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1. Introduction

Throughout this paper we use R" to denote the n-dimensional Euclidean space over the field
of real numbers and R} = {(x1,x,...,x,) : x; >0,i=1,2,...,n}. In particular, we use R to
denote R'.

For the sake of convenience, we use the following notation system.

Forx = (x1,x2,...,x,), ¥y = (Y1, Y2,...,Yn) € R?,and a > 0, let

xX+y=(1+YyL X2+ Yo, Xn+Yn),
xy = (X1Y1, X242, - .., XnYn),
ax = (axy, axy, ..., axy,),

x% = (xf,x5,...,x5),

1_<1 1 1)
x \x1 x" x, )
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log x = (log x1,log x»,...,10g x,),

e =(e",e”,...,e™).
(1.1)

The notion of Schur convexity was first introduced by Schur in 1923 [1]. It has
many important applications in analytic inequalities [2-7], combinatorial optimization [8],
isoperimetric problem for polytopes [9], linear regression [10], graphs and matrices [11],
gamma and digamma functions [12], reliability and availability [13], and other related fields.
The following definition for Schur convex or concave can be found in [1, 3, 7] and the
references therein.

Definition 1.1. Let E C R" (n > 2) be a set, a real-valued function F on E is called a Schur
convex function if

F(x1,%1,...,%2) <F(Y1, Y2, -, Yn) (1.2)

for each pair of n-tuples x = (x1,...,x,) and y = (y1,...,Yy») on E, such that x is majorized
by y (in symbols x < y), that is,

k k
Zx[i] < Zym, k=1,2,...,n-1,
1 i=1

" (1.3)

n n
> X[ = DYl
1 i=1

i=

where x[; denotes the ith largest component in x. F is called Schur concave if —F is Schur
convex.

The notation of multiplicative convexity was first introduced by Montel [14]. The
Schur multiplicative convexity was investigated by Niculescu [15], Guan [7], and Chu et
al. [16].

Definition 1.2 (see [7,16]). Let E C R? (n > 2) be a set, a real-valued function F : E — R, is
called a Schur multiplicatively convex function on E if

F(x1/x2/"-/xn) SF(ylryZI'-'/yn) (14)

for each pair of n-tuples x = (x1,x2,...,x,) and vy = (y1,Y2,...,Y¥») on E, such that x is
logarithmically majorized by y (in symbols log x < log y), that is,

k k
Hx[i] < Hy[i], k=1,2,...,n-1,
i=1 i=1

n n
Hx[i] = Hy[i] :
i=1 i-1

However F is called Schur multiplicatively concave if 1/F is Schur multiplicatively convex.

(1.5)
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In paper [17], Anderson et al. discussed an attractive class of inequalities, which
arise from the notion of harmonic convex functions. Here, we introduce the notion of Schur
harmonic convexity.

Definition 1.3. Let E C R} (n > 2) be a set. A real-valued function F on E is called a Schur
harmonic convex function if

F(x1,x2,...,%,) < F(y1,Y2,---,Yn) (1.6)
for each pair of n-tuples x = (x1,x2,...,x,) and vy = (y1, Y2,...,Yn) on E, such that1/x < 1/y.
F is called a Schur harmonic concave function on E if (1.6) is reversed.

The main purpose of this paper is to discuss the Schur convexity, Schur multiplicative
convexity, and Schur harmonic convexity of the following symmetric function:

1/r
Pu(x,1) = Pu(x1, 22, xwir) =[] (Zlfl;c,> , (17)

1<iy <ig<ip<n \ j=1

where x = (x1,x2,...,%,) €ER? (n>2),r=1,2,...,n,and iy, 1y, ..., i, are positive integers. As
applications, some inequalities are established by use of the theory of majorization.

2. Lemmas

In order to establish our main results we need several lemmas, which we present in this
section.

The following lemma is so-called Schur’s condition which is very useful for
determining whether or not a given function is Schur convex or Schur concave.

