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1. Introduction

In the last several decades, several notions of derivatives of set-valued maps have been
proposed and used for the formulation of optimality conditions and duality in set-valued
optimization problems. By using a contingent epiderivative of a set-valued map, Jahn and
Rauh [1] obtained a unified necessary and sufficient optimality condition. Chen and Jahn
[2] introduced a notion of a generalized contingent epiderivative of a set-valued map
and obtained a unified necessary and sufficient conditions for a set-valued optimization
problem. Lalitha and Arora [3] introduced a notion of a weak Clarke epiderivative and
use it to establish optimality criteria for a constrained set-valued optimization problem.
On the other hand, various kinds of differentiable type dual problems for set-valued
optimization problems, such as Mond-Weir type and Wolfe type dual problems, have been
investigated. By virtue of the tangent derivative of a set-valued map introduced in [4],
Sach and Craven [5] discussed Wolfe type duality and Mond-Weir type duality problems
for a set-valued optimization problem. By virtue of the codifferential of a set-valued map
introduced in [6], Sach et al. [7] obtained Mond-Weir type and Wolfe type weak duality
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and strong duality theorems of set-valued optimization problems. As to other concepts of
derivatives (epiderivatives) of set-valued maps and their applications, one can refer to [8-
15]. Recently, Second-order derivatives have also been proposed, for example, see [16, 17]
and so on.

Since higher-order tangent sets introduced in [4], in general, are not cones and
convex sets, there are some difficulties in studying higher-order optimality conditions and
duality for general set-valued optimization problems. Until now, there are only a few papers
to deal with higher-order optimality conditions and duality of set-valued optimization
problems by virtue of the higher-order derivatives or epiderivatives introduced by the
higher-order tangent sets. Li et al. [18] studied some properties of higher-order tangent sets
and higher-order derivatives introduced in [4], and then obtained higher-order necessary
and sufficient optimality conditions for set-valued optimization problems under cone-
concavity assumptions. By using these higher-order derivatives, they also discussed a higher-
order Mond-Weir duality for a set-valued optimization problem in [19]. Li and Chen [20]
introduced higher-order generalized contingent(adjacent) epiderivatives of set-valued maps,
and obtained higher-order Fritz John type necessary and sufficient conditions for Henig
efficient solutions to a constrained set-valued optimization problem.

Motivated by the work reported in [3, 5, 18-20], we introduce a notion of higher-
order weakly generalized adjacent epiderivative for a set-valued map. Then, by virtue of the
epiderivative, we discuss a higher-order Mond-Weir type duality problem and a higher-order
Wolfe type duality problem to a constrained set-valued optimization problem, respectively.

The rest of the paper is organized as follows. In Section 2, we collect some of the
concepts and some of their properties required for the paper. In Section 3, we introduce a
generalized higher-order adjacent set of a set and a higher-order weakly generalized adjacent
epiderivative of a set-valued map, and study some of their properties. In Sections 4 and 5,
we introduce a higher-order Mond-Weir type dual problem and a higher-order Wolfe type
dual problem to a constrained set-valued optimization problem and establish corresponding
weak duality, strong duality and converse duality theorems, respectively.

2. Preliminaries and Notations

Throughout this paper, let X, Y, and Z be three real normed spaces, where the spaces Y and
Z are partially ordered by nontrivial pointed closed convex cones C C Y and D C Z with
intC # 0 and intD # @, respectively. We assume that Ox, Oy, 0z denote the origins of X, Y, Z,
respectively, Y* denotes the topological dual space of Y and C* denotes the dual cone of C,
defined by C* = {9 € Y* | ¢(y) > 0, forall y € C}. Let M be a nonempty set in Y. The
cone hull of M is defined by cone(M) = {ty | t > 0, y € M}. Let E be a nonempty subset
of X, F: E — 2¥and G : E — 27 be two given nonempty set-valued maps. The effective
domain, the graph and the epigraph of F are defined respectively by dom(F) = {x € E |
F(x)#0},graph(F) = {(x,y) e XxY |x € E, y € F(x)},and epi(F) = {(x,y) e X xY | x €
E, y € F(x) + C}. The profile map F, : E — 2Y is defined by F,(x) = F(x) + C, for every
x € dom(F). Let yo € Y, F(E) = Uyep F(x) and (F —yo)(x) = F(x) —yo = {y-yo | ¥ €
F(x)}.

Definition 2.1. An element y € M is said to be a minimal point (resp., weakly minimal point)
of M if MN\(y — C) = {y}(resp., M (y — intC) = @). The set of all minimal point (resp.,
weakly minimal point) of M is denoted by Minc M (resp., WMincM).
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Definition 2.2. Let F : E — 2¥ be a set-valued map.

(i) F is said to be C-convex on a convex set E, if for any x;,x, € Eand A € (0,1),

AF(x1) + (1= )F(x2) € F(Ax1 + (1 = \)x2) + C. (2.1)

(ii) F is said to be C-convex like on a nonempty subset E, if for any x1,x, € E and
A € (0,1), there exists x3 € E such that AF(x7) + (1 —A)F(x;) C F(x3) + C.

