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1. Introduction

For sequences of fuzzy numbers, Nanda [1] studied the sequences of fuzzy numbers and
showed that the set of all convergent sequences of fuzzy numbers forms a complete metric
space. Kwon [2] introduced the definition of strongly p-Cesaro summability of sequences of
fuzzy numbers. Savas [3] introduced and discussed double convergent sequences of fuzzy
numbers and showed that the set of all double convergent sequences of fuzzy numbers is
complete. Savas [4] studied some equivalent alternative conditions for a sequence of fuzzy
numbers to be statistically Cauchy and he continue to study in [5, 6]. Recently Mursaleen and
Basarir [7] introduced and studied some new sequence spaces of fuzzy numbers generated
by nonnegative regular matrix. Quite recently, Savas and Mursaleen [8] defined statistically
convergent and statistically Cauchy for double sequences of fuzzy numbers. In this paper, we
continue the study of double statistical convergence and introduce the definition of double
strongly p-Cesaro summabilty of sequences of fuzzy numbers.

2. Definitions and Preliminary Results

Since the theory of fuzzy numbers has been widely studied, it is impossible to find either a
commonly accepted definition or a fixed notation. We therefore being by introducing some
notations and definitions which will be used throughout.
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Let C(R") = {A C R" : A compact and convex}. The spaces C(R") has a linear
structure induced by the operations

A+B={a+b, ac A, be B},
(2.1)
AA ={la, L€ A}

for A,B € C(R") and A € R. The Hausdorff distance between A and B of C(R") is defined as

0(A,B) = max{sup inf||a — b||, sup inf||a - b|| } (2.2)
acA beB beB acA

It is well known that (C(R"), 6) is a complete (not separable) metric space.
A fuzzy number is a function X from R" to [0, 1] satisfying

(1) X is normal, that is, there exists an xy € R" such that X (xg) = 1;

(2) X is fuzzy convex, that is, for any x,y € R*and 0 < 1 <1,

X(\x+(1-1y) >min{X(x),X(v)}; (2.3)

(3) X is upper semicontinuous;

(4) the closure of {x € R" : X(x) > 0}; denoted by X°, is compact.

These properties imply that for each 0 < a < 1, the a-level set
X*={xeR": X(x)>a} (2.4)

is a nonempty compact convex, subset of R”, as is the support X°. Let L(R") denote the set
of all fuzzy numbers. The linear structure of L(R") induces the addition X + Y and scalar
multiplication AX, A € R, in terms of a-level sets, by

[X+Y]" = [X]*+ Y],
(2.5)
[AX]* = A[X]*

foreachO0<a <1
Define for each 1 < g < o,

1 1/q
dy(X,Y) = {’[‘OGW(X“, Y”‘)"dzx} , (2.6)

and do, = supOSusléw(X“,Y”‘) clearly d,(X,Y) = lim;_.ds(X,Y) with d; < d, if g < 7.
Moreover d, is a complete, separable, and locally compact metric space [9].

Throughout this paper, d will denote d7 with 1 < g < co. We will need the following
definitions (see [8]).
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Definition 2.1. A double sequence X = (Xy;) of fuzzy numbers is said to be convergent in
Pringsheim’s sense or P-convergent to a fuzzy number Xp, if for every ¢ > 0 there exists
N € W such that

d(Xy;, Xo) <e for k,I>N, (2.7)

and we denote by P —lim X = Xy. The number Xy is called the Pringsheim limit of Xj;.
More exactly we say that a double sequence (Xj;) converges to a finite number Xj if
X1 tend to Xp as both k and I tend to oo independently of one another.

Let ¢?(F) denote the set of all double convergent sequences of fuzzy numbers.

Definition 2.2. A double sequence X = (Xy) of fuzzy numbers is said to be P-Cauchy
sequence if for every ¢ > 0, there exists N € A such that

d(Xpq, Xi) <€ forp>2k2N, g21>N. (2.8)

Let C?(F) denote the set of all double Cauchy sequences of fuzzy numbers.

Definition 2.3. A double sequence X = (Xj;) of fuzzy numbers is bounded if there exists a
positive number M such that d(Xj, Xo) < M for all k and [,

Xl (00,0) = sup d(Xy, Xo) < o0. (2.9)

We will denote the set of all bounded double sequences by I2 (F).