Lemma 2.1 (see [6, 7, 18]). Let f : R" = (0,00)" — R, = (0,00) be a continuous symmetric
function. If f is differentiable in R}, then f is Schur convex if and only if

0 )
(xi—x,-) <a—i—a—£]> >0 (21)

foralli,j =1,2,...,nand x = (x1,...,x,) € R?. Also f is Schur concave if and only if (2.1) is
reversed for all i,j = 1,2,...,nand x = (x1,...,x,) € R}. Here, f is a symmetric function in R’
meaning that f(Px) = f(x) for any x € R} and any n x n permutation matrix P.

Remark 2.2. Since f is symmetric, the Schur’s condition in Lemma 2.1, that is, (2.1) can be
reduced to

(1 - x2) (ﬂ - ﬂ) > 0. (22)

6x1 6x2
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Lemma 2.3 (see [7, 16]). Let f : R} — R, be a continuous symmtric function. If f is differentiable
in R}, then f is Schur multiplicatively convex if and only if

of of
(log x1 —log x») (xla—xl - xza—x2> >0 (2.3)

forall x = (x1,x,...,%x,) € R}. Also f is Schur multiplicatively concave if and only if (2.3) is
reversed.

Lemma 2.4. Let f : R? — R, be a continuous symmetric function. If f is differentiable in R, then
f is Schur harmonic convex if and only if

(x1 — xz)<x% of - x? of ) >0 (2.4)

oxy lox,)
forall x = (x1,x2,...,%x,) € R?. Also f is Schur harmonic concave if and only if (2.4) is reversed.

Proof. From Definitions 1.1 and 1.3, we clearly see the fact that f : R} — R, is Schur harmonic
convex if and only if F(x) =1/f(1/x) : R — R, is Schur concave.

This fact, Lemma 2.1 and Remark 2.2 together with elementary calculation imply that
Lemma 2.4 is true. O

Lemma 2.5 (see [5, 6]). Let x = (x1,x2,...,%,) € R and 3/, xi = s. If ¢ > s, then

c—Xx _( c—x1 c—Xo c— Xy

- = X. 2.
nc/s-1 nc/s—1"nc/s-1’ 'nc/5—1)<(x1’x2’ ,Xn) =X (2.5)

Lemma 2.6 (see [6]). Let x = (x1,x2,...,X,) € Rtand 3" x; = s. If ¢ > 0, then

c+x ( C+xy C+ X Cc+x,

= , < , X2, ..., =X. 2.6
ne/s+1 nc/s+1" nc/s+1 nc/s+1> (31,2 Xn) = X (2.6)

Lemma 2.7 (see [19]). Suppose that x = (x1,x2,...,%,) € Rt and 37 x; = s. If0 < A <1, then

s—Ax (S—)Lx1 s —\xp s — \x,

-1 = P , -1 yoeoey n—1 ><(x1/x2/'-'/xn):x' (27)

3. Main Results
Theorem 3.1. Forr € {1,2,...,n}, the symmetric function ¢, (x,r) is Schur concave in R.

Proof. By Lemma 2.1 and Remark 2.2, we only need to prove that

Opn(x,7) _ 0Pn(x, T)) <0 (3.1)

forall x = (x1,x2,...,xy) € Rland r =1,2,...,n.
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The proof is divided into four cases.

Case 1. If r = 1, then (1.7) leads to

n

¢n(x/1) = ¢n(x1,XQ,...,xn;1) = H

i=1

Xi
1+xi'

However (3.2) and elementary computation lead to

On(x,1) a¢n(x,1)> _ (-’ (l+x +x)

(xl B x2)< 6x1 ax2 X13C2(1 + xl)(l + xz) ('bn(xll) = 0.

