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scale networks.
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1. Introduction

The bidirectional associative memory (BAM) neural network which was first introduced by
Kosko in 1987 [1, 2] is formed by neurons arranged in two layers. The neurons in one layer
are fully interconnected to the neurons in the other layer, while there are no interconnections
among neurons in the same layer. Through iterations of forward and backward information
flows between the two layers, it performs a two-way associative search for stored bipolar
vector pairs and generalizes the single-layer autoassociative hebbian correlation to a two-
layer pattern matched heteroassociative.

As it is well known, research on neural dynamical systems not only involves a
discussion of stability properties, but also involves many dynamic behavior such as periodic
oscillatory behavior, bifurcation, and chaos [3-19]. In the application of neural networks
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to some practical problems, the properties of equilibrium points play important roles. An
equilibrium point can be looked as a special periodic solution of neural networks with
arbitrary period. In this sense, the analysis of periodic solutions of neural networks could
be more general than that of equilibrium points. There are some results on the existence and
stability of periodic solution of BAM neural networks. Liu et al. [20, 21] obtained several
sufficient conditions which ensure existence and stability of periodic solution for BAM neural
networks with periodic coefficients and time-varying delays. Subsequently, Guo et al. [22]
obtained some sufficient conditions ensuring the existence, uniqueness, and stability of the
periodic solution for BAM neural networks with periodic variable coefficients and variable
delays, and they also estimated the exponentially convergent rate. Song et al. obtained several
sufficient conditions which ensure existence and stability of periodic solution for BAM neural
networks with periodic coefficients and periodic time-varying delays [23]. Moreover, neural
networks usually has a spatial extent due to the presence of an amount of parallel pathways
with a variety of axon sizes and lengths. Thus, the delays in neural networks are usually
continuously distributed. Recently, there are some authors studied the BAM neural networks
with distributed delays and constants coefficients [24-26].

Until recently, few studies have considered periodic solution for the BAM neural
networks with periodic coefficients and distributed delays. Zhou et al. considered the
periodic solution for the BAM neural networks with period coefficients and continuously
distributed delays [27]. However, the result in Zhou et al. contains two limitations, one
made for periodic T and the other is mini;j<,{(a; - Z;’Ll HﬁN,-,-), (cj - Zin l_?i;Mij)} > 0,
which also in the Wang et al. [28]. This limitation is being removed by this paper. Based on
the continuation theorem of Mawhin’s coincidence degree theory, the nonsingular M-matrix
and Lyapunov functionals, we derive a new global exponential stability criterion in matrix
form for periodic oscillation of BAM neural networks with period coefficients and distributed
delay. Moreover, our criterion is easy to check out.

The paper is organized as follows. Our model and some preliminaries are given in
Section 2. The existence of periodic solution is proved in Section 3. The exponential stability
of periodic oscillator is considered in Section 4. An example is shown in Section 5. Several
summary remarks are finally given in Section 6.

2. Preliminaries

In this paper, we study the BAM neural networks with periodic coefficients and continuously
distributed delays modeled by the following system:

m t,-j
() = —a;()u;(t) + Zbij(t)hij< . fij(s)v;(t - S)d5> +Ii(t),
=

2.1)

(6 = ~¢,02,0) + S e (foﬁgjxs)ui(t - s)ds) Y

wherei=1,2,...,n;,j=1,2,...,m; a;(t) > 0 and ¢;(t) > 0 denote the rate with which the cells
i and j reset their potential to the resting state when isolated from the other cells and inputs;
bij(t) and d;;(t) are connection weights of the neural network; I;(t), L;(t) denote the ith and
the jth component of an external input source introduced from outside the network to the ith
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cell and jth cell at time ¢, respectively. Moreover, the jth cell has an impact on the ith cell in
the time of t;; and the jth cell has an impact on the ith cell in the time of 7j;.

If u;(t) and v;(t) satisty system (2.1) and u;(t + T) = u;(t), vj(t + T) = v;(t), then they
are T-periodic solutions of system (2.1). The initial conditions associated with system (2.1)
are given as follows:

ui(s) = ¢i(s), vj(s) = ¢j(s), se&(-,0], (2.2)

where ¢;(s), ¢;(s) are continuous function (i =1,2,...,n;j=1,2,...,m).
Throughout this paper, we make the following assumptions.

Assumption 2.1. a;(t), bij(t), cj(t), d;i(t), Ii(t) and J;(t) are continuous T-periodic functions on
R. In addition, a = sup,glai(t)| < +oo, a; = infieg|a;(t)| > 0, b;f]. = sup,g|bij(t)| < +oo, ¢ =
sup,.plcj(t)| < +oo, ¢; = infier|c;(t)| > 0, d]’.ri = sup,gld;ji(t)| < +oo, I = sup,¢|I;(t)| < +o0, and
L]f = sup,g|L;(t)] < +o0.