Remark 2.3. (i) If F is C-convex on a convex set E, then F is C-convex like on E. But the
converse does not hold.
(ii) If F is C-convex like on a nonempty subset E, then F(E) + C is convex.

Suppose that m is a positive integer, X is a normed space supplied with a distance d
and K is a subset of X. We denote by d(x, K) = inf,cxd(x, y) the distance from x to K, where
we set d(x, () = +co.

Definition 2.4 (see [4]). Let x belong to a subset K of a normed space X and let uy, ..., Uy
be elements of X. We say that the subset

.. K—x—huy—---—h"u,_
Tlli(m)(x,ul,...,umq) =115nlor}f ! T m-l

_ . K-x—huy—-—h" u, _
= {yeX|hlgrol+d<y, T > —0}

is the mth-order adjacent set of K at (x, u1, ..., Um-1).

(2.2)

From [18, Propositions 3.2], we have the following result.
Proposition 2.5. If K is convex, x € K,andu; € X, i=1,...,m—1, then Tf((m) (xc,u1,..., Up_1) i8S

conoex.

3. Higher-Order Weakly Generalized Adjacent Epiderivatives

Definition 3.1. Let x belong to a subset K of X and let uy, ..., u,,—1 be elements of X. The subset

— — —_—. s — m_l
G=T" (x,u1, ..., Uy 1) = lim infeone(K = x) = hin W
h—0* hm
) = Bty — e — 1
= {y eX| hlirr(}+d<y, cone(K - x) hZ}ﬂ h um1> = 0}

is said to be the mth-order generalized adjacent set of K at (x,u1, ..., Up-1).
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Definition 3.2. The mth-order weakly generalized adjacent epiderivative di™ F (xo,
Yo, U1, 01, .., Um-1,Um-1) Of F at (xo, yo) € graph(F) with respect to (with respect to) vectors
(u1,v1), ..., (Um-1,Um-1) is the set-valued map from X to Y defined by

d'};gm)F(xOI ]/0/ U,01,.--, Um-1, Um—l) (.X')
(3.2)

= WMinC{y €Y:(x,y)eG- ngg;) (x0, Yo, u1,01, -+ -, Um-1, Um-1) }

Definition 3.3 (see [3, 21]). The weak domination property (resp., domination property) is
said to hold for a subset H of Y if H C WMincH + intC U {Oy } (resp., H C MincH + C).

To compare our derivative with well-known derivatives, we recall some notions.

Definition 3.4 (see [4]). The mth-order adjacent derivative D™ F(xo, yo, t1,v1, - - -, Um-1, Vm-1)
of F at (xo,10) € graph(F) with respect to vectors (u1,v1),..., (Um-1,0m-1) is the set-valued
map from X to Y defined by

graph (D" F (xo, Yo, 11,01, -, U1, 01 )
(3.3)

b(m)
= Tgraph(F) (XO, Yo, U1,01,..., Um-1, vm—l) .

Definition 3.5 (see [19]). The C-directed mth-order adjacent derivative D'Z:(m)F
(x0, Yo, u1,01,...,Um-1,0m—1) of F at (xo,y0) € graph(F) with respect to vectors
(u1,v1),..., (Um-1,Um-1) is the mth-order adjacent derivative of set-valued mapping F.
at (xo, yo) with respect to (u1,v1), ..., (Um-1, Vm-1)-

Definition 3.6 (See [20]). The mth-order generalized adjacent epiderivative Dz,(m)F
(x0, Yo, u1,01,...,Um-1,0m-1) of F at (xo,y0) € graph(F) with respect to vectors
(u1,v1),..., (Um-1,0m-1) is the set-valued map from X to Y defined by

D(Z(m)F(XO/ Yo, U1,01,. .., Um-1, Um—l) (x)
_ Mlnc{y cyY: (x/ ]/) € T'EP(:Z:) (XO/ Yo, U1,01,-. ., Um-1, vm—l) }/ (34)

x € dom [D"(’")F+ (x0, Yo, U1, 01, - .., Um-1, vm_1)].

Using properties of higher-order adjacent sets [4], we have the following result.

Proposition 3.7. Let (xo,yo) € graph(F). Ifd%m)l-"(xo, Yo, U1, 01, .., Um-1,Um-1)(x — x0) #0 and
theset {y € Y | (x —xo,y) € G-T:;:(";)(xo,yo, U1, 01, .-, Um-1,Um-1) } fulfills the weak domination
property for all x € E, then for any x € E,
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(i)
D" F (xq, yo, 1,01, - - -, Um-1, Um-1) (X = Xo)
. (3.5)
C diS™ F(x0, Yo, 41,01, - -, -1, Om1 ) (X = x0) + C,
(ii)
D™ F(x0, Yo, 41,01, - - -, -1, U1 ) (X = X0) 56
3.6
C di™ F(x0, Yo, 41,01, - - -, 1, Om1 ) (X = %0) + C,
(iii)
D™ F(xo, Yo, 1,01, -, -1, Ot ) (X = Xo)
(3.7)

b
C diS™ F(x0, Yo, 41,01, - -, -1, U1 ) (X = x0) + C.

