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1. Introduction

Recently, Fang and Huang [1] introduced a new class of H-monotone mappings in the
context of solving a system of variational inclusions involving a combianation of H-
monotone and strongly monotone mappings based on the resolvent operator techniques. The
notion of the H-monotonicity has revitalized the theory of maximal monotone mappings in
several directions, especially in the domain of applications. Verma [2] introduced the notion
of A-monotone mappings and its applications to the solvability of a system of variational
inclusions involving a combination of A-monotone and strongly monotone mappings. As
Verma point out “the class of A-monotone mappings generalizes H-monotone mappings.
On the top of that, A-monotonicity originates from hemivariational inequalities, and emerges
as a major contributor to the solvability of nonlinear variational problems on nonconvex
settings.” and as a matter of fact, some nice examples on A-monotone (or generalized
maximal monotone) mappings can be found in Naniewicz and Panagiotopoulos [3] and
Verma [4]. Hemivariational inequalities—initiated and developed by Panagiotopoulos [5]—
are connected with nonconvex energy functions and turned out to be useful tools proving
the existence of solutions of nonconvex constrained problems. It is worthy noting that
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A-monotonicity is defined in terms of relaxed monotone mappings—a more general notion
than the monotonicity or strong monotonocity—which gives a significant edge over the H-
monotonocity. Very recently, Verma [6] studied the solvability of a system of variational
inclusions involving a combination of A-monotone and relaxed cocoercive mappings using
resolvent operator techniques of A-monotone mappings. Since relaxed cocoercive mapping
is a generalization of strong monotone mappings, the main result in [6] is more general than
the corresponding results in [1, 2].

Inspired and motivated by recent works in [1, 2, 6], the purpose of this paper is
to introduce a new mathematical model, which is called a general system of A-monotone
nonlinear variational inclusion problems, that is, a family of A-monotone nonlinear
variational inclusion problems defined on a product set. This new mathematical model
contains the system of inclusions in [1, 2, 6], the variational inclusions in [7, 8], and some
variational inequalities in literature as special cases. By using the resolvent technique for the
A-monotone operators, we prove the existence and uniqueness of solution for this system
of variational inclusions. We also prove the convergence of a multistep iterative algorithm
approximating the solution for this system of variational inclusions. The result in this paper
unifies, extends, and improves some results in [1, 2, 6-8] and the references therein.

2. Preliminaries

We suppose that & is a real Hilbert space with norm and inner product denoted by || - || and
(-,-), respectively, 2# denotes the family of all the nonempty subsets of H. If M : K — 2¥
be a set-valued operator, then we denote the effective domain D(M) of M as follows:

D(M) = {x € # : M(x) #0). (2.1)

Now we recall some definitions needed later.

Definition 2.1 (see [2,6,7]). Let A : # — H be a single-valued operator and let M : H — 2%
be a set-valued operator. M is said to be

(i) m-relaxed monotone, if there exists a constant m > 0 such that

(x-y,u-v)>-mlu- v|>, Vu,v e D(M), x € Mu, y € Mo, (2.2)

(ii) A-monotone with a constant m if

(a) M is m-relaxed monotone,
(b) A+ AM is maximal monotone for A > 0 (i.e., (A+ AM)(H) = X, for all A > 0).

Remark 2.2. If m = 0, A = H : # — H, then the definition of A-monotonicity is that of
H-monotonicity in [1, 8]. It is easy to know that if H = I ( the identity map on &#), then the
definition of I-monotone operators is that of maximal monotone operators. Hence, the class
of A-monotone operators provides a unifying frameworks for classes of maximal monotone
operators, H-monotone operators. For more details about the above definitions, please refer
to [1-8] and the references therein.
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It follow from [3, Lemma 7.11] we know that if X is a reflexive Banach space with X*
its dual, and A : X — X* be m-strongly monotone and f : X — Ris a locally Lipschitz such
that 0f is a-relaxed monotone, then 0f is A-monotone with a constant m — a.