Assumption 2.2. Signal transmission functions h;j(u), eji(v) are bounded on R, and there exist
number M;; >0 and Nj; > 0 such that

|hij (u) = hij(v)| < Mijlu -], leji(u) - eji(v)| < Njilu -] (2.3)

foreachu,veR, i=1,2,...,nandj=1,2,...,m.

Assumption 2.3. The delay kernels f;;(s), gji(s) : [0,+o0) — [0,+c0) (i
..., m) are continuous and integrable and satisfy

1,2,...,m;j =1,2,

f fii(s)ds =1, f gji(s)ds = 1. (2.4)
0 0

Assumption 2.4. The delay kernels fi;(s), gji(s) : [0,+0) — [0,+00) (i =1,2,...,m;j = 1,2,
..., m) satisfy

+0oo

j e”fij(s)ds <1, f e®gji(s)ds <1, (2.5)
0 0

where a is a bounded positive real number.

Now, we give some useful notations, definitions, and lemmas as follows: |lu| =
(jOTlu(s)|2ds)1/2 and v = (1/T)f0Tv(s)ds, where u(s) € C(R,R), v(s) is T-periodic function.
Assume that T"" = {A = (@) ;x,, * aij < 0,1# j}, then we have the following.

Lemma 2.5 (see [17, 29, 30]). Let A € T™". Then, each of the following conditions is equivalent to
the statement ‘A is a nonsingular M -matrix’”:

(a) all of the principal minors of A are positive;

(b) the real parts of all the eigenvalue of A are positive;
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(c) A is inverse-positive; that is, A" exists and A™! > 0;

(d) there is a vector x (or y), whose elements are all positive, such that the elements of Ax (or
ATy) are all positive;

(e) A has all positive diagonal elements and there exists a positive diagonal matrix D such that
AD is strictly diagonally dominant; that is,

aiidi>Z|aij|dj, i=1,2,...,n. (26)
i]

In the following, we introduce some concepts and results from the book by Gaines and
Mawhin [31].

Let X and Z be two Banach spaces, L : DomL ¢ X — Z a linear mapping, and
N : X — Z a continuous mapping. The mapping L will be called a Fredholm mapping of
index zero if dim Ker L = codimImL < +cc and ImL is closed in Z. If L is a Fredholm mapping
of index zero and there exist continuous projectors P : X — X and Q : Z — Z such that ImP
=Ker L, Ker Q = ImL = Im(I - Q), it follows that mapping Llpomr kerr : (I =P)X — ImLis
invertible. We denote the inverse of that mapping by Kp. If Q is an open bounded subset of X,
the mapping N will be called L-compact on if QN (Q) is bounded and Kp(I -Q)N : Q — X
is compact. Since ImQ is isomorphic to Ker L, there exists an isomorphism ] : ImQ — Ker L.

Lemma 2.6 (Mawhin’s continuation theorem). Let X and Z be two Banach spaces and L be a
Fredholm mapping of index zero. Assume that Q C X is an open bounded set and N : X — Zisa
continuous operator which is L-compact on Q. Then Lx = N has at least one solution in Dom L N\ Q,
if the following conditions are satisfied:

(a) foreach A € (0,1), x € 0Q () DomL, Lx#ANx;
(b) for each x € 0Q " Ker L, QNx #0;
(c) deg{JQONx, Q" KerL,0} #0,

where ] : ImQ — Ker L is an isomorphism.

3. Existence of Periodic Solutions
Now we give the following sufficient conditions on the existence of periodic solutions.

Theorem 3.1. Assume that Assumptions 2.1-2.3 hold. Then, system (2.1) has at least one T-periodic

solution, if
I, P
p= ( " 12> 3.1)
Py I

is a nonsingular M-matrix, where I, is unite matrix and Pra = (Pij) yxms Pij = —bj].Mi]-/ a;; Py =
(qji)mxn/ qji = _d;—lN]l/C]_
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Proof. Let X = Z = {x(t) = (), ..., un(),01(8), ..., 0m()" € CR,R™™) | u;(t) = w;i(t +
T), vj(t) =vj(t+T), i=1,2,...,n; j =1,2,...,m}, then X is a Banach space with the norm
lxlly = i maxeeqor i (t)] + X725 maxeeqo,r) [ ()]

LetL:DomLCcX — Z,P: X DomL — KerL,Q: X — X/ImL,and N : X — Z
be given by the following:

