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monotonicity of wy,w, in r. As applications, we establish the boundedness of some Schrodinger
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to the reverse Holder class. As an another application, we prove the boundedness of various
operators on generalized Morrey spaces which are estimated by Riesz potentials.
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1. Introduction

For x € R" and r > 0, let B(x, r) denote the open ball centered at x of radius r and G B(x,7)
denote its complement.

Let f € LllOC (R™). The maximal operator M, fractional maximal operator M,, and the
Riesz potential I, are defined by

M (x) = sup|B(x, t>|*1f £ (y)|dy,
t>0 B(x,t)

M f(x) = suplB(x, " | @)y, osas<n,
B(x,t

>0
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f(y)dy

|n—a’

O<a<mn,

Lfx) = |

R |X =Y

(1.1)

where |B(x, t)| is the Lebesgue measure of the ball B(x, t).

Let T be a singular integral Calderon-Zygmund operator, briefly a Calderon-Zygmund
operator, that is, a linear operator bounded from L,(R") in L,(R") taking all infinitely
continuously differentiable functions f with compact support to the functions Tf € LI°°(R")
represented by

Tf(x)= IR"K(x,y)f(y)dy a.e.on supp f. (1.2)

Here K(x,y) is a continuous function away from the diagonal which satisfies the standard
estimates; there exist ¢; > 0 and 0 < € < 1 such that

|K(x,y)| <alx-y|™ (1.3)

forall x,y € R*, x#y, and

K- K@l 1) -k <a(E) o™, 0

|~y

whenever 2|x — x'| < |x — y|. Such operators were introduced in [1].

The operators M = My, My, I, and T play an important role in real and harmonic
analysis and applications (see, e.g., [2, 3]).

Generalized Morrey spaces of such a kind were studied in [4-20]. In the present work,
we study the boundedness of maximal operator M and Calderén-Zygmund singular integral
operators T from one generalized Morrey space M, ., to another M, ,, 1 <p < oo, and from
the space M, to the weak space W_,,. Also we study the boundedness of fractional
maximal operator M, and Riesz potential operators M, from My, to My, 1 <p <q< oo,
and from the space M, to the weak space W M ,,, 1 < g < co.

As applications, we establish the boundedness of some Schodinger type operators on
generalized Morrey spaces related to certain nonnegative potentials belonging to the reverse
Holder class. As an another application, we prove the boundedness of various operators on
generalized Morrey spaces which are estimated by Riesz potentials.

2. Morrey Spaces

In the study of local properties of solutions to of partial differential equations, together with
weighted Lebesgue spaces, Morrey spaces M, \(R") play an important role; see [21, 22].
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Introduced by Morrey [23] in 1938, they are defined by the norm

”f”./np,) = it’g%r_l/p”f”Lp(B(x,r))’ (2.1)

where0 <A <n,1<p<oo.
We also denote by W_,,, the weak Morrey space of all functions f € WL;,"C(R") for
which

”f”W./’lp,,\ = ”f”W./’lp,,x(R") = xe(?Rl"l})r r_)L/P”fHWLP(B(x,r)) < o, (22)

>0

where WL, denotes the weak L,-space.
Chiarenza and Frasca [24] studied the boundedness of the maximal operator M in
these spaces. Their results can be summarized as follows.

Theorem 2.1. Let 1 <p < coand 0 < A < n. Then for p > 1 the operator M is bounded in My, and
forp =1 M is bounded from My to W M ).

The classical result by Hardy-Littlewood-Sobolev states that if 1 < p < g < oo, then I,
is bounded from L,(R") to L;(R") if and only if a = n(1/p-1/g) and forp =1 < g < oo, I,
is bounded from L;(R") to WL,(R") if and only if « = n(1 - 1/q). S. Spanne (published by
Peetre [25]) and Adams [26] studied boundedness of the Riesz potential in Morrey spaces.
Their results can be summarized as follows.