Case 2. If n > 2 and r = n, then (1.7) yields

1+xl~

n . 1/n
d)n(x/ n) = ¢n(x1/x2/' <o Xn; n) = <Z = > ’
i=1

From (3.4) and elementary computation, we have

Opn(x, 1) _ ad)n(x,n)) _ (- x)’2+x1 + x9) (i X >1/"_1 <0

X1 — X
(x1 2)< ox1 ox, n(l+x)*(1+x)* \‘Fl+x

Case 3. If n > 3 and r = 2, then by (1.7) we have

Gn(x,2) = Pu(x1, X2, , x0;2)

172 n ) 1/27
X1 X2 X1 Xj
= + + Pn1(x2,x3,...,Xp;2
<1+x1 1+x2> . <1+x1 1+x]~> n-1(X2, X3 n2)

[ 1/27
LI S | o JORE T Pn1( 2)
= 1(x1,x3,...,x,2).
1+ xp 1+x; - 1+x 1+x]- R "

(3.2)

(3.3)

(3.4)

(3.5)

(3.6)
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Elementary computation and (3.6) yield

a(nbn (x/ 2) a()bﬂ (xr 2)
(xl - XZ) < ax1 - 6x2 >
_ (amm)® dax,2)
T (l+x)(l+x) 2 (3.7)

+
X1+x2 420100 S (o + x5+ 2x1x;) (02 + X + 2x0x;)

. [ 24 X1 + X n [(1+x1+x2)+(3+2x1+2x2)x]-](1+x]~)] <0

Case 4. If n >4 and 3 <r < n -1, then from (1.7), we have

Pu(x,7) = Pu(x1,X2,..., X0, )

) 1/r
X1 - ¥
=@u1(x2,X3,..., X017 +
pn1(x2,x3,..,xmr) ] <1+x1 ]Zlmij

3<i1<ip<+<ip_1<n

) 1/r
r— .
X1 X2 Xi;
X H 1 + 1 + Z 1 ]
3<ii<i<cipazn \ T T XL LT X2 SELA X (3.8)

1 1/r
X2 o X
= 1(X1,X3,..., X, T +
¢n 1( 123 s ) . H <1+x2 ‘ 1+xi].

3<ii<ip<--+<ip_1<n

) 1/r
r— .
X1 X2 Xi;
x [] + + - ,
. . 1+x; 1+x, “~1+x;
]

3<i<ip<-+<ipo<n

OPn(x,1)  OPn(x,1)
(X1 B x2) < ax1 - ax2 >

(x1 - x2)2
(1 +x1)*(1 + x2)?

24+x1+x7
<X
3<i1<ip<-+<ir2<n (xl/(1+x1)) + (xz/(1+x2)) + Z] 1 <x11/<1+xij>>
r-1
1T+x1+x0+ (2+x1+X2) Z].:l <x,~]./1+x,-],>
+

s o ()« S (o (o) (/o) + 02 (7 (15 2)
y Pn(x, 1) <0

p,
(3.9)

Therefore, (3.1) follows from Cases 1-4 and the proof of Theorem 3.1 is completed. O
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For the Schur multiplicative convexity or concavity of ¢, (x, ), we have the following
theorem

Theorem 3.2. It holds that ¢, (x,r) is Schur multiplicatively concave in [1, c0)".

Proof. According to Lemma 2.3 we only need to prove that

OPn(x,1) x OPn(x, r)> <0

3.10
an axz ( )

(log x1 —log x») <x1

forall x = (x1,x2,...,n) € [1,00)" and r = 1,2,...,n. Then proof is divided into four cases.

Case 1. If r =1, then (3.2) leads to

OPn(x,1) . OPn(x, 1)) _ (log x1 —log x2) (x1 — x2)

(log x1 —log x») <x1 o, s T tm) Pn(x,1) <0.