Lx = (i1 (t), i2(t), ..., itn(H), 01 (1), 02(t), ..., O (1)),
Px=Qx =@ (t),m(t),..., uu(t),01(t),0a(t), ..., (1)),

m by
[ —ay (t)uy () + Zblj(t)h1j<j0 frj(s)v;(t - s)ds> +L(b) \
j=1

. b (3.2)
—an(B)in(t) + 3 i (£ s (J Fui(s)0;(t — s)ds) + I(t)
j=1

—c1(H)o1(t) + id“(t)eh(l‘ Sui(s)u;(t - s)ds) + L1 (1)
i=1

\—cm(t)vm(t +Zd,m(t emi (J gml(s)u,(t—s)ds> + Ly (1) /

i=1

It is easy to see that L is a linear operator with Ker L = {x(t) | x(t) = x € R™™"}.
ImL = {x(t) | x(t) € Z, fOTx(t)dt = 0} is closed in Z, and dim Ker L = codimImL = n + m.
Therefore, L is a Fredholm mapping of index zero. It is easy to prove that P and Q are two
projectors, and ImP = Ker L, ImL = Ker Q = Im(I — Q). By using the Arzeld-Ascoli theorem,
it is easy to prove that for every bounded subset Q € X, K,(I - Q)N are relatively compact

on Qin X, thatis, N is L-compact on Q.
Consider the operator equation

Lx=ANx, 1€(0,1), (3.3)

that is

(1) = ~Xas(byus(t) + 13 by (O <ftijfi,-<s>v]-<t - s)ds> + L),
= 0
(3.4)

T'J]' (t) = —J\C]' (t)U]' (t) + )LZdﬁ(t)eﬁ <J‘Oﬁg,-,-(s)ui(t - S)dS) + )LL] (t),

i=1

wherei =1,2,...,nand j = 1,2,...,m. Denote y; = )L(Z;”Zl blfr].supseR|hi]~(s)| + I). By using
(3.4), we obtain

—pi < u(t) + Aai(Hui(t) < pi. (3.5)



6 Journal of Inequalities and Applications

Multiplying both sides of (3.5) by eMom()ds e have
_I/lieljgai(s)ds < (ui(t)exjga,.(sm)' < #ie/\fﬁ)ai(s)ds. (3.6)
Integrating the inequality above from 0 to v (v > 0) [27], we obtain
v t v v t
_,uif e/\fou;(s)dsdt < ui(v)e/\foa,-(s)ds —u (0) < ﬂlj e)tfgui(s)dsdt‘ (37)
0 0
Hence,

v v
_#i’[ e—)tj;)ai(s)dsdt T ui(o)e—lfl’;ai(s)ds < ui(v) < #lJ‘ e—)tj'rai(s)dsdt + ui(o)e—)ufgai(s)ds (38)
0 0

forv >t > 0. So we have

1oy = H N pray — Hi Oy oy = P ey P
<|u,(0)| Aa;>e A <ui(v) < <|ul(0)| Aa;>e + )Lai" (3.9)

that is,

(o~ Hi Hi
<Iu,(0) Mi>’+lai' (3.10)

which implies that u; is bounded and similarly v;. By the Assumption 2.3, we know that
t;
fi]'(S)’Uj(t—S)dS (311)
0
is uniformly convergent. Therefore, the following iterated integral:
T tij
f ui(t)| fij(s)vj(t - s)dsdt (3.12)
0 0

can be changed integrating order.
Suppose that (ui(t),..., u,(t), vi(t),..., o) € X is any periodic solution of system
(2.1) for a certain A € (0,1). Multiplying both sides of

m t,~j
i (t) = =da;(H)u;(t) + )LZb,](t)hlj <J‘O fi]'(S)Uj(t - S)dS) + AL (t) (3.13)

j=1
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by u;(t) and integrating from 0 to T, we obtain
T T m tij T
I )Lai(t)uiz(t)dt = J A Z bi]' (t)ui(t)hij <I fij (S)’U]' (t - S)dS> dt + I )LL'(t)ui(t)dt. (314)
0 0 =1 0 0

From Assumptions 2.1, 2.2, and 2.3 and noting that (foTlv]-(t — s))2dn'/?
(e loj(H)2dH)"? = |[vj]l, we have

T T
aifo w (t)dt < IO a;(hu?(t)dt

t
foz;sz(t)ui(t) [hij <J‘o fij(s)v;(t - S)ds> - hij(o)] dt
j

T
f Zb,](t)hl] O)ul(t)dt+f01i(t)ui(t)dt

m +00 T (315)
< XMy [ i [ [yt - 9ot
j=1 0 0

<Zb | i (0)[ + I+> i

< b z,||v1||||uzI|+\f<Zb |h1](0)|+1+>”ui”/

=1

—.

that is,

1]1 1

fluill < Zb Mij||vj|| + — <Zb |hi; (0)] + I*> (3.16)
By similar argument, we have

lloi]l < Zd jillail] + A<Z |e;i(0)|+L]’T>. (3.17)

] i=1
It follows (3.16) and (3.17) that

Py <s, (3.18)
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I, P : . : -

where P = ( ) ;:),In is a unite matrix and P12 = (pij) ms Pij = =bj;Mij/ a;; Por = (Gji) mxns
qji = —d;Nji/c;, y = ([mll, luzll, - .. wall, o1l 021l - IIvaI)T s = (s1,52,.. sn+m)T 5i =
\fT(Z}”ﬂ b;r].|hi]-(0)| +1I7)/a;, suij= \fT(Zi 1 |e,l(0)| + L*)/c <i<n 1<j<