Theorem 2.2 (Spanne, but published by Peetre [25]). LetO<a <n,1<p <n/a,0< A <n-ap.
Set1/p-1/q=a/nand A/p = u/q. Then there exists a constant C > 0 independent of f such

a1 n,, < ClIfILa,, (2.3)

for every f € My ).

Theorem 2.3 (Adams [26]). Let0 < a <n, 1 <p<n/a,0<A<n-ap,and1/p-1/q =
a/(n—\). Then there exists a constant C > 0 independent of f such

e Wl n,, < UL, (2.4)

for every f € My ).

Recall that, for 0 < a < n,
M., f(x) < 02" (| f]) (), (2.5)

hence Theorems 2.2 and 2.3 also imply boundedness of the fractional maximal operator M,,
where v,, is the volume of the unit ball in R”.

The classical result for Calderon-Zygmund operators states that if 1 < p < oo then T
is bounded from L,(R") to L,(R"), and if p = 1 then T is bounded from L;(R") to WL;(R")

(see, e.g., [2]).
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Fazio and Ragusa [27] studied the boundedness of the Calderén-Zygmund singular
integral operators in Morrey spaces, and their results imply the following statement for
Calderén-Zygmund operators T.

Theorem 2.4. Let 1 <p < o0, 0 <A <n. Then for 1 < p < oo Calderén-Zygmund singular integral
operator T is bounded in My, and for p =1 T is bounded from My, to W M .

Note that in the case of the classical Calderén-Zygmund singular integral operators
Theorem 2.4 was proved by Peetre [25]. If A = 0, the statement of Theorem 2.4 reduces to the
aforementioned result for L, (R").

3. Generalized Morrey Spaces

Everywhere in the sequel the functions w(x, r), w1 (x,r) and wy(x,r), used in the body of the
paper are nonnegative measurable function on R" x (0, o).
We find it convenient to define the generalized Morrey spaces in the form as follows.

Definition 3.1. Let 1 < p < oo. The generalized Morrey space M, (R") is defined of all
functions f € L;°(R") by the finite norm

/e
”f“/np,w = sup —”f”L,,(B(x,r))' (3.1)

xeR",r>0 w (xr 1’)

According to this deﬁnition, we recover the Space ﬂp,)L (Rn) under the choice w(x, 1) =
(A-n)/p.
T :

ﬂp,/\ (Rn) = ﬂp,w(Rn) |w(x,r)=r“’")/?" (32)

In [4, 5, 17, 18] there were obtained sufficient conditions on weights cw; and w- for the
boundedness of the singular operator T from M, ., (R") to M, ., (R"). In [18] the following
condition was imposed on w(x, r):

crw(x,r) <w(x,t) <cw(x,r), (3.3)

whenever r < t < 2r, where ¢(> 1) does not depend on t,7 and x € R", jointly with the
condition

Imw(x, t)p? <Cw(x, 1), (3.4)

r

for the maximal or singular operator and the condition

f tPw(x, t)p? <Cr%w(x,r)? (3.5)

r
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for potential and fractional maximal operators, where C(> 0) does not depend on r and x €
R".

Note that integral conditions of type (3.4) after the paper [28] of 1956 are often referred
to as Bary-Stechkin or Zygmund-Bary-Stechkin conditions; see also [29]. The classes of almost
monotonic functions satisfying such integral conditions were later studied in a number of
papers, see [30-32] and references therein, where the characterization of integral inequalities
of such a kind was given in terms of certain lower and upper indices known as Matuszewska-
Orlicz indices. Note that in the cited papers the integral inequalities were studied as r — 0.
Such inequalities are also of interest when they allow to impose different conditions as 7 — 0
and r — oo; such a case was dealt with in [33, 34].

In [18] the following statements were proved.

Theorem 3.2 ([18]). Let 1 < p < oo and w(x, r) satisfy conditions (3.3)-(3.4). Then for p > 1 the
operators M and T are bounded in My, (R") and for p =1 M and T are bounded from M, (R") to
W./nl,w (Rn)~

Theorem 3.3 ([18]). Let1 <p <oo,0<a < (n/p),1/q=1/p-a/nand w(x,t) satisfy conditions
(3.3) and (3.5). Then for p > 1 the operators M, and 1, are bounded from My, (R") to My, (R™)
and for p = 1 My and I, are bounded from My, (R") to W Mg, (R™).

