~

where the constant factor or/Asin(or/p) (0 < A < 2) is the best possible.
In 2004, Yang [8] published the dual form of (1.2) as follows:

1/p 1/q
S N mbn 4
2.2 m+n Sll’l(ﬂ'/P) <Z " > <Z; " 2bZ> ' (110

where 7/ sin(or /p) is the best possible. For p = g = 2, both (1.10) and (1.2) reduce to (1.1). It
means that there are more than two different best extensions of (1.1). In 2005, Yang [9] gave
an extension of (1.8)—(1.10) with two pairs of conjugate exponents (p,q), (r,s) (p,r > 1), and
two parameters a, A > 0 (al < min{r,s}) as

. 1/p . 1/q
R T L

oo} (o)
; D (m“ + n”‘) =1 =1

where the constant factor k,(r) = (1/a)B(L/r,1/s) is the best possible; Krni¢ and Pecari¢
[10] also considered (1.11) in the general homogeneous kernel, but the best possible property
of the constant factor was not proved by [10].

Note. For A =B = a =  =11in [10, inequality (37)], it reduces to the equivalent result of (3.1)
in this paper.

In 2006-2007, some authors also studied the operator expressing of (1.3) and (1.4).

Suppose that k(x, y)(> 0) is a symmetric function with k(y, x) = k(x,y), and ko(p) :=
fg’k(x,y)(x/y)l/r dy (r = p,q; x > 0) is a positive number independent of x. Define an
operator T : I" — I" (r = p,q) as follows. For a,, > 0, a = {an};..; € IF, there exists only
Ta=c = {cn};2, €17, satisfying

(Ta)(n) =cy, := i k(m,n)a,, (neN). (1.12)

m=1

Then the formal inner product of Ta and b are defined as follows:

(Ta,b) = i i k(m,n)ab,. (1.13)
n=1 m=1
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In 2007, Yang [11] proved that if for ¢ > 0 small enough, k(x,v)(x/y)?*/" is strictly
decreasing for y > 0, the integral [;"k(x,y)(x/y) /T dy = k. (p) is also a positive number
independent of x > 0, k.(p) = ko(p) + o(1) (¢ — 0*), and

o) 1 1 m (1+e) /7
> Iok(m/ ) <7> dt=0(1) (¢—0% r=p,q), (1.14)
m=1

then ||T||, = ko(p); in this case, if ap, b, > 0, a = {an};,-; € I’, b = {b,};2; € 14, |lall, >
0, |[blly > 0, then we have two equivalent inequalities as

(Ta,b) <|Tllpllallpllblly; — NTall, <ITlpllall, (1.15)

where the constant factor ||T||, is the best possible. In particular, for k(x, y) being —1-degree
homogeneous, inequalities (1.15) reduce to (1.3)-(1.4) (in the symmetric kernel). Yang [12]
also considered (1.15) in the real space I°.

In this paper, by using the way of weight coefficient and the theory of operators, we
define a new Hilbert-type operator and obtain its norm. As applications, an extended basic
theorem on Hilbert-type inequalities with the decreasing homogeneous kernel of —\-degree
is established; some particular cases are considered.

2. On a New Hilbert-Type Operator and the Norm

If k) (x, y) is a measurable function, satisfying for A, u, x, y > 0, k) (ux,uy) = u ™tk (x, y), then
we call ky (x, y) the homogeneous function of —\-degree.

For kj(x,y) > 0, setting x = uy, we find ky (x, y)(1/x"V") = (1/y"**) k) (u, D)ut/ 1.
Hence, the following two words are equivalent: (a) ky(u,1)u*/""! is decreasing in (0, o0)
and strictly decreasing in a subinterval of (0,0); (b) for any v > 0, ky(x,y)(1/x7/") is
decreasing in x € (0, o0) and strictly decreasing in a subinterval of (0, o). The following two
words are also equivalent: (a)’ k) (1, u)u'/5"1 is decreasing in (0, o) and strictly decreasing in
a subinterval of (0, 00); (b)’ for any x > 0, ky(x, y)(1 /Yy Vo) s decreasing in y € (0, o) and
strictly decreasing in a subinterval of (0, 0o).

Lemma 2.1. If f(x)(> 0) is decreasing in (0, c0) and strictly decreasing in a subinterval of (0, o),
and Iy := [ f(x)dx < oo, then

I = ff(x)dx < i f(n) < Io. (2.1)
n=1

Proof. By the assumption, we find fZ+1 fx)dx < f(n) < jz_l f(x)dx (n € N), and there exists
(ng —1,mn9] C (0,00), such that f(ng) < fzg_l (x)dx. Hence,

oo en+l 0 © n
I = Zf fl)dx <> f(n) < ZI f(x)dx = I. (2.2)
n=1"n n=1 n=1+ n-1
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Lemma22. Ifr>1, 1/r+1/s=1, 1 >0, ki(x,y)(> 0) is a homogeneous function of —\-degree,
and ky(r) = [ ka(u, 1)/ du is a positive number, then (i) [; ki (1, w)u*/s du = ky(r); (ii)
for x,y € (0, 00), setting the weight functions as

0 yA/s 0 x)L/r
wi(r,y) = ka(x,y)mdx, @) (s, x) = ka(x,y)mdy, (2.3)

then wy (r,y) = @i (s, x) = ky(r).