Remark 3.8. The reverse inclusions in Proposition 3.7 may not hold. The following examples
explain the case, where we only take m = 2.

Example 3.9. Let X =Y = R, E=X,C =R, F(x) = {y € R:y > x*3)}, forallx €
E, (x0,10) = (0,0) and (u,v) = (1,0). Then for any x € E, 7 (x0, Yo, u,v)(x — x0) =

graph(F)
T:I(sz)(xo,yO, u,v)(x —x0) = @ and G—T:I(EEF) (x0, Yo, u,v)(x — x9) = {y | y > 0}. Therefore, for

any x € E, D"®F(xq, yo, , ) (x~x0), D> F(x0, yo, 1, v) (x —x0) and D¢ F(xo, yo, u, v) (x ~Xo)
do not exist, but

Ao F (0, vo,u,0) (x - x0) = {0}. (3.8)

Example 3.10. Let X = R, Y = R, E = X,C = R, F(x) = {(yi,y2) € R2 | y1 >
x*3, y, € R}, forall x € E, (xo,10) = (0,(0,0)) € graph(F) and (u,v) = (1,(0,0)). Then,
Tb(z) Tb(Z)

b(2
oean(ry (X0, 40, 14,0) = Tod o (X0, Yo, 14,0) = 0, G-, (X0, Yo, u,0) = R x (R, x R). Hence, for

anyx € E, Db(z)F(xo,yo,u,v)(x—xo), DI(’:Q)F(xO,yO,u, v)(x—xp) and D;Q)F(xo,yo,u,v)(x—xo)
do not exist. But

di” F (xo, yo,1,0) (x—x0) = { (v1,32) € R | y1 =0, y2 € R}. (59)

Example 3.11. Suppose that X = R, Y = R, E = X, C = R%. Let F : E — 2F be a set-
valued map with F(x) = {(y1,¥2) € R* | y1 > x°, y2 > x?}, (x0, o) = (0,(0,0)) € graph(F)
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and (u,v) = (1,(0,0)). Then Tgbgi)h(ﬂ(xo,yo, u,v) = Tg}gzizF) (x0,Y0,u,v) = R x (Ry x [1,+00)),

G—ngzm (x0, yo,u,v) = R x (R x R,). Therefore for any x € E,

Db(z)F(xO/ Yo, ulv) (x - xO) = DbC(Z)F<x0/ Yo, ulv)(x - X()) = R+ x [1/ +OO)/
D{PF(x0, yo,u,0) (x - x0) = {(0,1)}, (3.10)

dey” F (x0, y0,14,0) (x = x0) = { (11,0) | 71 2 0} [ (0,2) | v2 2 0},

Now we discuss some crucial propositions of the mth-order weakly generalized
adjacent epiderivative.

Proposition 3.12. Let x,x9 € E, yo € F(x9), (u;,vi) € {Ox} x C. If the set P(x — xp) = {y €

Y| (x-x0y) € G—T:;;?F))(xo, Yo, U1, 01, ..., U1, Um-1)} fulfills the weak domination property for

all x € E, then forall x € E,
F(x)-yo C d%m)F(xQ,yo,ul,vl, cee U1, Umet) (x = X0) + C. (3.11)

Proof. Take any x € E, y € F(x) and an arbitrary sequence {h,} with h, — 0*. Since y, €
F(xo),

h(x —x0, y —yo) € cone(epi(F) — (xo,Y0))- (3.12)
It follows from (u;,v;) € {Ox} xC, i=1,2,...,m—1, and C is a convex cone that
hn(ullvl) R h;lnil(um—llvm—l) E {OX} X C/

(%n, Yn) = hn(ur,01) + -+ + B (U1, O (3.13)
+h! (x - x0,y — yo) € cone(epi(F) — (xo0,10))-

We get
(x= %0,y - yo) = (%n, Yn) = ha(ur,v1) ;Zl =W N (U1, O) ’ (3.14)
which implies that
(x=x0,y—1o) € G-T:I(:;Z;) (x0, Yo, U1, 01, ..., Um-1,Vm-1), (3.15)
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that is, ¥y — yo € P(x — xp). By the definition of mth-order weakly generalized adjacent
epiderivative and the weak domination property, we have

P(x - xO) - d’;ﬁm) (XO/ ]/0/ U,901,.--, Um-1, Um_]) (x - xo) +C. (316)
Thus F(x) - yo C d%m)F(xo,yo, UL, 01, .. U1, Omt1) (x = x0) + C. O

Remark 3.13. Since the cone-convexity and cone-concavity assumptions are omitted,
Proposition 3.12 improves [18, Theorem 4.1] and [20, Proposition 3.1].