4. The Maximal Operator in the Spaces ., (R")
Theorem 4.1. Let 1 < p < oo and f € Ly*(R™). Then for p > 1
n . -n/p-1
”Mf“L,,(B(x,t)) <Ct /pft rp ”f”L,,(B(x,r))dr’ (4.1)

and forp =1
-
||Mf||WL1(B(x,t)) < Cth‘t r ||f||L1(B(x,r))dr’ (4.2)
where C does not depend on f, x € R" and t > 0.

Proof. Let 1 < p < oo. We represent f as
f=h+fr AW =f@xsen@), f£y)=f@)xesuny), >0, (43)
and have
IMFNL, e < IMFlL s + IMF2lL 60 (4.4)
By boundedness of the operator M in L,(R"), 1 < p < co we obtain

”MflllL,,(B(x,t)) S ”Mfl“Lp(R”) S C”fl“L,,(Rn) = C”f”L,,(B(x,zt))f (4.5)
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where C does not depend on f. From (4.5) we have

[e'e]
”Mfl”LP(B(x,t)) < Ct”/PIZtr‘”/P‘l||f||LP(B(x,r))dr

oo}
< Ct"/pft ro/et ”f”Lp(B(x,r))dr

(4.6)

easily obtained from the fact that || f||, (1)) is nondecreasing in t, so that || fll (g1, on the
right-hand side of (4.5) is dominated by the right-hand side of (4.6).

To estimate M f,, we first prove the following auxiliary inequality:

o * —(n/p)-1
ch(x,t)lx—yI If(y)ldyscjt SODf, s, 0<t<co.

To this end, we choose 8 > n/p and proceed as follows:

J‘C Ix_yl_n|f(y)|dysﬂfc |x—y|_"+p|f(y)|dyf S*ﬂflds
B(xt) Blxp) |x_y|

For z € B(x,t) we get

Then by (4.7)

:ﬁj s‘ﬂ‘ldsf
t {yeR”:t§|x7y|§s}
<C T —y| ™
< ts ”f”L,,(B(x,s)) lx - y| ”
Mf,(z) = sup|B(z, r)|-1f |f2(v)|dy
>0 B(z,r)
SCsupf c ly = z"1f () |dy
r>2tJ (7 B(x,2t))NB(z,r)
ngupf . =y "1f () |dy
r>2tJ (7 B(x,2t))NB(z,r)

<cfy -yl IFW)ldy.
B(x2t)

M) < €[ S s

o]
< CL s‘”/p_l||f||L,,(B<x,s))dS’

lx = y| "\ £ ()| dy

Ly (B(x,s))

(4.7)

(4.8)

(4.9)

(4.10)
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where C does not depend on x, . Thus, the function M f,(z), with fixed x and ¢, is dominated
by the expression not depending on z. Then

o
t

”MfZ”L,,(B(x,t)) S CI S_n/p_lnflle(B(x,s))ds Iz, (Bxs)- (4.11)

Since ”1||LP(B(x,t)) = Ct"/?, we then obtain (4.1) from (4.6) and (4.11).
Let p = 1. It is obvious that for any ball B = B(x, r)

”Mf“WLl(B(x,t)) < ||Mf1”WL1(B(x,t)) + ”Mf2"WL1(B(x,t))' (4.12)
By boundedness of the operator M from L;(R") to WL;(R") we have
||Mf1||WL1(B(x,t)) < C”f”Ll(B(x,Zt))’ (4.13)

where C does not depend on x, t.
Note that inequality (4.11) also true in the case p = 1. Then by (4.11), we get inequality
(4.2). O

Theorem 4.2. Let 1 < p < oo and the function wi(x,r) and w;(x, 1) satisfy the condition

[CwnT <cuwn, @14)
t

where C does not depend on x and t. Then for p > 1 the maximal operator M is bounded from
My, (R") to M, 0, (R™) and for p = 1M is bounded from My ., (R™) to W My ., (R™).

