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1. Introduction

We use the standard notations from Nevanlinna theory in this paper (see [1-3]).

The study of the properties of the solutions of a linear differential equation with
periodic coefficients is one of the difficult aspects in the complex oscillation theory of
differential equations. However, it is also one of the important aspects since it relates to
many special functions. Some important researches were done by different authors; see, for
instance, [4-9].

Now, we firstly consider the second-order homogeneous linear differential equations

f"+Pie?) f' + Pa(e”)f =0, (1.1)

where P;(z) and P»(z) are polynomials in z and are not both constants. It is well known that
every solution f(z) of (1.1) is an entire function.
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Let f(z) be an entire function. We define

_,—logT(r,f)
pe(f) = lim —

r—+0o0

(1.2)

to be the e-type order of f(z).

If f(z)#0 is a solution of (1.1) and if f(z) satisfies p.(f) = 0, then we say that f(z)
is a subnormal solution of (1.1). For convenience, we also say that f(z) = 0 is a subnormal
solution of (1.1).

H. Wittich has given the general forms of all subnormal solutions of (1.1) that are
shown in the following theorem.

Theorem A (see [9]). If f(z)#0 is a subnormal solution of (1.1), where Py(z) and P»(z) are
polynomials in z and are not both constants, then f(z) must have the form

f(z) =e“(ap+ are” +--- + aye™), (1.3)

where m > 0 is an integer and c, ay, ai, . . ., a,, are constants with apa,, #0.

G. G. Gundersen and E. M. Steinbart refined Theorem A and obtained the exact forms
of subnormal solutions of (1.1) as follows.

Theorem B (see [6]). In addition to the statement of Theorem A, the following statements hold with
regard to the subnormal solutions f(z) of (1.1).

(i) If deg P1 > deg P> and P> #0, then any subnormal solution f(z)#0 of (1.1) must have
the form

fz) = Yae™, (14)
k=0

where m > 1 is an integer and aop, ai, . .., an, are constants with apa,, #0.
(ii) If P, = 0 and deg Py > 1, then any subnormal solution f(z) of (1.1) must be a constant.
(iii) If deg P1 < deg P,, then the only subnormal solution f(z) of (1.1) is f(z) = 0.
Whether the conclusions of Theorem A and Theorem B can be generalized or not,

Gundersen and Steinbart considered the second-order nonhomogeneous linear differential
equations

f” + P1 (ez)f' + Pz(ez)f = R1 (ez) + Rz(e_z), (15)

where P;(z), P»(z), Ri(z), and R,(z) are polynomials in z such that P;(z), P»(z) are not both
constants. They found the exact forms of all subnormal solutions of (1.5), that is, what is
mentioned in [6, Theorem 2.2, Theorem 2.3 and Theorem 2.4].
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In [6], they also have raised the following problem, that is, what about the forms of
the subnormal solutions of the equation

"+ [Pi(e) + Qu(e)]f + [Pa(e7) + Qa(e7?)] f = Ri(e) + Ra(e77), (1.6)

where P (z), P>(z), Q1(2), Q2(z), Ri(z), and Ry(z) are polynomials in z such that P;(z), P»(z),
Q1(z), and Q,(z) are not all constants?

In [7], we have obtained the exact forms of all subnormal solutions of homogeneous
equation

[+ [Pr(e®) + Qu(e™)]f + [Pa(e®) + Q2(e7)] f =0, (1.7)

where P;(z), P>(z), Q1(z), and Q,(z) are polynomials in z and are not all constants.
In this paper, we obtain the forms of subnormal solutions of nonhomogeneous linear
differential equation (1.6) when deg P, > deg P». We have the following theorem.

Theorem 1.1. Suppose that f(z) is a subnormal solution of (1.6), where Pi(z),P(z),
Q1(2),Q2(z), Ri(2), and Ry(z) are polynomials in z such that Py(z), P»(z), Q1(z) and Q»(z) are
not all constants.

(i) If deg Py > deg P, and deg Py > deg Ry, then f(z) must have the form
f(2) = eP*[g1(e%) + g2(e77)], (1.8)

where f is a constant, g (z) and g»(z) are polynomials in z.
(ii) If deg Py > deg P, and deg Py < deg Ry, then f(z) must have the form

f(z) =ef*[g1(e%) + g2 (e7*)] + c12g3(e7*) + caga(e7) + go(e%), (1.9)

where P is a constant, ¢ and c, are constants that may or may not be equal to zero,
g0(z) may be equal to zero or may be a polynomial in z, g1(z), g2(2), g3(z), and g4(z)
are polynomials in z with deg{gs} > 1.