Let K C N x /N be a two-dimensional set of positive integers and let K, , be the
numbers of (i,j) in K such that i < n and j < m. Then the lower asymptotic density of K is
defined as

K
P - liminf—= = 6,(K). (2.10)
mn mn
In the case when the sequence (K, / mn);'z:il,l has a limit, then we say that K has a natural

density and is defined as

Polim~m - 5, (k). (2.11)

mmn Mn

For example, let K = {(i%,j2) : i,j € N}, where A is the set of natural numbers. Then

K i
6>(K) = P - im 22 < p _ Jim Y™V _
mmn 1N mmn  MNn

0 (2.12)

(i.e., the set K has double natural density zero).
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Definition 2.4. A double sequence X = (Xj) of fuzzy numbers is said to be statistically
convergent to X, provided that for each € > 0,

P—lim%“(k,l);k <m, 1<n:d(Xu, Xo) >2€}| =0. (2.13)

In this case we write st; —limy ; Xk = Xo and we denote the set of all double statistically
convergent sequences of fuzzy numbers by st?(F).

Definition 2.5. A double sequence X = (Xy;) of fuzzy numbers is said to be statistically P-
Cauchy if for every € > 0, there exist N = N (¢) and M = M(¢) such that

P- lim%H(k, Dik<m, 1<n:d(Xu Xnm) 2 €} =0. (2.14)

That is, d(Xx;, Xnm) < €, a.a.(k, ).
Let C?(F) denote the set of all double Cauchy sequences of fuzzy numbers.

Definition 2.6. A double sequence X = (X;) of fuzzy and let p be a positive real numbers. The
sequence X is said to be strongly double p-Cesaro summable if there is a fuzzy number X,
such that

. 1 mn
P —lim— > d(Xu, Xo) = 0. (2.15)
k,I=1,1

In which case we say that X is strongly p-Cesaro summable to X.

It is quite clear that if a sequence X = (Xj) is statistically P-convergent, then it is a
statistically P-Cauchy sequence [8]. It is also easy to see that if there is a convergent sequence
Y = (Yi) such that Xj; = Yy a.a.(k,I), then X = (Xy;) is statistically convergent.

3. Main Result

Theorem 3.1. A double sequence X = (Xy1) of fuzzy numbers is statistically P-Cauchy then there is
a P-convergent double sequence Y = (Yi1) such that Xy = Yig a.a.(k,1).

Proof. Let us begin with the assumption that X = (Xj) is statistically P-Cauchy this grant us
a closed ball B = E(X M,N,, 1) that contains Xy a.a.(k,I) for some positive numbers M; and

Nj. Clearly we can choose M and N such that B' = B(Xmn,1/(2-2)) contains Xk 1 a.a.(k,1).
It is also clear that Xy; € B11 = BN B a.a.(k,I); for

{(k,l)ksm; ZSn:Xk,,gBmB}
B (3.1)
= {(e, Dk <m; 1<n: X ¢B} U ((k Dk <m; I<n: X ¢B),



Journal of Inequalities and Applications 5

we have

P—limL {kgm; lgn:Xkllg’EBﬂg}' SP—limL {kSm; lSn:Xk,1¢§}|
mn Mn mn MmMmn

+P—1imi|{k <m; 1 <n: Xk &B}| (3.2)
mn Mmn

=0.

Thus By is a closed ball of diameter less than or equal to 1 that contains Xy, a.a.(k,[). Now
we let us consider the second stage to this end we choose M, and N, such that xx; € B" =
E(X MyN,,1/(2%2 - 2%)). In a manner similar to the first stage we have Xy; € Bop = BN B,
a.a.(k,I). Note the diameter of By, is less than or equal 272 - 21-2 If we now consider the
(m,n)th general stage we obtain the following. First a sequence {B,.},,2; ; of closed balls
such that for each (m, n), By, O Bjyi1,n+1, the diameter of B, , is not greater than 21-m . pl-m

with Xi; € By, a.a.(k,I). By the nested closed set theorem of a complete metric space we
have ﬂ;‘fl’;’ilrl Byun # 0. So there exists a fuzzy number A € ﬂ;ﬁ:;ilrl By Using the fact that
X1 ¢ Bun, aa.(k, 1), we can choose an increasing sequence T, , of positive integers such that

1 1
—{k<m; 1 <n: Xx1€Bunll < — ifmn>Ty,. (3.3)
mn pq

Now define a double subsequence Zj; of Xj,; consisting of all terms Xy ; such that k,I > T1;
and if

Tm,n < k/l < Tm+1,n+1r then Xk,l 2 Bm,n- (34)

Next we define the sequence (Yx ;) by

A, if Xk, is a term of Z, (3.5)
Yk,l =

Xk, otherwise.