Proposition 3.14. Let E be a nonempty convex subset of X, x,x0 € E, yo € F(xo). Let F -y be
C-convex like on E, u; € E, v € F(u;)) +C, i =1,2,...,m— 1. If the set q(x — x9) == {y € Y |

b(m)
(x_xOI y) € G_Tepi(p)
property for all x € E, then

(x0, Yo, U1 — X0, V1= Yo, - - -, Um-1 — X0, Um—1 — Yo) } fulfills the weak domination

F(x)-yo C d%m)F(xO/]/Orul — X0, U1 = Y0, - -, Um-1 — X0, Um-1 — Yo) (x — x0) + C. (3.17)

Proof. Take any x € E, y € F(x) and an arbitrary sequence {h,} with h, — 0*. Since E is
convex and F -y be C-convex like on E, we get that epi(F) — (xo, o) is a convex subset and
cone(epi(F) — (xo, y0)) is a convex cone. Therefore

hy (11 = X0, 01 = o) + -+ + W (U1 — X0, V1 — o)

h, vk iy, hy, R
:<hn+"'+hnm_1>< up+---+hyu 1_x0’ v+ +hi o 1_y0> (3.18)

By + -+ R By + -+ Rl

€ cone(epiF — (xo,10))-
It follows from h,, > 0, E is convex and cone(epiF — (xy, o)) is a convex cone that

(%, Yn) = hu(u1 = x0,01 = yo) + -+ + Hl " (-1 — X0, V-1 — Yo)

(3.19)
+hy' (x = x0, — yo) € cone(epiF — (xo,y0)).
We obtain that
(x = x0,¥ = yo)
(%, Yn) = B (w1 = x0,01 = yo) =+ = hy ™ (U1~ X0, V-1 — Y0) (3.20)
- o )
which implies that
(x-x0,y—yo) € G-Tﬁlf,'i'(’}) (X0, Yo, U1 — X0, 01 = Yo, - - -, U1 — X0, Um—1 — Y0), (3.21)
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that is, ¥ — yo € q(x — xp). By the definition of mth-order weakly generalized adjacent
epiderivative and the weak domination property, we have

g(x — x0) € di™ (X0, Yo, U1 — X0, 01 = Y0, - -, -1 = X0, V1 — Yo) (X = Xg) + C. (3.22)

Thus F(x) —yo C d%m)F(xo,yo,ul - X0,01 = Y0, -, Um-1 — X0, Um-1 — Yo)(x — x¢) + C, and the
proof is complete. O

Remark 3.15. Since the cone-convexity assumptions are replaced by cone-convex likeness
assumptions, Proposition 3.14 improves [20, Proposition 3.1].

4. Higher-Order Mond-Weir Type Duality

In this section, we introduce a higher-order Mond-Weir type dual problem for a constrained
set-valued optimization problem by virtue of the higher-order weakly generalized adjacent
epiderivative and discuss its weak duality, strong duality and converse duality properties.
The notation (F, G)(x) is used to denote F(x) x G(x). Firstly, we recall the definition of interior
tangent cone of a set and state a result regarding it from [16].

The interior tangent cone of K at xg is defined as

ITk(xo) = {u € X | 3N >0, Vt€ (0,1), Va' € Bx(u, 1), xo+tu € K}, (4.1)

where By (u, 1) stands for the closed ball centered at u € X and of radius A.

Lemma 4.1 (see [16]). If K C X is convex, xy € K and intK # @, then

ITink (x0) = intcone(K — xp). (4.2)

Consider the following set-valued optimization problem:

{min F(x),
(SP) (4.3)
st. G(x)N\(-D)#®, x€eE.

Set K := {x € E | G(x) N(-D) #0}. A point (x9, o) € X x Y is said to be a feasible solution of
(SP) if xo € K and yg € F(x).

Definition 4.2. A point (xo, yo) is said to be a weakly minimal solution of (SP) if (xo,10) €
K x F(K) satisfying v, € F(xp) and (F(K) - yo) N(-intC) = 0.



Journal of Inequalities and Applications 9

Suppose that (u;,v;,w;)) € X xY xZ, i =1,2,...,m-1, (x0,y0) € graph(F), zy €
G(x0) (-D), and Q = dom[de" (F, G) (X0, Yo, Z0, t1, 01,01 + Zo, -, U1, V-1, W1 + Z0)]-
We introduce a higher-order Mond-Weir type dual problem(DSP) of (SP) as follows:

max vy,

st. ¢(y) +¢(z) >0,

b
(y,z) € dis™ (F,G) (X0, Yo, 20, U1, 01,1 + 20, - -, Un-1, U1, W + 20) (%), X €Q,

(4.4)
¢(z0) 20, (45)
$€C\ {0y, (4.6)
g € D" (4.7)

Let H = {yo € F(xo) | (x0,Y0,z0,¢,¢) satisty conditions (4.4)—-(4.7)}. A point
(x0, Yo, 2o, P, ) satisfying (4.4)—(4.7) is called a feasible solution of (DSP). A feasible solution
(x0, Yo, 2o, p, ) is called a weakly maximal solution of (DSP) if (H — y) () intC = §.