Proof. (i) Setting v = 1/u, by the assumption, we obtain [;’ky(1,u)u/Vdu = [k (v,
oY1 dv = ky(r). (ii) Setting x = yu and y = xu in the integrals w) (r,y) and @) (s, x),
respectively, in view of (i), we still find that w) (1, y) = @y (s, x) = k(7). O

Forp >1, 1/p+1/g =1, we set ¢(x) = xPUTAN71 g(x) = x99 and 1P (x) =
xPY/s71 x € (0, 00). Define the real space as lg = {a= a2 lallyg = (X2 p(m)|aaP )P <

oo}, and then we may also define the spaces IZ, and lZ .

Lemma 2.3. As the assumption of Lemma2.2, for a, > 0, a = {am}mq € lg, setting

cn = D ka(m,n)ay, if ky(u, D™ and ky (1, u)u/s7! are decreasing in (0, c0) and strictly
decreasing in a subinterval of (0, 0), then ¢ = {cp}pey € lzl”’
Proof. By Holder’s inequality [13] and Lemmas 2.1-2.2, we obtain
% m(1-1/r)/q n-1/9/p 117
- mz::l knlm,m) |~ a7y @ || S aa7n s
m(l )L/r)p/q n(1 A/s)q/p]

[Z ki(m,n) T Ns ][Z ki(m, n) — Xr

m(l X/1)p/q

p-1 1-pA p
<w, (rmn? /SZ kk(m,")wam
m=1
o (1-A/r)p/q
-1 ol m
= ki (T)Tll p. /SZ k)l(m’n)Wam’
m=1

1/p (24)

o] 1/P [o'e) [o'e) P
lellpgis = {Z n”“s—lcﬁ} = {Z e [ > ka(m, n)am] }
n=1 n=1 m=1

= m-vmpsa 1P
ka(m/n)wam

m
0 m)t/r aA/7) » 1/p
p(1-A/r)-1
Zl k)‘ (m’ 1’1) nl-A/s m A
n=

<k/(r)

= k,"9(r)

o 1/p
1/ _ _
<k/(r) @) (s, m)ymP1=4/" 1afn} = ky(r)llallyg < oo.
=1

3

Therefore, ¢ = {cy};4 € ZZ - O
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Fora, >0, a={an}m, € P define a Hilbert-type operator T : lg — ZZH’ asTa =c,

[ee]

satisfying ¢ = {cn} 1,

(Ta)(n) :==c, = i ky(m,n)a,, (ne€N). (2.5)
m=1

In view of Lemma 2.3, ¢ € ZZ and then T exists. If there exists M > 0, such that for any

1-p

ae lg, ITall,-» < Mllallp,g, then T is bounded and [|T|| = sup”a“W:l||Ta||p,q,1—p < M. Hence
by (2.4), we find ||T|| < ky(r) and T is bounded.

Theorem 2.4. As the assumption of Lemma 2.3, it follows ||T|| = ky(r).

Proof. For a, by, >0, a = {an}sy €15, b={b,}i2; €12, |lallpp >0, Ibll4 > 0, by Holder’s
inequality [12], we find

(Ta,b) = [;WS“PZ ky(m, n)am] [n~/s*1/Pp,]
n=1 m=1
B ) o 1/ (2.6)
< {Z Pt/ [Z kl(m,n)am] } [1Bllq,g-
n=1 m=1
Then by (2.4), we obtain
(Ta,b) < ka(r)llallpplIbllgy- (2.7)

For 0 < ¢ < min{pA/r, gA/s}, setting a = {En}fle,g = {En},‘f’zl as d, = n/me/p-1 En =
n*/57¢/4-1 for n € N, if there exists a constant 0 < k < k, (), such that (2.7) is still valid when
we replace k) (r) by k, then by Lemma 2.1,

~ ~ ~ - 1 <1
£(Ta,b) < ek||ally¢llbllgy = €k <1 + E F> <ek (1 + j e dy> =k(e+1), (2.8)
n=2 1

n=1LLm=1

e(Ta, E) = SZ [Z k, (m,n)m)t/r—lm—s/]ﬂ:l M/s-e/q-1

2 62 U ky(x,m)x/ /P71 dx] n/s-e/a-1
n=1L/1 (2 9)

o[ o
— ‘EJ‘ [ka(x,n)n)‘/sg/ql] x)»/r—g/pfl dx

1 |n=1

> gj‘ [I k/\(x, y)y)L/s—E/q—lx)L/r—E/P—l d]/] dx.
1 1
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In view of (2.8) and (2.9), setting u = x/y, by Fubini’s theorem [13], it follows
k(e +1)>¢ f x-1-€<f ke (u, 1)ut/ e/ a1 du)dx
1 0