Application of Lemma 2.5 yields
y<Ps2 (1,10, Tam) |, (3.19)
which implies that
lwill <7i, |2 < 7usj- (3.20)

It is not difficult to check that there exist t, ¢’ . € [0, T] such that

n+]

. ti " Tn+
wt) < 7= o(h) < 2 (3.21)

forl <i < mand1 < j < m. Multiplying both sides of (3.13) by u;(t) (i = 1,2,...,n) and
integrating from 0 to T, we obtain

m T tij
i = Azf bij (it (t) b <f fii(s)vj(t - s)ds>dt
j=1 0 0

T

T
- )Lf a;i (B it () u; (£)dt + )LJ‘ L(t) i (f)dt
0 0

m T tij
- AZI by (1) (1) [hi,- (f fi(s)oyt - s)ds> dt - hi;<0>]
j=1 0 0

T T
+)LZI bij(t)hij (0)i; (t)dt — f al(t)ul(t)ul(t)dt+AJ‘ L (t)i; () dt .
m +o0 T 1/2 T 12
< iy A (I0|ui<t>|2dt> < [ OIUj(t—s)|2dt> ds

T 1/2 ; 1 1/2
+be | i (0) [[[7eill + af <f0|ui(t)|2dt> <f0|ui(t)|2df> + VTI ||

m
< Zblel]”ulH"v]” + a+”u1||||u1|| + \FZb |h1] (O)|||uz|| + fﬁ””z“
j=1

Therefore, ||| < X7 b Mijllvjll + af lluill + VT (S} b 1hi; (0)] + I}).
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It is easy check that

T 7
wi(t) = wi () + Lui(t)dt < \/_ZT + VT ]|

<L VT | b My ||oj|| + at il + VT b5 i (0)] + 17
\/T = ] = ]
] (3.23)
<L+ VT | S My, +ari + VT bi|hi O+ )| & —=+¢&,
\/T ]gl ijorryintg i <]§1 1]| ]( )l 1>] \/T g
Tn+j [ & " + - + + Tn+j
’U]'(t) < ﬁ + \/T ZldjiNiiri + C]- Tnij + \/T<Zld]l|eﬂ(0)| + L]>] £ ﬁ + gm—j-
| i= i=
Let¢ =r;//T + ¢ + € and nvj = rn+]-/ﬁ+ Gnvj +€ (0 <e<x1). We take
Q= {x= @t .., u®,0(0),...,on®) €X | (D] <& |00 <&} (324)

Obviously, condition (a) of Lemma 2.6 is satisfied. When x € 0Q " Ker L = 0Q " R™™,
x is a constant vector in R™" with |u;(t)| = &, [vj(t)| = &u+;- Then, we have

m —_— f—
ui(QNx)i = —Eiuiz + uiZbijhij (‘U]) + uiL-,

=1
(3.25)
vj(QNx),H]- = —E]‘U]g + UjZEﬁe]-i(ui) + v]f]
i=1
We claim that there exists someiorj (1 <i<mn,1<j<m)suchthat
u;(QNx); <0 or v]-(QNx),H]- <0. (3.26)
If u;(QNx); > 0and vj(QNx)nﬂ» > 0, then, we obtain
Eiuf < uiZEi]-hij (U]) + uiI;-
i=1
= Zuizij [hij (vj) — hij(0)] + uiZEi]’hi]’(o) +u;lf (3.27)
j=1 j=1

m m
< |ui|ZbZ}Mij|Uj| + |ui|be}|hij(0)| + | I
= =



10 Journal of Inequalities and Applications

Which implies

1 & 1 & Si
é < ga:} 1]§n+] + = <Zb |I’l,] (0 + I+> < ;Zb:}szénﬂ + \/_T (328)
1 ]'=1

i j=1

By a similar argument, we obtain

énij < Zd Njiéi + = <Zd |e,](0)|+L+> Zd ]lgi+%. (3.29)

]11

On the other hand,

r  Pls

e (330)

&> +¢>

.
VT
where ¢ = (&1,¢2, .., ¢nim), ¢ = (81,82, -+, Cnem), and v = (1,72, . .., Tnem). It follows that there
exists some i or j such that

Zlb Myj(bns) > % (331)
’]
or
bnej = — Zd ji(&) > ﬁ’ (3.32)
]11

which is contradiction with (3.28) and (3.29). Then, there exists some i or j (1 < i < n,
1 < j < m) such that u;(QNx); <0 or v;(QNx),,; <0. Therefore,

n+j

IQNxl; = YIQNx)| + 3| (QNx),.,;] >0 (3.33)
i=1 j=1

This indicates that condition (b) of Lemma 2.6 is satisfied.
Define H(x,0) = —6x + (1 - )QNx, 6 € [0,1], where x = (uy(f),...,u,(t),v1(t),
., Um(t))T € R™™ When x € Ker L 0Q2, we have