2. Lemmas for the Proof

In order to prove Theorem 1.1, we need some lemmas.

Lemma 2.1 (see [7]). Suppose that f(z) is a subnormal solution of (1.7), where Pi(z), P»(z), Q1(z)
and Q,(z) are polynomials in z and are not all constants.

(i) If deg Py > deg P, and P> + Q, = 0, then any subnormal solution f(z) must be a constant.
(ii) If deg Py > deg P, and Py + Q, #0, then f(z) #0 must have the form

f(z) =g(e7), (2.1)

where g,(z) is a polynomial in z with deg{g,} > 1.
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Lemma 2.2 (see [10]). Let f(z) be a transcendental meromorphic function, let a > 1 be a given real
constant, and let k > j > 0. Then there exists a constant C = C(a) > O such that the following two
statements hold (where r = |z|).

(i) There exists a set Ey C [—ur, or) that has linear measure zero such that if ¢ € [-or, o) \ Eq,
then there is a constant R = R(y) > 0 such that for all z satisfying arg z = ¢ and |z| > R,
one has

fY()

T(@rf) e .
FOE < C( . log“rlog T(ar,f)) . (2.2)

(ii) There exists a set E; C (0, o0) that has finite logarithmic measure such that (2.2) holds for
all z satisfying |z| = r ¢ E; U [0, 1].

Lemma 2.3 (see [6]). Let 0 < 1 <1, < --- < 1j < - withrj — owasj — oo, and let
01 <0, <0; +2. Let

Wi ={z:argz=06}, Wy ={z:argz =06},
2.3)
Wi = {z:|z| = rj for some j and 6, < argz < 6,},

and set

W =W;UW,uUWs. (24)

Let f(z) be analytic on the set W. Suppose that f'(z) is unbounded on the set W. Then there exists
an infinite sequence of points zj € W with |z;| — oo as j — oo such that
f'(z1) — oo,
f'(z)
f(z)

. (2.5)
8|z;|

2 (1+o0(1))

Lemma 2.4 (see [8]). Consider the nth- order differential equation of the form
Py (ez,e‘z)f(”) + P (ez,e_z)f("_l) +-+ Py(e%,e77) f = Pua(e?,e7?), (2.6)

where Pj(e*,e7*) (j =0,1,2,...,n+1) are polynomials in e* and e™ with Py(e*,e™*) #0. Suppose
that f(z) is an entire and subnormal solution of (2.6) and that f(z) can be expressed as f(z) =
eP>G(e?), where f is a constant and G() is analytic on 0 < || < co. Then f (z) has the form

f(z2) = e [gi1(e?) + 2(e77)], (2.7)

where B is a constant and g1(z) and g,(z) are polynomials in z.
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As an application of Lemma 2.4, one has the following lemma.

Lemma 2.5. Suppose that f(z) is an entire subnormal solution of (2.6), where Pj(e*, e *)(j =
0,1,2,...,n+ 1) are polynomials in e* and e™* with Py(e*,e™*) #0, and that f(z) and f(z + 27ri)
are linearly dependent. Then f(z) has the form

f(z) =ef* [g1(e%) + g(e7%)], (2.8)

where B is a constant and g1(z) and g (z) are polynomials in z.

Proof. Since f(z) is entire and is linearly dependent with f(z + 27i), f(z) can be written as
f(z) = eP*G(e?) (see [11, page 382]), where f is a constant and G(¢) is analytic on 0 < |¢| < oo.
Then we have the representation from Lemma 2.4. O