(3.11)

Case 2. If r =n, n > 2, then (3.4) yields

0, (x,n) Cx 0, (x,n) )

8x1 aX2

(log x1 —log x») <x1

1/n-1
log x1 — 1 - -
_ (log x; —log x2) (x1 xz)(l—x1x2)<z X; > <o,
in1

n(1+x1)*(1 + x2)° 1+ x; B

(3.12)

Case 3. If n > 3 and r = 2, then (3.6) implies

0, (x,2) 0Pu(x,2)
(log x1 —log x,) <x1 . X o, )

_ Pn(x,2) (logx1 —logxy) (x1 — x2)
2 (1+x1)*(1 + x2)?

1 (3.13)
— X1X2
[xl/(l + xl) + XQ/(l + XQ)

+i —X1X2 + (1 - xle) (x]/(l + x])) <
i3 (X1/(1 +.X'1) +x]'/(1 +xj))(x2/(1 +x2) +x]~/(1 +x]~)) -
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Case 4. If n >4 and 3 <r <n -1, then from (3.8) we have

OPn(x,1) OPn(x,1)
(log x1 —log x7) <x1 o X o, >

_ (log x1 —log x2) (x1 — x2)
(1 +x1)%(1 + x2)*

Z 1 — X1X2
3<i<ip<-+<ip_o<n xl/(l + xl) + x2/(1 + x2) + Z] 1 (x,}/(l + xi).>>

X

Z —x1x0+(1 - x1x2)Z] 1<x1]/<1 +xii>)
3<ir <iy<-<iy1<n (xl/(1+X1) + 30 <xl,/(1 + xif>>> <x2/(1+x2) Y E <xl/ <1 i xij)»
x $ulx,1) <0

r

+

(3.14)

Therefore, Theorem 3.2 follows from (3.10) and Cases 1-4. O

Remark 3.3. From (3.11) and (3.12) we know that ¢, (x, 1) is Schur multiplicatively concave
in (0,00)" and ¢, (x, n) is Schur multiplicatively convex in (0, 1]".

Theorem 3.4. For r € {1,2,...,n}, the symmetric function ¢, (x,r) is Schur harmonic convex in
R%.

Proof. According to Lemma 2.4 we only need to prove that

, 0P (x, r) 50 (x,7)
1
(- ) (2020 2T ) > (3.15)
forall x = (x1,x2,...,xy) € Rlandr=1,2,...,n
The proof is divided into four cases.
Case 1. If r = 1, then from (3.2) we have
20¢u(x, 1)  ,0¢u(x, 1) (x1 = x2)°
= > 0. 3.16
(X1 x2)< 6x1 X2 6x2 ) (1 + xl)(l + .X'z) ¢n (x’ 1) 20 ( )

Case 2. If n > 2 and r = n, then (3.4) leads to

(x1 —x )< 20¢n(x,m) 0P (x, n)) _ (= x)% (1 + X2 + 2210) <i X >1/n—1 N

0x1 & 0x2 n(1+x1)*(1 + x2)° = 1+x
(3.17)
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Case 3. If n > 3 and r = 2, then (3.6) yields

500, (x,2 5,09, (x,2
(1 (2D _ 3 Bh2)

C (amx)? $a(x2)
S Q+x)(1+x) 2

(3.18)

. i (3122 + x1xj + XX} + 3x120) (1 + x;)
x |1+
i3 (x1 +x]~ +2x1x,-) (XQ+JC]' +2x2x]~)

> 0.

Case 4. If n >4 and 3 < r < n -1, then (3.8) implies

, 0P (x, r) ,0Pn(x, 1)
(xl x2) <x1 axl 2 ax2 )

(xl = X2)2 (,bn(x/ 1‘)

A+ (1 +x)? T

X1+ X + ZX1XQ

s<ireisemcirazn X1/ (14 x1) + 22/ (14 x2) + 33 <xl] / (1 + xi].>>

X

Z X120+ (X142 +2x1%7) Z;lZ <xi1/ <1+xii>>
i (/o) 57 /(L) (e o 572/ (1)

+

(3.19)

Therefore, (3.15) follows from Cases 1-4 and the proof of Theorem 3.4 is completed.
O

4. Applications

In this section, we establish some inequalities by use of Theorems 3.1, 3.2 and 3.4 and the
theory of majorization.