[H(x, 0) |, = Z|H<u1,9>| + ZIH(%G)I

j=1
(3.34)

i’ —Qu;+ (1 - 9)(QNx)|+ |97)]+(1 6)(QNx),| > 0.

i=1
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According to the invariant of homology, we have
deg{ JQNx,Q () KerL, o} £0, (3.35)

where | : ImQ — KerL is an isomorphism. Therefore, according to the continuation
theorem of Gaines and Mawhin, system (2.1) has at least one T-periodic solution. The proof
is completed. O]

Remark 3.2. In [27], the period T was assumed to be T < min{l/ai*,l/c;.r}. In [28], the
inequations mini<; j<n{(@; - Z;"zl E]-iNﬁ), (cj - Xin EijMi]-)} > 0 must hold and also in [27].

Here, the limitation is being removed.

4. Global Exponential Stability of Periodic Solution

In this section, we discuss the global exponential stability of the periodic solution of system
(2.1). Under the assumptions of Theorem 3.1, system (2.1) has at least one T-periodic solution

XH(E) = (W (8), ... 1 (1), 05 (E), ..., 0 (1) (4.1)

Now, we give the following definition about global exponential of periodic solution:

Definition 4.1. The periodic solution x*(f) of model (2.1) is said to be globally exponentially
stable, if there exist positive constants 5, M such that

1/2
<Z|u(t) —ur () + o) - v*(t)|2> < M||xo — x| e (4.2)
i=1 j=1

for all t > 0, where xp, xj represent the history of x and x* on (-w0,0), respectively, and
o = x5, = (S (SUP_ ol (1) — (O + S (sup_ ol (1) - 07 (D)) /2,

Definition 4.2. A matrix M is said to be diagonally dominant if [m;| > 3;.; [mj| for all i,
[ j#i |m;;| for at least one i, where m;; denotes the entry in the ith row and jth column.

Theorem 4.3. Assume that Assumptions 2.1, 2.2, 2.4 hold and P is a nonsingular M-matrix, where
P is the same as in Theorem 3.1. System (2.1) has a unique T-periodic solution, which is globally
exponentially stable, if (Q — aI)" € T and is a weakly diagonally dominant matrix as

Qu Qr2
- , 43
v <Q21 sz) (+3)

where Q1 = d1ag(2a; - Z;’il bIjMU,ZaE - Z;Zl bz]le,,Za; - Z]nil b;]Mn]), Qun =
(Mij) s Mij = —bijij; Qu = (i) ysns Mji = _d;riNji/' Qxn = diag(2c; - XL df;Nui, 2¢; -

S A3 N, ..., 205, - S dE N
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Proof. Let z(t) = (uy(t) —uj(t),..., un(t) —uy(t), v1(t) =i (t),..., vn(t) - U;‘n(t))T. Then,
m tij
zi(B)zi(t) = —ai(D)|zi(t) ] + Zbij(t)zi(t)hij{fo fij(s) [Zn+j(t -8)+v(t- 5)]d5}
=1
m ti]-
_ Zbi]-(t)zi(t)hi]-< ) fij()v; (t = s)ds>
=1

m t,'j
< —ai"|z,-(t)|2 + Zb;;M,] fij (s)zi(t)zmj (t - S)dS
=1 0

(4.4)
o o zi(O] + |znsi (= 5)|”
< —a; |zt + Zb;jMi,-fo fi,-(s)| (0 | 5 i(t=9)] ds
=1
B 1 m +00
< —a; |zt + Ezlbi*jMij<|z,~(t)|2 + fo £ii(8) |z (t — s)|2ds),
j=
) B 1 n +00
Zue ()2 () < =5 |z (D) + Ezd;iwﬁozmj(tnz +f gji(s)|zi(t - s>|2ds>
i=1 0
fori=1,2,...,nandj=1,2,...,m.
We define the following Lyapunov functionals:
X\ e 1 + e a(y+s
Uity = T+ 2 S biMy [ [ fyo) 2y () Fer0dras
j=1 0 t-s (4 5)

. ep(t 1 n +oo pt
Vs (1) = —|zas (O] + = 3 dﬁNﬁf f gi(s)|zi(y) e ) dyds.
i=1 0 t—s