Lemma 2.6. Suppose that f(z) is a solution of (1.6), where P;(z), P>(z), Q1(z), Q2(2), Ri(z), and
Ry (z) are polynomials in z such that Py(z), P»(z), Q1(z) and Q2 (z) are not all constants. If

deg P, < deg Py < degR;, (2.9)
then there exists a polynomial gy(z) such that
f(z) = g(z) + go(e), (2.10)
where g(z) is a solution of
§"+ [Pi(e®) + Qi(e7)] g + [P2(e%) + Q2(e7%)] g = Rs(e%) + Ra(e™?), (2.11)
where R3(z) and Ry(z) are polynomials in z with deg R3 < deg P;.
Proof. Let n = deg Ry —deg Py > 1, and set
8(z) = f(z) — ae™, (2.12)
where a is the constant such that
deg{Ri(z) — anz"Pi(z)} < deg Ry. (2.13)
It follows from (1.6) and (2.12) that
g+ [P1(e) +Qi(e7?)] g + [Pa(e?) + Qa(e77)] g = Ti(e7) + Tr(e77), (2.14)

where

Ti(e®) + To(e7*) = Ri(e*) + Ro(e™%) — ane™ [Py (e®) + Q1 (e77)] (2.15)
—ae"[Py(e®) + Qa(e7®)] — an’e™. .
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So Ti(e*) and T,(e™*) are polynomials in e* and e™%, respectively, and degT; < degR; by
(2.13), but T1(e*) and T>(e™*) have the exact representations that depend on the relations of
n,deg Q1, and deg Q,. If degT; < deg P, then (2.14) is of the form (2.11), and (2.12) gives
(2.10). If deg Ty > deg P; , then we repeat the above process finite times until we obtain (2.10)
and (2.11). This completes the proof of Lemma 2.6. O

3. Proof of Theorem

In this section, we will prove Theorem 1.1.

Proof. (i) Suppose that f(z) is a subnormal solution of (1.6) with deg P, > deg P, and deg P, >
deg R;. If f(z) is a polynomial solution of (1.6), then f(z) must be a constant, which is of the
form (1.8). Thus we suppose that f(z) is transcendental. It follows from Lemma 2.2(i) that
there exists a set E; C [-ur,or) that has linear measure zero such that if ¢ € [-or,o) \ Ey,
then there is a constant R = R(¢) > 0 such that for all z satisfying argz = ¢ and |z| > R, we
have

?—‘ < cwlogzr log T (27, f), (3.1)

where C > 0 is a constant and r = |z|. It also follows from Lemma 2.2(ii) that there exists a
set E; C (0,00) that has finite logarithmic measure such that (3.1) holds for all z satisfying
|z|€E> U [0,1].

Now let r1,7,...,7;, be an infinite sequence satisfying 1 <r; <r, <--- <r; <--- such
that rj¢E2 forall jand r; — ooasj — oo. Let gy be a small constant such that —(or/2) +&o € E;
and (or/2) — gy ¢ E1. Set

le{z:argz=—%+eo}, Wz={Z:argZ=§—€o},
(3.2)

. a a
W3 = {z:|z|=rj for some]and—5+50§argzgi—so},

and set

W=W;UW,UWs. (33)

From above, we have that (3.1) holds on the set W.
We now assert that f'(z) is bounded on the set W. On the contrary, it follows from
Lemma 2.3 that there exists a sequence of points z; € W with [z;| — oo asj — oo such that

|f'(zj)| — oo, (3.4)
f'(z)
f(z)

1
8|z

> (1+0(1)) (3.5)
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By (1.6), we have for all z; e W,

(=) 1 L PN+ Q™) f() 1 Rie®) +Ra(e?)
F&) P+ Qe T T RE) Qe fiz) T Flz) Pl Qile )
(3.6)

It follows from (3.4)—(3.6) and p.(f) = 0 that (3.6) yields 1 =0 as |zj| — oo on the set W. This
is a contradiction.
By the maximum modulus principle, f'(z) is bounded in the angular domain

a a
D:{z:—5+£0§argzgi—so}. (3.7)
However, we know

£(2) = flz0) + f (0, (3.8)

where the integral of f'(t) is defined on the simple contour C, extending from a point z, to a
point z in the complex domain.
So we obtain

|f(2)] = O(z), (3.9)

as z — oo in the angular domain D.
Thus , from the Cauchy integral formula, we obtain

|f"(2)] = O(D), (3.10)

as z — oo in the angular domain D. By (1.6), (3.8), and (3.9), we have for some constant
A>0

|f'(2)] < exp{-(1+0(1))Alz|}, (3.11)

as z — oo in the angular domain D. Together with (3.8) and (3.11), f(z) is bounded in the
angular domain D.

If f(z) = f(z + 20ri), it follows from Lemma 2.5 that f(z) must have the form (1.8).