Proof. Let1 <p <o and f € My, (R"). By Theorem 4.1 we obtain

_ =l —n/
||Mf||/np,wz - xe%‘:iowz (x, t)t™" p”Mf“L,,(B(x,t))

. (4.15)
<C sup wgl(x,t)f T_"/p_l”f”L,,(B(x,r))dr'
xeR”, >0 t
Hence
1 ® dr
Wil <l sip L [uen®
|| f”-/nPMZ ||f||ﬂp,w1xeRnB>OwZ(x,t) t 1( ) r (416)

<Clifl,,.

by (4.14), which completes the proof for 1 < p < co.
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Letp =1and f € My, (R"). By Theorem 4.1 we obtain

”]VIf”me2 = xeiljpbowz_l (x, t)t_n”Mf”WLl(B(x,t))

- (4.17)
<C sup w,'(x, t)f r! ||f||L1(B(x,r))dr.
xeR”, >0 t
Hence

1 e dr

M <C o su —Iw X, 1r)—
” f”W/nl,w2 ”f”/hlw1 (R )xe]R”,P:>0w2(x/ nJ, 1(x, 1) ; @18)

<Clifl,.

by (4.14), which completes the proof for p = 1. O

Remark 4.3. Note that Theorems 4.1 and 4.2 were proved in [4] (see also [5]). Theorem 4.2 do
not impose the pointwise doubling conditions (3.3) and (3.4). In the case w1 (x,7) = wa(x,7) =
w(x, 1), Theorem 4.2 is containing the results of Theorem 3.2.

5. Riesz Potential Operator in the Spaces_#, ., (R")
5.1. Spanne Type Result

Theorem 5.1. Let 1 <p<oo,0<a<n/p,1/g=1/p—a/n,and f € L;,OC(R"). Then forp > 1
]
e e < €2 1)
and forp =1

oo}
”Iﬂf”WLq(B(x,t)) < Ctn/qjt rin/qil”f“L](B(x,r))dr’ (5.2)

where C does not depend on f, x € R" and t > 0.

Proof. As in the proof of Theorem 4.1, we represent function f in form (4.3) and have
Lof (x) = Iof1(x) + Ia f2(x). (5.3)

Letl<p<oo,0<a<n/p, 1/q=1/p—-a/n. By boundedness of the operator I, from
L,(R") to Ly(R™) we obtain

”IaflnLq(B(x,t)) < ”I"‘fl”Lq(]R")

< C”fl”L,,(Rn) = CllfllL,Bx2t)-

(5.4)
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Then
”I"‘fl”Lq(B(x,t)) < C”f”Lp(B(x,Zt))’ (5.5)

where the constant C is independent of f.
Taking into account that

oo
”f”L,,(B(x,zt)) < Ctn/qIZtr_n/q_l”f”Lp(B(x,r))dr' (5.6)
we get
o]
Mol sy < Ct"/qutr‘"/q‘l T2 P—— (5.7)

When |x —z| <t, |z—-y| > 2t, we have (1/2)|z-y| < |[x—y| £ (3/2)|z - y|, and therefore

1, < f z—y|*" d
I f2||Lq(B(x,t)) ‘ GB(x,Zt)l y|" " fy)dy

Ly(B(x,t))

(5.8)
o P T oL
We choose ff > n/q and obtain
fogntemd V= el ([ e )ay
f (] e )l Jas
2t {yeRm:24<|x—y|<s) (5.9)
o T P [
<C[ S Al gt
Therefore
||I“f2“Lq(B(x,t)) < Ctn/qus_n/q_l”f”L,,(B(x,s))de (5.10)

which together with (5.7) yields (5.1).
Let p = 1. It is obvious that for any ball B = B(x, r)