Theorem 4.1. If x = (x1,x2,++,xn) € R, s = XL xi,Huy(x) = n/ > (1/xi), and v €
{1,2,...,n}, then
(1) ¢u(x, 1) < Pu((c—x)/(nc/s—-1),r) forc > s;
(2) pu(x,7) 2 Pu((cHn(x) = 1)/ (cx = 1)x,7) for c > 3Ly (1/xi) ;
(3) Pu(x, 1) < Pu((c+x)/(nc/s+1),r) forc>0;
4) ¢u(x,1) 2 ¢pu((cHyu(x) +1)/(cx + 1)x, 1) for ¢ > 0;
(5) Pu(x,7) S Pu((s = Ax)/(n—A),7) for 0 <A< T;
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(6) Pu(x,7) 2 Ppu((n - 1)/ Zity (1/xi = A/x) ,7) for 0 <A<

(7) Pu(x, 1) < Ppul(s + Ax)/(n+ 4),7) for 0 <A < 1;
(8) pu(x, 1) = Pu((n+ 1) /(T (1/x; + A/x)) 1) for 0<S A< 1.

Proof. Theorem 4.1 follows from Theorem 3.1, Theorem 3.4 and Lemmas 2.5-2.7 together with
the fact that

s+ Ax s+Ax; s+ Axp s+ Ax,
= e, ,X2,..., = x. 4.1
n+.\ <n+)L’ n+\’ 1’l+)t><(x1 2 Xn) = ¥ (4.1)
O
Theorem 4.2. If x = (x1,x2,--+ ,xn) € R?, Ay(x) = (1/n) X1, xi,and r € {1,2,...,n}, then
r X;, vr A (x) n!/(r-ri(n-r)!)
O T (e ) <|aasy] ;
1<ir<iy<<ip<n \ j=1 T+ x An(1+x)
(4.2)
1/r
r 1 1 n!/(r-rl(n-r)!)
(i) SELEER S [r—] .
1gi1<g<i,gn ;Zl T+ x An(1+x)
Proof. We clearly see that
(Au(x), Ap(x),..., Au(x)) < (x1,x2,...,%,) = X. (4.3)

Therefore, Theorem 4.2(i) follows from (4.3) and Theorem 3.1 together with (1.7), and
Theorem 4.2(ii) follows from (4.3) and Theorem 3.4 together with (1.7). O

If we take 7 = 1 in Theorem 4.2(i) and r = n in Theorem 4.2, respectively, then we have
the following corollary.

Corollary 4.3. If x = (x1,x2,...,x,) € R} and G, (x) = (]_[lei)l/", then

Gul®)  _ _Au(x)

O Garn S A0
.. x An(x)
(i) An(5) < A (1+x) (4.4)

1 1
(iii) A"<1+x> A0+

Remark 4.4. If we take >, x; = 1 in Corollary 4.3(i), then we obtain the Weierstrass
inequality: (see [20, page 260])

- (l . 1) > (n+1)". (45)

i=1 \Xi
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Theorem 4.5. If x = (x1,%y,...,x,) € R}andr € {1,2,...,n}, then

1/r
r
Xi.
. j
1 > |r
() 1<i H (.l+xi.>
<ip<ip<-<i,<n j=1 J

Hn (X) n!/(rrli(n-r)!) '

1+ H,(x) ’
y (4.6)
r 1 ’ 1 n!/(r-ri(n-r)!)
(ii) < r—]
1gi1<g<i,gn i=1 T+ x 1+ H,(x)
Proof. We clearly see that
1 1 1 1 1 1 1
.. — ., — ) =—. 4.
<Hn(x)'Hn(x)' 'Hn(x)>< (xl'xz' 'xn) x (4.7)

Therefore, Theorem 4.5(i) follows from (4.7) and Theorem 3.4 together with (1.7), and
Theorem 4.5(ii) follows from (4.7) and Theorem 3.1 together with (1.7). O

If we take r = 1 and r = n in Theorem 4.5, respectively, then we get the following
corollary.