If f(z) # f(z + 27ri), since f(z) is a subnormal solution of (1.6), so is f(z + 2sri). Thus,

h(z) = f(2) - f(z + 27i) (3.12)

will be a subnormal solution of (1.7). Since we suppose that deg P; > deg P>, we will discuss
the following two cases.
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Case 1. If P, + Q> =0, we have, by Lemma 2.1(i),

h(z) = C, (3.13)

where C is a constant. Hence h'(z) =0, that is,
f'(z) = f'(z + 20ri). (3.14)

From this, f'(z) can be written as f'(z) = e/**G (e*)(see [11, page 382]), where f; is a constant
and G (z) is analytic on 0 < |z| < co. Thus, f(z) can be written as f(z) = ef2?G,(e?), where
is a constant and G,(z) is analytic on 0 < |z| < co. It follows from Lemma 2.4 that

f(z) == [g1(e*) + g2 (e7)], (3.15)

where f is a constant, g1(z) and g (z) are polynomials in z. Thus, f(z) has the form of (1.8).

Case 2. If P, + Q, #0, we obtain from Lemma 2.1(ii) that
h(z) = f(z) - f(z +2i) = g3(e77), (3.16)

where g3(z) is a polynomial in z with deg{gs} > 1.

However, we can assert that h(z) = g3(e7) = 0in (3.16). Otherwise, there exists zy € D
such that

g(e) =a#0. (3.17)
By (3.16), we have
f(z+20i) — f(z +4mi) = g3(e77). (3.18)
Thus from (3.16) and (3.18), we have
F(z) = f(z +4mi) = 2g3(e™7). (3.19)

By repeating this process finite times, we obtain that for any integer n > 1,
f(z) = f(z+n-2mi) =ngs(e™?). (3.20)
We have, by (3.17) and (3.20),

f(z) = f(z+n-2ri) =na — oo, (3.21)
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asn — +oo. This is a contradiction to the fact that f(z) is bounded in the angular domain D.
This shows that P, + Q, #0 is not possible when f(z) # f (z + 2ori) under the hypotheses. This
completes the proof of part (i).

(ii) We firstly suppose that deg P; = deg R;. Since f(z) is a subnormal solution of (1.6),
sois f(z +2uri). Set

h(z) = f(z) — f(z + 20ri). (3.22)

Then h(z) is a subnormal solution of (1.7). Now if h(z) = 0, this shows that f(z) = f(z + 2uri)
and f(z) has the form of (1.9) by Lemma 2.5. Thus, we suppose that h(z) #0 in the following.

Now, assume that deg P; > deg P».

If P, + Q; =0, it follows from the proof of Case 1 of Theorem 1.1(i) that f(z) has the
form of (1.9).

If P> + Q,#0, we obtain from Lemma 2.1(ii) that

h(z) = f(z) - f(z +2mi) = gs(e77), (3.23)

where g3(z) is a polynomial in z with deg{gs} > 1.
Set

gs(e?) = > are™, (3.24)
k=0

where m > 1is an integer and ax(k =0, 1, ..., m) are constants with a,, #0.
Let n = deg P} = deg R; and set

n

n
Pi(e*) = > pee®,  Ri(e®) = D ke, (3.25)
k=0 k=0

where p,r, #0.
Now, we will discuss the following two cases.

Case A. We consider ap #0 in (3.24). Let ¢; be a constant defined by
C1a0Pn = Tn, (3.26)
and set
Hi(z) = c1zh(z). (3.27)

Since h(z) is a subnormal solution of (1.7), it follows from (3.27) that H;(z) satisfies

H + [Pi(e%) + Qi(e7%) | Hy + [P2(e7) + Q2(e7?) | Hi = 2¢1H'(z) + c1h(z) [Pi(e7) + Qi (e77)].
(3.28)
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We obtain from (3.23)—(3.28) that

H + [Pi(€%) + Qi(e7%)|Hy + [P2(e7) + Qa(e7?) | Hi = rpe™ + Tz(e%) + Tu(e™®),  (3.29)

where T5(z) and T4(z) are polynomials in z with deg T3 <n —1.
Set

$1(z) = Hi(z) - f(2). (3.30)

It follows from (1.6), (3.25), (3.29) and (3.30) that ¢ + [Pi(e*) + Qi(e™?)]¢P| + [Pa(e®) +