1 o x
= J- ki(u, 1)11’1/”5/'171 du + 5[ x e <J‘ ky (1, 1)uz\/r+s/q—1 du) dx

0 1 1

1 (2.10)
= I ky(u, 1)u)‘/r+‘g/q_1 du + EI <’[ x 1€ dx> ky(u, 1)uA/r+s/q—1 du

0 1 u

1 o
= f k)l(u,l)u)»/r+e/q—1 du +f kl(u,l)u*/r"”p‘l du.
0 1

Setting ¢ — 07 in the above inequality, by Fatou’s lemma [14], we find

1 o
k> lim U fey (u, 1)u/m+e/a71 dy +f ky (u, 1)u/7=¢/P1 dy
0 1

£—0*

1 o)
2,[ lim ky (1, 1)u/ /071 dyy + f lim ky(u, V)ut/ /P dy (2.11)
0€—0* 1 €—0*

1 o)
= j ko (u, DM du +J ko (u, D™ du = ky (r).
0 1

Hence k = k) (r) is the best value of (2.7). We conform that k, (r) is the best value of (2.4).
Otherwise, we can get a contradiction by (2.6) that the constant factor in (2.7) is not the best
possible. It follows that || T|| = ky(r). O

3. An Extended Basic Theorem on Hilbert-Type Inequalities

Still setting ¢(x) = xP14/11 gs(x) = x70-4/971 1P (x) = xPV/571, x € (0,0), and lg ={a=

{antoy lallpg = { X <])(n)|an|”}l/p < oo}, we have the following theorem.

Theorem 3.1. Suppose that p,r > 1, 1/p+1/q =1, 1/r+1/s =1, A > 0, ka(x,y)(> 0)
is a homogeneous function of —\-degree, ky(r) = [ ki(u,1)u*/""V du is a positive number, both
Ky (w, VuM™1 and ky (1, u)u/s1 are decreasing in (0, 00) and strictly decreasing in a subinterval of
(0,00). If an, by 20, a={ay}i2y €, b={by}i2y €1, llallp >0, Ibllgy > O, then one has the
equivalent inequalities as

(Ta,b) = >° > ky(m,n)amby < ki(r)|lallppllbllgq, 3.1)
n=1 m=1
0 ®© P
||T‘1||§,q,1,p = ;:; Ve <mZ_1 kl(m,n)am> < kf(r)”“”i@’ (3.2)

where the constant factors k) (r) and k’; (r) are the best possible.
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Proof. In view of (2.7) and (2.4), we have (3.1) and (3.2). Based on Theorem 2.4, it follows that
the constant factors in (3.1) and (3.2) are the best possible.

If (3.2) is valid, then by (2.6), we have (3.1). Suppose that (3.1) is valid. By (2.4),
”Ta”;wl”’ < oo. If ”Ta”;(/ﬂ”“ = 0, then (3.2) is naturally valid; if ||Ta||Z, > 0, setting

b, = nPYs (T kA(m,n)am)pfl, then 0 < ||b||Z,q, = ||Ta||Z v < 0 By (3.1), we obtain

¢ P

IBllgy = ITall} ., = (Ta,b) < ky(r)lallpgllblgy
(3.3)
1Bl3y = I Tallyyr < ka(r)l|allpg,
and we have (3.2). Hence (3.1) and (3.2) are equivalent. O

Remark 3.2. (a) ForA =1, s=p, r =g, (3.1) and (3.2) reduce, respectively, to (1.6) and (1.7).
Hence, Theorem 3.1 is an extension of Theorem A.

(b) Replacing the condition “k, (u, 1)u*/"' and ky (1, u)u*/*"! are decreasing in (0, o)
and strictly decreasing in a subinterval of (0,00)” by “for 0 < A < min{r,s}, ky(u,1)

and k) (1, u) are decreasing in (0, o0) and strictly decreasing in a subinterval of (0,0),” the
theorem is still valid. Then in particular,

(i) for kpy(x,y) =1/ (x* + y"‘))L (a, A >0, al < min{r,s}) in (3.1), we find

o al/r-1 o o A/r-1
ko (7) = f A - 1j Y dv-= 13<f, f), (3.4)

0o (ur+1)t alo s+t @ \r's

and then it deduces to (1.11);
(ii) for ky(x,y) = (1/ max{x*,y*}) (0 < A < min{r, s}) in (3.1), we find

e 1 rs
K(r) = At gy = T8 35
(") ,[0 max{u",l}u ) (3:5)

and then it deduces to the best extension of (1.5) as
[0} (o)

Z Z Zlall gl1blly: (3.6)

p— (max m,n})

(iii) for ky(x,y) = (In(x/y)/(x* = y*)) (0 < A < min{r,s}) in (3.1), we find [3]

(T Inu [ ]
faln = .[o w1 du = Asin(r/r)] 7 (3.7)
and (Inu/(u* — 1))’ <0, and then it deduces to the best extension of (1.6) as
< < ln(m/n ambn Jr 2
3 5, PO < |ty Nl 69

n=
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