Corollary 4.6. If x = (x1,x2,...,x,) € R}, then

Gu(®) . _Ha()

O a0 T7H,0)

(i) G,(1+x)>1+H,(x);

x Ha(x) (4.8)
(i) An(r ) > 1+ H,(x)’

(iv) A"(lix) < 1+I—1In(x).

Theorem 4.7. If x = (x1,X2,...,Xy,) € [1,00)" and r € {1,2,...,n}, then

1/r
r . n!/(r-rl(n-r)!)
m (s> < [rG"_(x) , (4.9)
= 1+x; 1+Gu(x)

1<ii<ip<-<i,<n

Proof. We clearly see that
log(Gn(x), Gu(x),...,Gn(x)) <log(x1,x2,...,%n). (4.10)

Therefore, Theorem 4.7 follows from (4.10), Theorem 3.2, and (1.7). O



12 Journal of Inequalities and Applications

If we take r = 1 and r = n in Theorem 4.7, respectively, then we get the following
corollary.

Corollary 4.8. If x = (x1,x2,...,%,) € [1,00)", then

x >< Gpu(x)
T+x _1+Gn(x)' (411)

(i) Gu(1+x)>1+Gu(x).

(@) An(

Remark 4.9. From Remark 3.3 and (4.10) together with (1.7) we clearly see that inequality in
Corollary 4.8(i) is reversed for x € (0,1]" and inequality in Corollary 4.8(ii) is true for x € R”.

Theorem 4.10. If x = (x1,x2,--- ,X,) € R?, then

+

(n-1)!/r!(n-r)!

1/r
" T "1+ x N [1 + X 1= 1] § <z>(n—1>!/r~rt<n—r—1>!
2+xl~). - 2+Z:’:1xi 2 2

1<iy<ip<ip<n \ j=1

for1<r<n-1;
Sl 1+305 6 n-1

S2+x; 2+ X 27

1

1/r
rooq 1 7 —1\ DY -Din-r)! 7\ (n=1)!/7-rI(n-r-1)!
< N r
(iii) H <22+xij> - <2+Z?_1 X; 2 ) 8 (2>

1<iy <ige<ip<n \ j=1

(ii)

for1<r<n-1;

o1 1 n-1
(iv) E < + .
S2+x T 2+ XL X 2

(4.12)

Proof. Theorem 4.10 follows from Theorems 3.1, 3.4, and (1.7) together with the fact that

n

A +x1,1+x,...,1+x,) < <1+in,1,1,...,1>. (4.13)
i=1

O

Theorem 4.11. Let # = A1A; -+ Api1 be an n-dimensional simplex in R" and let P be an arbitrary
point in the interior of 4. If B; is the intersection point of straight line A;P and hyperplane >; =
A1Ap - AiqAin - - A, i=1,2,... ,n+1, then for r € {1,2,...,n + 1} one has

1/r
r PBi]- r (n+1)!/rri(n-r+1)!
. e < (T .
(i) I1 <].ZlAifBij+PBi,~> - <n+2) '

1<iy<ip<i, <n+1
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1/r
! A; B;; n+1
(ii) e U NN r(—)
1<iy <izlj<i,5n+1 ;E:; Ai;Bj; + PB;; n+2

1/r
H s PA; n (n+1)!/rr!(n—-r+1)!
1<iy<ip<i,<n+l \ j=1 Aij Bi,- + PAi]- 2n+1

1/
(. ) 1_[ zr: AijBi,- ’ . [ ( n+1 > (n+1)!/rri(n-r+1)!
iv S s — > |r
1<iy<ip--<iy<ntl \ j=1 Ay Bi; + PA;; 2n+1

(n+1)!/rri(n-r+1)!