Calculating the Dini upper right derivative of \7]~(t) and \A/,Hj(t) along the solution of
(2.1), and estimating it via the assumptions [32], we have

o a eat B m N +00
D*Vi(t) < e|z(t) + 7{—2@ = OF + 2.b5My [|zi<t)|2 + f fij ()] 2z (8 = s>|2ds] }
j=1 0

at m +o0 o
’ % { jglb?jMii Uo fii(9)|znsj (B) "etds - JO fij(8)|zn+j(t = 5) |2ds] }

eat

m ) et I B +00
= 7 a + b:}Ml] - 2(11_ |Zi(t)| + sz;Mﬂznﬂ(t” IO fij(S)eﬂsds
= =1

j=1

eat m 5 m 5
< 7 a+ Zb;MU - 2[11_ |Zi(t)| + Zbl-;Ml] |Z"+i (i‘)l ,
j=1
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=N eut n
D+Vn+j(t) < 7{ <“ + Zd;le - > |Zn+] (t)l + Zd ]llZl Bl } (4.6)
i-1
Let
Qu Qp
Q= < > 4.7)
Q21 Q2
where Qi1 = diag(2a; - X7, bIlejzzai - Z;nl by My, ..., 2 - 2hb i Mnj); Qo =
(1f) s Mij = =biMij; Qo1 = (i) yyns Mji = Nii; Qu = dlag(ch S diNu, 2¢; -

Z?:l d;iN2i, . '2Cr_n - Z?:l d:mle)
Consider the Lyapunov functional

n+m

V() = > Vi(t). (4.8)
k=1
When (Q - al)" € T and is a weakly diagonally dominant matrix, calculating the Dini

upper right derivative of V along the solution of (2.1), we have

D*V(t) = D*mZka(t)
k=1

{< —2a; +Zb+M +a>|zl-(t)|2+ib;’]-Mi]-|zn+]~(t)|2}
j=1
{( -2¢; +Zd+N +a>|zn+]-(t)|2+Zd;’iNﬁ|zi(t)|2} (4.9)
i=1

etxt m n 9
= 7 —2[1; + Zbl-;Ml] + Zd;lN]l +a |Zi(t)|
=1 i=1

at

e _ n
+7{—2c]. +Zld;i +Zb+M +zx}|zn+i(t)|2 <0.
Therefore, for V(t) < V(0),
n+m +00 2
70 = 11 550 St [ i) ey

+00
+ Zth]lJ‘ f gji(s) |21(Y)|2 a(YJrs)des}
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1 +o0
- b} M;; i1(s)e™ ") dyd
“{ +Z ! j fij(s)e yds

n +00
+ > d; ]l,[ I gji(s) ”(Y+S)dyds} fnex supz; (y)
i=1

1., y<0

1 2
< —(n+m maxXx supz
S a ( )ke{l,A..,ern} Yglg k (Y)

n m 2
< %(n+m){z< sup |(])i(t)—u;‘(t)|> +Z< sup |qr7(t -0 (t)‘> }
i=1 \—oo<t<0 j=1

(4.10)

Thus,
<Z|u(t) w* (1) +Z|v(t) v* (b)) > <aV(t) < aV(0)
-1
g (4.11)
< (n+m){ < sup |¢1(t) U (t)|> +Z< suf;0|(p] t) — v’ (t)|> }
i=1 oo<t
that is,

1/2
<Z|u(t) —ur (B + o) - v*(t)|2> < Vn+m||xo - xp||,e. (4.12)

i=1 j=1

This means that periodic solution of system (2.1) is globally exponentially stable. The proof
is completed. O

Remark 4.4. For system (2.1), when delay kernels f;;(s), gji(s) are 6-functions, that is, we take
fii(s) = 6(s—¢i) and gji(s) = 6(s — 0j), then system (2.1) can be reduced to a fixed time delay
system and all above theorems are hold.

5. Example

In this section, we present an example to show the effectiveness and correctness of our
theoretical results.
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2

uy

T

Figure 1: Time evolution of #; of system (5.1).

Consider the following BAM neural networks:

3 tij
lli(t) = —ai(t)ui(t) + Zbl] (t)h,’j <f0 fij (S)Uj(t - S)dS) + I,'(t),
j=1

(5.1)

3 Tii
T'Jj(t) = —c]-(t)vj(t) + Zdﬁ(t)eﬁ (J gji(s)ui(t - s)ds) + L]'(t).
i=1 0

We select a set of parameters as a = 4/5, a;(t) = 2+0.1sint, ¢j(t) = 2+ 0.1 cost, f;;(s) =
gji(s) = e, Ii(t) = -0.2+ 0.4 cost and L;(t) = 0.3 +0.3sint, h;j(s) = tanh(s), eji(s) =1/(1+5s),
ti]' = Tji = 20,

/0.1 +0.1sint 0.2+0.1sint 0.3+0.1sint
(bij(t));,5=| 0.5+0.1sint 0.4+0.1sint 0.3+0.1sint |,

\0.3 +0.1sint 0.2+0.1sint -0.5+0.1sint
(5.2)
/ 02+0.1cost 0.4+0.1cost 0.1+0.1cost

(dji(t));.5 = -02+0.1cost 0.3+0.1cost 0.5+0.1cost
\ 0.5+0.1cost 02+0.1cost 0.3+0.1cost

Remark 5.1. A frequently used model for distributed time delays in biological, neural
networks applications is to choose for the Gamma kernel due to mathematical difficulties.
In this paper, we set a weak delay kernel, that is, an exponential kernel.
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T

Figure 2: Time evolution of u, of system (5.1).