”IafHWLl(B(x,t)) < ”I“f1"WL1(B(x,t)) + ||Iaf2||WL1(B(x,t))' (5.11)
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By boundedness of the operator I, from L;(R") to WL, (R") we have

I afillwr, sy < C”f”Lq(B(x,Zt))’ (5.12)

where C does not depend on x, t.
Note that inequality (5.10) also true in the case p = 1. Then by (5.10), we get inequality
(5.2). O

Theorem 5.2. Let 1 < p < 00,0 < a < n/p,1/q9 = 1/p — a/n and the functions ws (x,r) and
ws (x, 1) fulfill the condition

f t“wl(x,t)# < C wa(x,r), (5.13)

r

where C does not depend on x and r. Then for p > 1 the operators M, and I, are bounded from
My, (R™) to My, (R™) and for p =1 M, and I, are bounded from My ., (R™) to W My, (R).

Proof. Let1 <p <o and f € M, (R"). By Theorem 5.1 we obtain

1 . -n/q-1
el <€ sp s | P Al
p (5.14)
1 ” r
<C su —J‘ r*wi(x,r)—
1 la,., s o), TS
by (5.13), which completes the proof for 1 < p < cc.
Letp =1and f € My, (R"). By Theorem 5.1 we obtain
el = 550 5" G N v,
o (5.15)
= Cxei{ljpbowil . t)J‘t ri(n/q)il”f”Ll(B(x,r))dr'
Hence
1 e dr
I < - @ -
” af”W—/”fwz - C”f”-/n“"l(Rn)xelej,I:;Owﬂx/ t) It ’ wl(x,r) r
(5.16)
<Cllfllp,
by (5.13), which completes the proof for p = 1. O

Remark 5.3. Note that Theorems 5.1 and 5.2 were proved in [4] (see also [5]). Theorem 5.2 do
not impose the pointwise doubling condition, (3.3) and (3.5). In the case wi (x, 1) = wy(x, 1) =
w(x,r), Theorem 5.2 is containing the results of Theorem 3.3.
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5.2, Adams Type Result

Theorem 5.4. Let 1 <p < oo, 0 <a <n/p,and f € L*(R"). Then

|1af ()] < C#* Mf(x) + Cf L ] P 2 (5.17)
t

where C does not depend on f, x, and t.

Proof. As in the proof of Theorem 4.1, we represent function f in form (4.3) and have
Iaf(x) :qul(x) +Iaf2(x)' (518)

For I, f1(x), following Hedberg's trick (see for instance [2], page 354), we obtain |I, f1(x)| <
Ci1t*Mf (x). For I, f>(x) we have

Iy < -y|*" d
efrl < fo oyl If Iy

< Cfc |f () Idy_[ rldr
B(x2t) lx=yl

) a-n—1
CLt <Lt<|xy|<r |f(y) |dy> r dr

[ee]
Cft ra_n/p_l”f”Lp(B(x,r))dT’

(5.19)

IN

IN

which proves (5.17). O

Theorem 5.5. Let1 <p < 00,0 < a < n/pand let w(x,t) satisfy condition (4.14) and the conditions
a * a dr r/q
tw(x,t)+ | r w(x,r)T < Cw(x, t)P’1, (5.20)
t

where q > p and C does not depend on x € R™ and t > 0. Suppose also that for almost every x € R",
the function w(x, r) fulfills the condition

there exist an a = a(x) > 0 such that w(x,-) : [0,00] — [a, o) is surjective. (5.21)

Then for p > 1 the operators M, and 1, are bounded from My, .,(R™) to M, pa(R") and for p =1 the
operators My and 1, are bounded from My ,(R") to W Mg /4 (R™).