Theorem 4.3 (weak duality). Let (xo,y0) € graph(F),zo € G(xo) (-D) and (u;, vi, w; +

zg) € {Ox} xCxD,i = 1,2,...,m — 1. Let the set {(y,z) € Y xZ | (x,y,z) € G-

T:;I.r("}l/c) (x0, Yo, 2o, U1, 01, W1 + Z0, - - -, Um-1, U1, Wm—1 + Zo) fulfill the weak domination property

forall x € Q. If (x,y) is a feasible solution of (SP) and (xo, Yo, zo, $, ) is a feasible solution of
(DSP), then

() 2 d(vo)- (48)
Proof. It follows from Proposition 3.12 that

(F,G)(x) = (yo, 20)
(4.9)
cdy™ (F, G) (0, Yo, zo, U1, 01, W1 + Zo, - . ., U1, Um—1, W1 + Z0) (X — x0) + C x D.

Since (X, i) is a feasible solution of (SP), G(x) "(-D) #0. Take z € G(x) (\(-D). Then,
it follows from (4.5) and (4.7) that

¢(z—zp) <0. (4.10)
By (4.4), (4.6), (4.7), (4.9) and (4.10), we get
() > d(yo)- (4.11)

Thus, the proof is complete. U

Remark 4.4. In Theorem 4.3, cone-convexity assumptions of [19, Theorem 4.1] are omitted.
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By the similiar proof method of Theorem 4.3, it follows from Proposition 3.14 that the
following theorem holds.

Theorem 4.5 (weak duality). Let (xo, yo) € graph(F), zo € G(xo) (\(=D) and (u;, vi, w; + zo) €
epi(F,G) — (x0,Y0,20), i =1,2,...,m—1. Suppose that (F,G) is C x D-convex like on a nonempty
convext subset E. Let the set {(y,z) € Y x Z | (x,y,z) € G—T:;;?F),G) (x0, Yo, 2o, U1, 01, w1 +
Z0, -+, Um—1, Um-1, Wm-1 + 20)} fulfill the weak domination property for all x € Q. If (x,y) is a

feasible solution of (SP) and (xo, Yo, zo, p, () is a feasible solution of (DSP), then
¢(@) = $(wo)- (412)

Lemma 4.6. Let (x,y0) € graph(F), zo € G(xo) (=D), (u;j,v;,w;) € X x (=C) x (-=D), i =

1,2,...,m—1. Let the set P(x) = {(y,z) € Y xZ | (x,y,2) € G—Tf;;?;lc)(xo,yo, Zo, U1, V1, W1 +

20,y Um-1, Um—1, W1 + Z0) } fulfill the weak domination property for all x € Q. If (xo,y0) is a
weakly minimal solution of (SP), then

[d%m)(ﬂ G) (%0, Yo, Z0, U1, V1, W1 + Z0, - - -, U1, U1, Win—1 + Z0 ) (X)
(4.13)

+ C x D+ (0y, z0)] (\(~int(C x D)) = 4,

forall x € Q.

Proof. Since (xo, o) is a weakly minimal solution of (SP), (F(K) - yo) () —intC = @. Then,

cone(F(K) +C - 1j) ﬂ —intC = (). (4.14)

Assume that the result (4.13) does not hold. Then there exist ¢ € C, d € D and (x,v,2z) €
X xY x Z with x € Q such that

(yr z) e dl;sm) (FI G) (xO/ yO/ ZO/ ul/ Ul, w1 + ZO/ M4 umfll Umfll wm—l + ZO) (E)/ (415)

(7,Z) + (a, H) + (0y, z9) € —int(C x D). (4.16)

It follows from (4.15) and the definition of mth-order weakly generalized adjacent
epiderivative that

S b
(x,v,2) € G'Teg(l)ﬂc) (F, G)(x0, Yo, z0, U1, 01, W1 + Z0, - - ., U1, Um-1, Wm-1 + Z0)- (4.17)

Thus, for an arbitrary sequence {h,} with h, — 0%, there exists a sequence {(xy, Yu, zn)} C
cone(epi(F, G) — (xo, Yo, z0)) such that

(xnr Yn, Zn) - hn(ulr U, wr t ZO) T h:zn& (um—lr Om-1,Wm-1 + ZO)
hyt

— (%,7,2). (418)
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From (4.16) and (4.18), there exists a sufficiently large N; such that

yn—hnvl—'--—hf‘lvm_1+hf56—intC, for n > Ny, (4.19)
 Zp—ha(wy +20) — - = K (W1 + 20)
n = m
hy;
hy+--+h™ [z, —hywr — - — W w,, _
== hiy ] < 1;11+...+hmil m1_20>éz e
n n

€ —(intD + 2z + E) C —intcone(D + zj).