0 10 20 30 40 50
T

Figure 3: Time evolution of u3 of system (5.1).

It is easy to check that max k;; < 1 and maxe/; < 1. Let Mj; = 1 and Nj; = 1. By some
computations, we obtain

/ 1 0 0 —0.1053 -0.1579 —0.2105\
0 1 0 -0.3158 -0.2632 -0.2105
0 0 1 -0.3158 -0.1579 -0.2105
-0.1579 -0.2632 -0.1053 1 0 0
-0.1579 -0.2105 -0.3158 0 1 0
\—0.3158 -0.1579 -0.2105 0 0 1 /
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Figure 4: Time evolution of v; of system (5.1).
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Figure 5: Time evolution of v, of system (5.1).

/29 0 0 02 -03 04\
0 23 0 —-0.6 -05 04
0 0 25 —0.6 -03 04
03 -05 02 28 0 0
03 04 06 0 25 0

\-06 -03 04 0 0 25/

(5.3)

It is easy to check that P is a nonsingular M-matrix and (Q — 0.8I)" is a weakly
diagonally dominant matrix. From Theorem 4.3 system (5.1) has T-periodic oscillation, which
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Figure 6: Time evolution of v3 of system (5.1).

is globally exponentially stable. In Figures 1, 2, 3, 4, 5, and 6, we plot the trajectories of u; and
vj, respectively.

6. Conclusion

In this paper, we derive a new criterion for checking the global stability of periodic oscillation
of BAM neural networks with distributed delay and periodic external input sources and find
that the criterion rely on the Lipschitz constants of the signal transmission functions, weights
of the neural network and delay kernels by using the continuation theorem of Mawhin’s
coincidence degree theory, the nonsingular M-matrix and Lyapunov function. The proposed
model transforms the original interacting network into matrix analysis, thereby significantly
reducing the computational complexity and making analysis of periodic oscillation for even
large-scale networks. Most importantly, our result is very practical in the design of BAM
neural networks.

Acknowledgments

The authors thank the anonymous reviewers for the insightful and constructive comments,
and also thank for helpful discussion Professor Zengrong Liu. This work is supported by the
NNSF (no. 60964006).

References

[1] B. Kosko, “Bidirectional associative memories,” IEEE Transactions on Systems, Man, and Cybernetics,
vol. 18, no. 1, pp. 49-60, 1988.

[2] B. Kosko, “Adaptive bidirectional associative memories,” Applied Optics, vol. 26, no. 23, pp. 4947-
4960, 1987.

[3] J. Cao, “Periodic oscillation and exponential stability of delayed CNNs,” Physics Letters A, vol. 270,
no. 3-4, pp. 157-163, 2000.



Journal of Inequalities and Applications 19

[4] J. Cao and L. Wang, “Periodic oscillatory solution of bidirectional associative memory networks with
delays,” Physical Review E, vol. 61, no. 2, pp. 1825-1828, 2000.

[5] J. Cao and L. Wang, “Exponential stability and periodic oscillatory solution in BAM networks with
delays,” IEEE Transactions on Neural Networks, vol. 13, no. 2, pp. 457-463, 2002.

[6] J. Cao and Q. Song, “Stability in Cohen-Grossberg-type bidirectional associative memory neural
networks with time-varying delays,” Nonlinearity, vol. 19, no. 7, pp. 1601-1617, 2006.

[7] A. I Domoshnitsky and M. V. Sheina, “Nonnegativity of the Cauchy matrix and the stability of a
system of linear differential equations with retarded argument,” Differentsial'nye Uravneniya, vol. 25,
no. 2, pp- 201-208, 1989.

[8] D. Bainov and A. I. Domoshnitsky, “Nonnegativity of the Cauchy matrix and exponential stability
of a neutral type system of functional-differential equations,” Extracta Mathematicae, vol. 8, no. 1, pp.
75-82,1993.

[9] A. 1. Domoshnitsky and M. Drakhlin, “Periodic solutions of differential equations with delay
depending on solution,” Nonlinear Analysis: Theory, Methods & Applications, vol. 30, no. 5, pp. 2665—
2672,1997.

[10] R. P. Agarwal and A. I. Domoshnitsky, “Non-oscillation of the first-order differential equations with
unbounded memory for stabilization by control signal,” Applied Mathematics and Computation, vol.
173, no. 1, pp. 177-195, 2006.

[11] A. Chen, L. Huang, Z. Liu, and J. Cao, “Periodic bidirectional associative memory neural networks
with distributed delays,” Journal of Mathematical Analysis and Applications, vol. 317, no. 1, pp. 80-102,
2006.