Qa(e)1¢ = Ts(e%) + Tale™) - :z:::rkekz ~Rale ).
Set R

n-1

Si(e®) = T3(e7) - Zrkekz, Sy(e7%) =Ts(e™®) — Ra(e77). (3.31)
k=0

So deg S1 < n -1 < deg P, and ¢;(z) satisfies
,1’ + [Pl (ez) + Q1 (eiz)](i),l + [Pz(ez) + Q2 (eiz)](i)l =5 (E’Z) +S, (e’z). (332)

We have by (3.27) that h(z) is a subnormal solution of (1.7), Hi(z) is a subnormal
solution of (3.29). Moreover, ¢;(z) is also a subnormal solution of (3.32) by (3.30) and f(z) is
a subnormal solution of (1.6). Thus, we deduce from Theorem 1.1(i) and (3.32) with deg P; >
deg S; that ¢1(z) has the form

$1(2) = e [g1(e*) + g2(e77)], (3.33)

where f is a constant, g1(z) and g»(z) are polynomials in z. Hence (3.23), (3.24), (3.27), (3.30),
and (3.33) yield

f(z) = [-gi1(e*) - g2(e7®)] + c1zg3(e77), (3.34)

where ¢; #0 and p are constants, g1(z), $2(z), and g3(z) are polynomials in z with deg g3 > 1.
This is the form of (1.9).

Case B. We consider ag = 0in (3.24). Let ¢, be a constant defined by
C2SAsPn = Ty, (335)

where s € {0,1,...,m} is a number such that a, is the first coefficient ay, a1, ..., a,, in (3.24)
which is not equal to zero. Set

H;(z) = c2e**h(z). (3.36)
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Similar to the proof of Case A of Theorem 1.1(ii), we have
f(z) = e [-g1(e*) — @2(e73)] + c2[e g3 (e77)], (3.37)

where ¢; #0 and p are constants, g1(z), $2(z) and, g3(z) are polynomials in z with deg g3 > 1.
Set gu(e7%) = ce®*gs(e™*). Then g4(e™%) #0 is a polynomial in e™* by the hypotheses of s in
(3.36). This is the form of (1.9). We have proved Theorem 1.1(ii) when deg P; = deg R;.

Now we suppose that deg P; < deg R;. By Lemma 2.6, there exists a polynomial gy(z)
in z, satisfies (2.10) and (2.11).

Since deg R3 < deg P; and since we have proved Theorem 1.1 holds in the cases when
deg P, > deg R; holds, we can apply this result to (2.11).

If deg P > deg R3, it follows from Theorem 1.1(i) that

g(z) = ef*[gi(e?) + g2(e77)], (3.38)

where f is a constant, g1(z) and g»(z) are polynomials in z. By (2.10) and (3.38), we obtain
that

f(2) = go(e®) + P [g1(e%) + g2(e77)], (339)

where f is a constant, gy(z), g1(z) and g (z) are polynomials in z. This is a form of (1.9).
If deg Py = deg R3, it follows from the proof of Theorem 1.1(ii) when deg P; = deg R;
that

g(z) = ef* [g1(e%) + g2(e7%)] + c1zg3(e77) + c2ga(e™?), (3.40)

where ¢1(z), $2(2), $3(z) and g4(z) are polynomials in z with deggs > 1, ¢; and ¢, are

constants that may or may not be equal to zero. By (2.10) and (3.40), we obtain that f(z)
has the form of (1.9). Theorem 1.1(ii) is completed. O

Now, we give some examples to show that Theorem 1.1 is correct.

Example 3.1. Let f(z) = e + e %, then f(z) satisfies
"+ (ezz +e+ 1>f’ —(e*+2e%-1)f =—e* -3 +2e % (3.41)

This is an example of Theorem 1.1(i).

Example 3.2. Let f(z) = z(1 + e7%) + e 2%, then f(z) satisfies
"4 <e22 +2e7+e 7 + 3>f’ +(e*+e+1)f=e+3e"+3-e " +e . (3.42)

This is an example of Theorem 1.1(ii) with deg P; > deg P, and deg P; = deg R;.
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Example 3.3. Let f(z) = z(e™*) + e* + 77, then f(z) satisfies
"+ (ezz +e’+ efz>f' +(e*+e ™) f=e+2e +e"—eF+e 43 (3.43)

This is an example of Theorem 1.1 (ii) with deg P; > deg P, and deg P; < deg R;.
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