Since vy,...,0;-1, —C € —C, h,, > 0 and C is a convex cone,
hyo1 + -+ h™" v, | —h"c e -C. (4.21)
It follows from (4.19) and (4.21) that

Yn € —intC, for n > Nj. (4.22)

By (4.20) and Lemma 4.1, we have -z € ITjyp(—zo). Then, it follows from the definition
of ITyp(—zp) that 3A > 0, for all £ € (0,\), for all ' € Bx(-z,1), —z¢ + tu’ € intD. Since
h, — 0%, there exists a sufficiently large N, such that

m

h
—"* ——€(0,A), forn>N,. 4.23
By + -+ bt ©4) : (4.23)

Then, from (4.20), we have

Zn — hnwl -t h:ln_lwmfl
By + -+ R

€ —intD, for n> N,. (4.24)

It follows from h,, > 0,w;, ..., w,-1,€ —D, and D is a convex cone that

z, € —intD, for n > N». (4.25)

Since z, € cone(G(x,) + D — z), there exist A, > 0,z, € G(x,),d, € D such that z, =
Ay (zZ, + dy — zg). It follows from (4.25) that z,, € G(x,,) ((=D), for n > N,, and then

x, € K, for any n > N,. (4.26)
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It follows from (4.22) that

Yn € cone(F(K) +C - yo) (| -intC, for n > max{Ny, N>}, (4.27)

which contradicts (4.14). Thus (4.13) holds and the proof is complete. O

Theorem 4.7 (strong duality). Suppose that (xo,v0) € graph(F), zo € G(xo) (D) and the
following conditions are satisfied:

(i)

—~~

Ui, vi, wi+ZO) € epi(F/G)_(XOr]/OI ZO)/ (ui/ i, wi) € XX(—C)X(—D), i= 1121- oM

7

[

(if)
(iii)
(V) Px) = {(y,2) € Y xZ | (xy2) € GT i (xo,yoz0um,v,w +

epi(F,
Z0, -+ Um—1, Um-1, Wm-1 + 2o)} fulfills the weak domination property for all x € E and

(Oy,0z2) € P(0x);
(v) There exists an x' € E such that G(x')((-intD) # .

F,G) is (C, D)-convex like on a nonempty convex subset E;

—_~ o~

X0, Yo) is a weakly minimal solution of (SP);

Then there exist ¢ € (C*\ {Oy-}) and ¢ € D* such that (xo, Yo, zo, ¢, ¢) is a weakly maximal solution
of (DSP).

Proof. Define

M = U dl;lgm) (FI G) (x()I yO/ Z20,U1,01,W1,- -, Um-1,Om-1, wm—l) (x) + C X D + (OY/ ZO)- (428)
xeQ

By the similar proof method for the convexity of M in [20, Theorem 5.1], just replacing
mth-order generalized adjacent epiderivative by mth-order weakly generalized adjacent
epiderivative, we have that M is a convex set. It follows from Lemma 4.6 that

M ("\(~int(C x D)) = 0. (4.29)

By the separation theorem of convex sets, there exist ¢ € Y* and ¢ € Z*, not both zero
functionals, such that

P +¢((@) 2dy) +¢(2), Y(y,Z) €M, (y,z) € -int(C x D). (4.30)
It follows from (4.30) that

d(y) <¢(z), VY(y,z) € (-intC) xintD, (4.31)
d) +¢((z) 20, Y(¥,Z) e M. (4.32)

From (4.31), we obtain that ¢ is bounded below on the intD. Then, ¢(z) > 0, for all z € intD.
Naturally, ¢ € D*. By the similar proof method for ¢ € D*, we get ¢ € C*.
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Now we show that ¢ #0y-. Suppose that ¢ = Oy.. Then ¢ € D* \ {0z}. By
Proposition 3.14 and condition (v), there exists a point (/, z') € (F, G)(x') such that z' € —intD
and

(v, 2") = (yo, z0)

e d"(F,G) (X0, Yo, 20, U1, 01, W1 + Z0, - . ., U1, V-1, W1 + Z0) (x' — x9) + C x D.
(4.33)

Thus it follows from (4.32) that ¢s(z') > 0. Since z' € —intD and ¢ € D* \ {0z}, we have
¢ (z') <0, which leads to a contradiction. So ¢ # Oy-.

From (4.32) and assumption (iv), we have ¢(zp) > 0. Since zp € -D and ¢ € D*,
¢(zo) <0. Therefore

#(z0) =0. (4.34)

It follows from (4.32), (4.34), ¢ € C* \ {Oy-} and ¢ € D* that ¢(y) + ¢(z) > O, for all

(y,z) € d%m) (F, G)(x0,Y0, zo, U1, 01, W1 +Zo, . . ., U1, V-1, Wm-1 + Z0) (X). So (x0, Yo, zo, P, ¢) is
a feasible solution of (DSP).
Finally, we prove that (xo, yo, zo, ¢, ¢) is a weakly maximal solution of (DSP).
Suppose that (xo, yo, zo, $, ¢) is not a weakly maximal solution of (DSP). Then there

exists a feasible solution (X, i/, Z, ¢, ¢p) of (DSP) such that
v > Yo. (4.35)
According to ¢ € C* \ {Oy-}, we get
¢(H) > ¢(yo)- (4.36)

Since (x9, o) is a weakly minimal solution of (SP), it follows from Theorem 4.5 that

¢(Y) < P(vo), (4.37)

which contradicts (4.36). Thus the conclusion holds and the proof is complete. O
Now we give an example to illustrate the Strong Duality. we only take m = 2.
Example4.8. LetX =Y =Z=R, E=[-1,1]1cX, C=D =R,.LetF: E — 2Y bea set-valued

map with

{yeR|y>x*3 xe[-1,1)},

F(x) = 1
{y€R|y2§r x=1}1

(4.38)



14 Journal of Inequalities and Applications

and G: E — Z be a set-valued map with

1
{ZER|22x6/5—Z, x € [—1,1)},

G(x) = (4.39)

1
{zeRleE,x=1}.