Then P - limg,;Yy; = A indeed if € > 1/m,n > 0, and k,I > T, ,, then either X is a term
of Z. Which means Yy; = A or Yi; = Xk; € By, and d(Yy; — A) < |Byn| < diameter of
Byn < 21=m.21-n We will now show that Xk1 = Yiga.a.(k,1). Note thatif Ty, ,, < m, 1 < Tppi1 41,
then

(k<m, 1<n: Y # Xk} C{k<m, 1<n:Xi1¢Bmn}, (3.6)
and by (3.3)
1 1 1
—{k<m, I<n: Y X < —Hk<m, [<n: Xk &Bun}l < —. (3.7)
mn mn mn

Hence the limit as (m, n) is 0 and Xy = Yy a.a.(k,[). This completes the proof. O
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Theorem 3.2. If X = (Xk,) is strongly p-Cesaro summable or statistically P-convergent to X,
then there is a P-convergent double sequences Y and a statistically P-null sequence Z such that P —
limy 1Yy = Xo and stolimy ; Zy; = 0.

Proof. Note that if X = [X;] is strongly p-Cesaro summable to Xy, then X is statistically
P-convergent to Xo. Let Ny = 0 and My = 0 and select two increasing index sequences of
positive integers N1 < N <--- and M; < M, < --- such that m > M; and n > N;, we have

1

mn

{k <m, I <n:d(Xgk1, Xo) > %}

Define Y and Z as follows: if Ny < k < Ny and My < < My, set Zx; = 0 and Yix; = Xk
Suppose thati,j > 1and N; < k < N1, M; <1< Mj,1, then

1
Xk, Ad(Xk1, Xo) < 7

Xy, otherwise,
(3.9)
1
0/ d(Xk,l/ XO) < Y
Yy = 1
Xk, otherwise.

We now show that P — limy Yk = x¢. Let € > 0 be given, pick (i, j) be given, and pick i and j
such that e > 1/ij, thus for k,I > M;, N;, since d(Yx,, Xo) < d(Xk1, Xo) < eif d(Xk;1, Xo) <1/ij
and d(Yk,l, Xo) =0if d(Xk,l, XQ) > l/ij, we have d(Yk,l/ Xo) < €.

Next we show that Z is a statistically P-null double sequence, that is, we need to show
that P —lim,, ,(1/mn)|{k <ml <n:Zx;#0}| =0.Let & > 0if (i, j) € NxN such that 1/ij < §,
then [{k <ml < n: Zy;#0}| < 6 for all m,n > M;, N;. From the construction of (M;, N;), if
M; < k < Mjy; and N; <1 < Njyq, then Zy;#0 only if d(Xy1, Xo) > 1/ij. It follows that if
M; <k <M, and N]' <l< Nj+1, then

{k<m;l<n:Z#0}C {k <m;l<n:d(Xe, Xo) < pl—q} (3.10)

Thus for M; <m < M;;1 and Nj <n < Njy and p,q > i, j, then

1 1
<—< =<6

mn ij
(3.11)

{(k<m;l<n:Zg#0}| < min|{k§m;l§n:d(Xkll,X0) >

)
p.q

this completes the proof. O

pomen

Corollary 3.3. If X = (Xk,) is a strongly p-Cesaro summable to X or statistically P-convergent to
Xo, then X has a double subsequence which is P-converges to Xj.
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4, Conclusion

In recent years the statistical convergence has been adapted to the sequences of fuzzy
numbers. Double statistical convergence of sequences of fuzzy numbers was first deduced
in similar form by Savas and Mursaleen as we explain now: a double sequences X = { Xy} is
said to be P-statistically convergent to Xy provided that for each e > 0,

1
P- limﬁ{numbers of (k,I): k<m, I <n,d(Xk1,Xo) > €}, (4.1)

Since the set of real numbers can be embedded in the set of fuzzy numbers, statistical
convergence in reals can be considered as a special case of those fuzzy numbers. However,
since the set of fuzzy numbers is partially ordered and does not carry a group structure, most
of the results known for the sequences of real numbers may not be valid in fuzzy setting.
Therefore, this theory should not be considered as a trivial extension of what has been known
in real case. In this paper, we continue the study of double statistical convergence and also
some important theorems are proved.
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