7

(4.14)

Proof. Tt is easy to see that S™HPB;/AB;) = 1 and Y™ (PA;/A;B;) = n, these identical
equations imply

< 1 1 1 ><<PB1 PB, PB,1 >
Tl+1,7’l+1,'”’1’l+1 AlBllAszl'”’Am_lB,H_l !

(4.15)
< n n n ) < < PA, PA, PA, 1 >
n+l'n+1"""""n+1 AlBllAszln"An_,_an_,_l ’
Therefore, Theorem 4.11 follows from (4.15), Theorems 3.1, 3.4, and (1.7). O

Remark 4.12. Mitrinovic’ et al. [21, pages 473-479] established a series of inequalities for
PA;/A;B; and PB;/A;B;, i = 1,2,...,n + 1. Obvious, our inequalities in Theorem 4.11 are
different from theirs.

Theorem 4.13. Suppose that A € M,(C) (n > 2) is a complex matrix, A\, \y, ..., Ay, and

01,07,...,0y, are the eigenvalues and singular values of A, respectively. If A is a positive definite
Hermitian matrix and r € {1,2,...,n}, then

1/r
trA n!/rrli(n-r)!
< |r ;
- <n+trA>]

v Jrri(n-r)

r 1 n n!/rrl(n-r)!

.. > .
(i) H 1+)u.> - [r<n+trA>] ’

1<ii<ip-<iy<n j=1

i,

(i) 11 (Zl " L-].

T
1<y <ip-<ip<n \ j=1

(iii) 11

1<iy<ip-<iy<n

ir n!/rri(n-r)!
L1+ <\, /det(I + A) i )'
N 1+ {/det(I + A) ’

1/r
1 n!/rrli(n-r)!
) e
= trA+ A trA + VdetA

=1

(iv) 11

1<i<ip-+<iy<n

7~ N N
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1/r 1/r
1 (Sirsr M (Sorsrs
V) > :
1<iy <ip-<iy<n \_j=1 )‘i]- + Z?:l -/\i + Z?:l Oi 1<y <ip-<i,>n \ j=1 Gi]- + 2?21 -)‘i + Z?:l Oj

(4.16)

Proof. (i)—(ii) We clearly see that \; >0 (i=1,2,...,n) and >, A; = trA, then we have

<trA trA trA
n’' n’’

iy 7) < (A, Aoy h). (4.17)

Therefore, Theorem 4.13(i) and (ii) follows from (4.17), Theorems 3.1, 3.4, and (1.7).
(iii) It is easy to see that 1+ 11,1+ A5,...,1+.1, are the eigenvalues of matrix I + A and
T[T, (1 +\) = det(I + A), then we get

1og<(/det(1 + A), {/det(I + A), ..., {/det(I + A)> <log(1+ A, 1+s,...,1+A,)

(4.18)
1+042>1, i=1,2,...,n
Therefore, Theorem 4.13(iii) follows from (4.18), Theorem 3.2, and (1.7).
(iv) It is not difficult to verify that
log < trA trA trA > <o <trA trA trA
Vdet A’ /detA’ " {/det A M7 A )
Vdet A" v/de Vde 1 Ay (4.19)
trA

- >1, i=12,...,n

1

Therefore, Theorem 4.13(iv) follows from (4.19), and Theorem 3.2 together with (1.7).
(v) A result due to Weyl [22] gives

log(A, Ag, ..., Ay) <log(o1,09,...,00). (4.20)

From (4.20), we clearly see that

lo (Z?:l Li+ Y00 i hi+ X o S hi+ X O'i>
& M ’ A2 T An

< log< S i+ 3L O'i, S hi+ XL O'i, o i hi+ XL 0 >, (4.21)

o1 o2 On

, 1=1,2,...,n.

S+ Yo S+ XL 00 >1
.)L,' ! Oj -

Therefore, Theorem 4.13(v) follows from (4.21), Theorem 3.2, and (1.7). O
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