Naturally, (F,G) is a R, x R,-convex like map on the convex set E.

Let (x0,y0) = (0,0) € graph(F). Then (xo, o) is a weakly minimal solution of (SP).
Take zp = -1/12 € G(xo) N(-D), (u1,v1,w1) = (0,0,-1/12) € X x (-C) x (=D). Then
(11,01, 1 + 20) € epi(F,G) = (x0, Yo, 20), dis” (F, G) (%0, Yo, 20,11, 01,1 + 20)(x) = {(,2) €
R?:y =0, z € R}, for x € X. The dual problem (DSP) becomes

max ¥,
st. p(y) +¢(2) 20, (v,2) €di” (F,G)(x0, Yo, 20, 1,01, w1 +20) (%), x€X,
#(z0) 20, (4.40)
¢ €C\ {0y},
g eD".
Therefore the conditions of Theorem 4.7 are satisfied. Simultaneous, take ¢ = 1/2 € C* and
¢ = 0. Obviously, (xo, Yo, zo, ¢, ¢p) is a feasible solution of (DSP). It follows from Theorem 4.5
that (xo, o, zo, ¢, ) is a weakly maximal solution of (DSP).

Since neither of F and G is R,-convex map on the E, the assumptions of [19, Theorem
4.3] are not satisfied. Therefore, [19, Theorem 4.3] is unusable here.

Theorem 4.9 (converse duality). Suppose that (xo, yo) € graph(F), zo € G(xp) ((—=D), and the
following conditions are satisfied:

(1) (ui,vi,wi+zo) € {Ox} xCxD,i=1,2,...,m-1;

(ii) the set {(y,z) € Y x Z | (xy,z) € G'Tf;;?;,c)(xolyo, Zg, U1, V1, Wy +
Z0, .+, Um—1, Um-1, Wm-1 + 20) } fulfills the weak domination property for all x € &;

(iii) there exist ¢ € (C* \ {Oy+}) and ¢ € D* such that (xo, Yo, zo, , ¢) is a weakly maximal
solution of (DSP).

Then (xo, yo) is a weakly minimal solution of (SP).

Proof. It follows from Proposition 3.12 that

(¥ — Yo, 2~ z0)

€ di™ (F,G) (x0, Yo, 20, 141, 01,201 + Z0, - - -, U1, U1, W1 + Z0) (X = Xg) + C x D,
(4.41)
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forallx € K, y € F(x), z € G(x). Then,
d(y-yo) +¢(z—20) 20, VxeK, yeF(x), zeG(x). (4.42)

It follows from x € K that there exists z € G(x) such that z € —D. So ¢(z) < 0. Then, from
(4.5) and (4.42), we get

¢(y) 2 ¢(yo), Vx €K, y€F(x). (4.43)

We now show that (xo, yo) is a weakly minimal solution of (SP). Assume that (x, o) is
not a weakly minimal solution of (SP). Then there exists 1, € F(K) such that 1, — 1 € —intC.
It follows from ¢ € C* \ {Oy-} that ¢(v1) < $(yo), which contradicts (4.43). Thus (xo, yo) is a
weakly minimal solution of (SP) and the proof is complete. O

Theorem 4.10 (converse duality). Suppose that (xo, yo) € graph(F), zo € G(xo) (=D), and the
following conditions are satisfied:

(1) (ui/ Ui, w; + ZO) € epl(F/ G) - (x()/ Yo, ZO)/ i= 1/ 2/ R (e 1/

(ii) the set {(y,z) € Y x Z | (xy,z) € G-Tf,f,-’("F),G)(xo,yo,zO,ul,vl,wl +

Z0, -+ Um=1, Um-1, Wm-1 + 20) } fulfills the weak domination property for all x € &;

(iii) there exist ¢ € (C* \ {Oy-}) and ¢ € D* such that (xo, Yo, zo, P, ¢) is a weakly maximal
solution of (DSP).

Then (xo, yo) is a weakly minimal solution of (SP).

Proof. By the similar proof method for Theorem 4.9, it follows from Proposition 3.14 that the
conclusion holds. ]

5. Higher-Order Wolfe Type Duality

In this section, we introduce a kind of higher-order Wolf type dual problem for a constrained
set-valued optimization problem by virtue of the higher-order weakly generalized adjacent
epiderivative and discuss its weak duality, strong duality and converse duality properties.