Proof. In view of the well-known pointwise estimate M, f (x) < C(I4|f])(x), it suffices to treat
only the case of the operator I,.
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Letl<p<owand f € M,,(R"). By Theorem 5.4 we get
124 “ a dt
L ()] < Cr* MfG) +ClIflL . I Feolx, ). (5.22)

From (5.20) we have r*w(x,r ) < Cw(x, )P/, Making also use of condition (5.20), we obtain

|[Lef ()| < Co(x, P70 Mf(x) + Cw (e, 1) T || f| .- (5.23)

Since w(x, r) is surjective, we can choose r > 0 so that w(x, r) = Mf(x) ”f”;;,,w(R")' assuming
that f is not identical 0. Hence, for every x € R", we have

|Taf ()] < COMFE) T (|15 (5.24)

Hence the statement of the theorem follows in view of the boundedness of the maximal
operator M in M, ., (R") provided by Theorem 4.2 in virtue of condition (4.14)

_ -p/q4-n/
e fll, ., = xei%t'l,pbo‘U(x' DN L f | ey
— / _ _ /
<C| f||;liwq sup w(x, t) P9 M f||’ngB(xlt)) (5.25)
xeR”, >0
<Cflla.

ifl<p<g<owand

||Illf||W_/}lqlw1/q = xe%tlptw‘U(x’ t)—l/qt’n/q“Ivcf”WLq(B(x,t))

1-(1/ - -n 1/
<AL sup wOoty M gy 520
x€eR", >0
<C|flla,,
ifp=1<g<oon. O
6. Singular Operators in the Spaces ., (R")
Theorem 6.1. Let 1 < p < oo and f € Ly*(R™). Then for p > 1
”Tf”Lp(B(x,t)) S Ct”/pjt r_n/p_l”f”Lp(B(x,r))dr’ (6.1)
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and forp =1
*
||Tf||WL1(B(x,t)) < Ct"L r ”f“Ll(B(x,r))dr’ (6.2)

where C does not depend on f, x € R" and t > 0.

Proof. Let 1 < p < oo. We represent function f as in (4.3) and have
IITf”Lp(B(x,t)) < ”Tfl”Lp(B(x,t)) + ”sz“Lp(B(x,t))' (6.3)

By boundedness of the operator T in L,(R"), 1 < p < co we obtain ||Tf1||Lp(B(x/t)) <
”Tfl”Lp(]Rn) < C”fl“Lp(Rn)/ so that

”Tfl”Lp(B(x,t)) S C”f”L,,(B(x,zt))' (6.4)

Taking into account the inequality

oo}
”f”Lp(B(x,t)) < Ctn/pfztr_n/p_l”f”L,,(B(x,r))dr' (6.5)
we get
(o)
”Tfl”Lp(B(x,t)) = Ctn/pIZtr_n/p_l”f“L,,(B(x,r))d’" (6.6)

To estimate ||T f>|| L, (B(x,) We observe that

|f(y)|dy

|Tf2(2)] SCJ‘E =,
B2t |y -z

6.7)

where z € B(x,t) and the inequalities |[x — z| < t, [z —y| > 2t imply (1/2)|z-y| < |[x — y| <
(3/2)|z — y|, and therefore

I 2l <€, PO eyl e 69

Hence by inequality (4.7), we get
”TfZHLp(B(x,t)) = Ctn/pIZtrn/pl ”f"L,,(B(x,r))dr' (6.9)

From (6.6) and (6.9) we arrive at (6.1).
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Let p = 1. It is obvious that for any ball B(x,r)
”TfllWL] (Bxp) < ||Tfl||WL1 B T ”TfZHWL] (B(x,t)" (6.10)
By boundedness of the operator T from L; (R") to WL;(R") we have

T fillwr, e < CIFIL, B (6.11)

where C does not depend on x, t.
Note that inequality (6.9) also true in the case p = 1. Then by (4.11), we get inequality
(6.2). O

Theorem 6.2. Let 1 < p < oo and wi(x,t) and wy(x,r) fulfill condition (4.14). Then for p > 1
the singular integral operator T is bounded from the space M ., (R") to the space My, (R™) and for
p =1 T is bounded from My, (R") to W_My 4, (R™).