[12] X. Liao and J. Yu, “Qualitative analysis of bi-directional associative memory with time delay,”
International Journal of Circuit Theory and Applications, vol. 26, no. 3, pp. 219-229, 1998.

[13] X. Liao and K.-W. Wong, “Global exponential stability of hybrid bidirectional associative memory
neural networks with discrete delays,” Physical Review E, vol. 67, no. 4, Article ID 042901, 4 pages,
2003.

[14] S.Mohamad, “Global exponential stability in continuous-time and discrete-time delayed bidirectional
neural networks,” Physica D, vol. 159, no. 3-4, pp. 233-251, 2001.

[15] Y. Liuand W. Tang, “Existence and exponential stability of periodic solution for BAM neural networks
with periodic coefficients and delays,” Neurocomputing, vol. 69, no. 16-18, pp. 2152-2160, 2006.

[16] H. Wang, X. Liao, and C. Li, “Existence and exponential stability of periodic solution of BAM neural
networks with impulse and time-varying delay,” Chaos, Solitons and Fractals, vol. 33, no. 3, pp. 1028-
1039, 2007.

[17] E Ren and ]J. Cao, “Periodic oscillation of higher-order bidirectional associative memory neural
networks with periodic coefficients and delays,” Nonlinearity, vol. 20, no. 3, pp. 605-629, 2007.

[18] C. Huang, Y. He, and L. Huang, “New results of a class of two-neuron networks with time-varying
delays,” Journal of Inequalities and Applications, vol. 2008, Article ID 648148, 14 pages, 2008.

[19] Y. Li, Y. Hua, and Y. Fei, “Global exponential stability of delayed Cohen-Grossberg BAM neural
networks with impulses on time scales,” Journal of Inequalities and Applications, vol. 2009, Article ID
491268, 17 pages, 2009.

[20] Z.Liu, A. Chen, J. Cao, and L. Huang, “Existence and global exponential stability of periodic solution
for BAM neural networks with periodic coefficients and time-varying delays,” IEEE Transactions on
Circuits and Systems. I, vol. 50, no. 9, pp. 1162-1173, 2003.

[21] Z. Liu, A. Chen, J. Cao, and L. Huang, “Existence and global exponential stability of almost periodic
solutions of BAM neural networks with continuously distributed delays,” Physics Letters A, vol. 319,
no. 3-4, pp. 305-316, 2003.

[22] S. Guo, L. Huang, B. Dai, and Z. Zhang, “Global existence of periodic solutions of BAM neural
networks with variable coefficients,” Physics Letters A, vol. 317, no. 1-2, pp. 97-106, 2003.

[23] Q.Song and Z. Wang, “An analysis on existence and global exponential stability of periodic solutions
for BAM neural networks with time-varying delays,” Nonlinear Analysis: Real World Applications, vol.
8, no. 4, pp. 1224-1234, 2007.

[24] H. Zhao, “Global stability of bidirectional associative memory neural networks with distributed
delays,” Physics Letters A, vol. 297, no. 3-4, pp. 182-190, 2002.

[25] X. Liao, K.-W. Wong, and S. Yang, “Convergence dynamics of hybrid bidirectional associative
memory neural networks with distributed delays,” Physics Letters A, vol. 316, no. 1-2, pp. 55-64, 2003.

[26] A. Chen, L. Huang, Z. Liu, and J. Cao, “Periodic bidirectional associative memory neural networks
with distributed delays,” Journal of Mathematical Analysis and Applications, vol. 317, no. 1, pp. 80-102,
2006.



20 Journal of Inequalities and Applications

[27] T.]. Zhou, A. P. Chen, and Y. Y. Zhou, “Existence and global exponential stability of periodic solution
to BAM neural networks with periodic coefficients and continuously distributed delays,” Physics
Letters A, vol. 343, no. 5, pp. 336-350, 2005.

[28] Y. Wang, G. Zhang, and Z. R. Liu, “Dynamics of periodic bidirectional associative memory neural
networks with distributed delays,” submitted.

[29] X.-B. Liang, “A comment on “on equilibria, stability, and instability of Hopfield neural networks”,”
IEEE Transactions on Neural Networks, vol. 11, no. 6, pp. 1506-1507, 2000.

[30] A.Berman and R. J. Plemmons, Nonnegative Matrices in the Mathematical Sciences, Computer Science
and Applied Mathematic, Academic Press, New York, NY, USA, 1979.

[31] R. E. Gaines and J. L. Mawhin, Coincidence Degree, and Nonlinear Differential Equations, vol. 568 of
Lecture Notes in Mathematics, Springer, Berlin, Germany, 1977.

[32] J.Hale, Theory of Functional Differential Equations, Applied Mathematical Sciences, Springer, New York,
NY, USA, 2nd edition, 1977.



	1. Introduction
	2. Preliminaries
	3. Existence of Periodic Solutions
	4. Global Exponential Stability of Periodic Solution
	5. Example
	6. Conclusion
	Acknowledgments
	References