Suppose that (u;,v;,w;) € X xY xZ, i =1,2,...,m—-1, (x0,y0) € graph(F), zy €
G(x0) N(-D), and Q = dom[dey"™ (F, G)(xo, Yo, Z0, 1, 01,201 + Zo, - ., U-1, V-1, Wit + Z0)].
We introduce a higher-order Wolfe type dual problem(W DSP) of (SP) as follows:

max  ®(xo, Yo, 20,9, ¢) = (o) + ¢ (z0)
st ¢(y) +¢(2) 20, (y,z) € d (F,G) (5.1)
x (xO/ Yo,20,U1,01,W1 + Zo, - -+, Um-1, Om-1, Wm-1 + ZO) (.X'), x €Q,

¢ C\ {0y}, (5.2)
¢ € D*. (5.3)
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A point (xo, yo, 2o, §, ¢¢) satisfying (5.1)—(5.3) is called a feasible solution of (WDSP). A
feasible solution (xo, 1o, o, Po, ¢o) is called an optimal solution of (W DSP) if, for any feasible
solution (x, vy, z, ¢, ), @(x0, Yo, 20, o, o) > P(x,y,z, P, ¢).

Theorem 5.1 (weak duality). Let (xo,yo) € graph(F), zo € G(xo) ((=D), (u;, vi,w;) € {0x} x
CxD,i=1,2,...,m-1. Lettheset {(y,z) €Y xZ|(x,y,z) € G—T:;;("F),G)(xo, Yo, 20, U1, U1, W1 +
Z0, - -+, Um—1, Um—1, Wm-1 + Zo) fulfill the weak domination property for all x € Q. If (x,y) is a feasible

solution of (SP) and (xo, Yo, zo, §, ¢) is a feasible solution of (W DSP), then
oY) 2 d(vo) + ¢ (20)- (5.4)
Proof. It follows from Proposition 3.12 that

(F,G)(x) = (o, 20)
(5.5)
- dZ()m) (F, G) (.’X‘o, Yo, 20, U1, 01, W1 + Z0, - -+, Um-1, Om—1, Wip-1 + Zo)(f - .X'o) +C x D.

Since (X, ) is a feasible solution of (SP), G(x) (\(-D) # 0. Take z € G(x) ((-D). Then
it follows from (5.3) that

¢(2) <0. (5.6)
From (5.1)-(5.6), we get

¢(Y) 2 ¢(vo) + ¢(20), (5.7)
and the proof is complete. 0

Theorem 5.2 (weak duality). Let (xo,y0) € graph(F), zo € G(xo) N (=D), and (u;, vi, w; + zo) €
epi(F,G) — (x0,Y0,20), i = 1,2,...,m — 1 and the set {(y,z) € Y xZ | (x,y,z) € G-
T:;;("F),G) (x0, Yo, 2o, U1, V1, W1 + Z0, - -, Um—1, Um-1, Wm—1 + Zo) fulfill the weak domination property
for all x € Q. Suppose that (F, G) is C x D-convex like on a nonempty convext subset E. If (X, ) is a
feasible solution of (SP) and (xo, Yo, zo, p, () is a feasible solution of (W DSP), then

() 2 ¢(yo) + ¢5(20)- (5.8)

Proof. By using similar proof method of Theorem 5.1 and Proposition 3.14, we have that the
conclusion holds. O

Theorem 5.3 (strong duality). If the assumptions in Theorem 4.7 are satisfied and yy = Oy, then
there exist ¢ € (C*\{0y-}) and ¢ € D* such that (xo, yo, zo, ¢, @) is an optimal solution of (W DSP).

Proof. It follows from the proof of Theorem 4.7 that there exist ¢ € C* and ¢ € D* such that
(x0, Yo, 2o, , ) is a feasible solution of (WDSP) and ¢ (zp) = 0.
We now prove that (xo, Yo, zo, ¢, ¢r) is an optimal solution of (WDSP).
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Suppose that (xo, yo, zo, $, ¢) is not an optimal solution of (WDSP). Then there exists
a feasible solution (X, i, Z, ¢, ¢) such that

O (x0,y0,20,§, ) < D(%,7,%,6, §). (5.9)
Therefore, it follows from ¢(zg) = 0 that
$(y0) < () +F(2). (5.10)

Since (xo, yo) is a weakly minimal solution of (SP), it follows from Theorem 5.2 that
o) + ¥(2) < ¢(yo). From (5.10), we get ¢(yo) < ¢(vo), this is impossible since 19 = Oy. So
(x0, Yo, 20, , ) is an optimal solution of (WDSP). O

By using similar proof methods for Theorems 4.9 and 4.10, we get the following results.

Theorem 5.4 (converse duality). Suppose that there exists a (¢, ¢) € (C* \ {Oy+}) x D* such that
(x0, Yo, 20, @, ¢) is an optimal solution of (WDSP) and ¢ (zo) > 0. Moreover, the assumptions (i)
and (ii) in Theorem 4.9 are satisfied. Then (xo, yo) is a weakly minimal solution of (SP).

Theorem 5.5 (converse duality). Suppose that there exists a (¢, ¢) € (C*\ {Oy+}) x D* such that
(x0, Yo, 20, @, ¢) is an optimal solution of (WDSP) and ¢ (z¢) > 0. Moreover, the assumptions (i)
and (ii) in Theorem 4.10 are satisfied. Then (xo, yo) is a weakly minimal solution of (SP).
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