Proof. Let1 <p <o and f € My, (R"). By Theorem 6.1 we obtain

_ -1 -n/
TS| s, = xeialj})»owz O PIT L sy

. (6.12)
S Cﬁ%‘jl’»()w;(xr t)J‘t r P f ”L,,(B(x,r))dr’
Hence
1 e dr
T <C su —j wi(x,r)—
7L, <CU ., 560 s ot .
< ClIf 1l s,
by (4.14), which completes the proof for 1 < p < co.
Letp =1and f € My, (R"). By Theorem 6.1 we obtain
”Tf”W/an2 = sup w;l(x, t)t_n”Tf”WLl(B(x,t))
xeR”, >0
(6.14)

<C sup @i R V2

x€eR?, >0
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Hence
1 e dr
T <C . Su —’[ wi(x,r)—
” f”wmw2 ”f”/nl/w1 (R )xeRnH>0w2(xl nJ, 1(x, 1) " 615)
<Clifll,.
by (4.14), which completes the proof for p = 1. O

Remark 6.3. Note that Theorems 6.1 and 6.2 were proved in [4] (see also [5]). Theorem 6.2
does not impose the pointwise doubling conditions (3.3) and (3.4). In the case wi(x,r) =
wo(x,r) = w(x,r), Theorem 6.2 is containing the results of Theorem 3.2.

7. The Generalized Morrey Estimates for
the Operators V' (-A + V)? and VIV(-A + V)7

In this section we consider the Schrodinger operator —A + V on R”, where the nonnegative
potential V belongs to the reverse Holder class B, (R") for some q; > n. The generalized
Morrey M, ., (R") estimates for the operators V1 (-A + V)_ﬁ and V'V (=A + V)7 are obtained.

The investigation of Schrodinger operators on the Euclidean space R” with nonnega-
tive potentials which belong to the reverse Holder class has attracted attention of a number
of authors (cf. [35-37]). Shen [36] studied the Schrodinger operator —A + V, assuming the
nonnegative potential V belongs to the reverse Holder class B,;(R") for g > n/2 and he
proved the L, boundedness of the operators (—A + VY, V2(-A+ V), V(-A + V)_l/z, and
V(-A + V)™!. Kurata and Sugano generalized Shens results to uniformly elliptic operators
in [38]. Sugano [39] also extended some results of Shen to the operator VV(-A + V)fﬂ ,
0<y<p<l,and VIV(-A+V)?,0<y<1/2<p<1landp-y > 1/2 Later, Lu [40]
and Li [41] investigated the Schrodinger operators in a more general setting.

We investigate the generalized Morrey M, ., - M., boundedness of the operators

T, =V'(-A+V)?, 0<y<p<l,
1 1 (7.1)
L=VIVEA+V)F, 0<y<s <Pl poy> s

Note that the operators V(-A + V) and VY2V (-A + V) ! in [41] are the special case of T}
and T, respectively.

It is worth pointing out that we need to establish pointwise estimates for Ty, T, and
their adjoint operators by using the estimates of fundamental solution for the Schrodinger
operator on R" in [41]. And we prove the generalized Morrey estimates by using M, ., — Mg,
boundedness of the fractional maximal operators.
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Let V > 0. Wesay V € B, if there exists a constant C > 0 such that
C
VI, @B < 3| Vx)dx (7.2)
|BlJ 5

holds for every ball B in R” (see [41]).
The following are two pointwise estimates for T; and T, which are proven in [37,
Lemma 3.2] with the potential V € B.,.

Theorem B. Suppose V € By, and 0 <y < p < 1. Then there exists a constant C > 0 such that
ITf(x)] <CM.f(x), feCT®Y, (73)

where a =2(f - y).
Theorem C. Suppose V € B,,, 0 <y <1/2< < 1and -y >1/2. Then there exists a constant
C > 0 such that

|Tf (x)| < CMaf(x), fe€CFR"), (7.4)

where a =2(f—-y) - 1.
The previous theorems will yield the generalized Morrey estimates for T; and T».

Corollary 7.1. AssumethatV € B,,,and0 <y < <1 Let1<p<q<oo,2(p-y) =n(l/p-1/9q),
and condition (5.13) be satisfied for a« = 2(p — y). Then for p > 1 the operator Ty is bounded from
My, (R™) to My, (R™) and for p = 1 Ty is bounded from My, (R") to W My, (R™).

Corollary 7.2. Assume that V € B,,, 0 <y <1/2<p<1,and -y >1/2. Let 1 <p < g < oo,
2(p-y)-1=n(1/p-1/q), and condition (5.13) be satisfied for a« = 2(f—y) — 1. Then for p > 1 the
operator T is bounded from My, (R") to My, (R™) and for p = 1 T, is bounded from M, (R") to
W M g0, (R™).

8. Some Applications

The theorems of Section 2 can be applied to various operators which are estimated from above
by Riesz potentials. We give some examples.

Suppose that L is a linear operator on L, which generates an analytic semigroup e~
with the kernel p;(x, y) satisfying a Gaussian upper bound, that is,
c1 2
pe(x,y)| < e er|e-y["/8) (8.1)

for x,y € R" and all f > 0, where ¢y, c; > 0 are independent of x, i, and ¢.
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For 0 < a < n, the fractional powers L™%/2 of the operator L are defined by

1

-a/ _
L2 f(x) = %)

% d
JO e 't f(x)t_a%. (8.2)

Note that if L = —A is the Laplacian on R", then L~%/2 ig the Riesz potential I,. See, for
example, [2, Chapter 5].

Theorem 8.1. Let 0 < a <n, 1 <p <q < oo, a/n =1/p—-1/q and conditions (5.13), (8.1)
are satisfied. Then for p > 1 the operator L™/? is bounded from My ., (R") to Mg, (R™) and for
p = 1L™*/% is bounded from My ., (R") to W My, (R™).

Proof. Since the semigroup e ' has the kernel p;(x,y) which satisfies condition (8.1), it
follows that

|L‘”‘/2 f(x)| < CL|f](x) (8.3)
for all x € R", where C > 0 is independent of x (see [42]). Hence by Theorem 5.2 we have

1L < CUIlFllLe,, <ClFlLg, . ifp>1,

a . (8.4)
122l < Il <CHF e, P =1,

where the constant C > 0 is independent of f. O

Property (8.1) is satisfied for large classes of differential operators. We mention two of
them.

(a) Consider a magnetic potential @, that is, a real-valued vector potential @ =
(a1, ay,...,a,), and an electric potential V. We assume that for any k = 1,2,...,n, ax € le"c
and 0 < V € L. The operator L, which is given by

L=-(V-id)*+V(x), (8.5)

is called the magnetic Schrodinger operator.
By the well-known diamagnetic inequality (see [43], Theorem2.3) we have the
following pointwise estimate. For any ¢ > 0 and f € Lo,

e f| < e 11, (8.6)

which implies that the semigroup e~** has the kernel p;(x, y) which satisfies upper bound
(8.1).

(b) Let A = ((aij(x))lsi/jgn be an n x n matrix with complex-valued entries a;; € Lo,
satisfying

Re > aij(x)§ig; = Ml (8.7)

ij=1
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forall x e R",{ = (¢1,62, ..., 6n) € C" and some A > 0. Consider the divergence form operator
Lf =-div(AVf), (8.8)

which is interpreted in the usual weak sense via the appropriate sesquilinear form.

It is known that the Gaussian bound (8.1) for the kernel of e/ holds when A has real-
valued entries (see, e.g., [44]), or when n = 1, 2 in the case of complex-valued entries (see [45,
Chapter 1]).

Finally we note that under the appropriate assumptions (see [2, 46, Chapter 5]; [45,
pages 58-59]) one can obtain results similar to Theorem 8.1 for a homogeneous elliptic
operator L in L, of order 2m in the divergence form

e %_ D" (aD’f) (8.9)

In this case estimate (8.1) should be replaced by

2m/(2m-1)

C —ca(|x— m
Pz y)| < e et () (8.10)

forallt > 0 and all x, ¥ € R", where c3,c4 > 0 are independent of x, i, and t.
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