Definition 2.3 (see [1,7,8]). Let A,T : # — H, be two single-valued operators. T is said to
be

(i) monotone if

(Tu-To,u-v) >0, VYu, veH, (2.3)

(ii) strictly monotone if T is monotone and

(Tu-To,u-v)=0, iffu=uv; (2.4)

(iii) y-strongly monotone if there exists a constant y > 0 such that

(Tu-To,u-o) 2y||u—v||2, Yu,v € H; (2.5)

(iv) s-Lipschitz continuous if there exists a constant s > 0 such that

IT(u) -T(v)|| <sllu-v|, Yuved, (2.6)

(v) r-strongly monotone with respect to A if there exists a constant y > 0 such that

(Tu—-Tv, Au— Av) >rllu-o|]?>, wuveH. (2.7)

Definition 2.4 (see [2]). Let A : H — H be a y-strongly monotone operator and let M : H —
2% be an A-monotone operator. Then the resolvent operator R?/I, K — His defined by

Ry (%) = (A+AM) 7' (x), Vxedk (2.8)

We also need the following result obtained by Verma [2].

Lemma 2.5. Let A : H — H be a y-strongly monotone operator and let M : H — 2% be an
A-monotone operator. Then, the resolvent operator Ry | :+ H — H is Lipschitz continuous with
constant 1/(y —ml) for 0 < A <y/m, that is,

”R 2 (x) - MA(y)ii |x yll, VYx,yeH. (2.9)

One needs the following new notions.
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Definition 2.6. Let H#q,H>, ..., H, be Hilbert spaces and || - [|; denote the norm of #1, also let
Ay H, — Hiand Ny : ]_[?zle’éj — JH#1 be two single-valued mappings:

(i) Nj issaid to be ¢-Lipschitz continuous in the first argument if there exists a constant
¢ > 0 such that

|N1(x1, 22, ., xp) = Ni(y, %2, .., %) ||, < &llx1 = vl

(2.10)
Vxi,yr € Hi, xjeH; (j=2,3,...,p);
(ii) Nj is said to be monotone with respect to A; in the first argument if
(N1(x1,x2,...,%p) = N1(y1, x2,...,xp), A1 (x1) — A1(y1)) >0, 211)

Vo, y1 € Hy, xjeHj (j=2,3,...,p);

(iii) Ny is said to be f-strongly monotone with respect to A; in the first argument if there
exists a constant f > 0 such that

(N1 (x1,x2,...,%p) = N1(y1, %2, .., xp), A1 (x1) — A1 (1)) > B||x1 —y1||§,

V.‘Xfl,yl e H, Xj EJZJ(] =2,3,...,p);

(2.12)

(iv) Ny is said to be y-cocoercive with respect to A; in the first argument if there exists
a constant y > 0 such that

<N1(x1,x2,...,xp) —N1(y1,x2,---,xp),A1(x1)_Al(y1)>
> y|| N1 (x1, x2, ..., xp) —Nl(yl,xz,...,xp)”i, Vxy,y1 € Hy, xj ek (j=2,3,...,p);
(2.13)

(v) Nj is said to be y-relaxed cocoercive with respect to A; in the first argument if there
exists a constant y > 0 such that

(N1(x1,x2,...,%p) = N1(y1,x2,...,xp), A1(x1) — A1 (1))

i, Vxl,yl eJ(l, xiEJf]' (j=2,3,...,P);
(2.14)

> _Y”Nl(xl/xZ/"'/xp) _Nl(y1/x21-~-/xp)

(vi) Nj is said to be (y, r)-relaxed cocoercive with respect to A; in the first argument if
there exists a constant y > 0 such that

(N1(x1,%2,...,%p) = N1(y1,x2,..., xp), A1 (x1) — A1 (1))

” (2.15)

> —y|IN1(x1, x2,..., xp) — Nl(yl,xz,...,xp)”i +7||x1 -1
Vo, y1 € Hy, xjeHj (j=2,3,...,p).
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In a similar way, we can define the Lipschitz continuity and the strong monotonicity
(monotonicity), relaxed cocoercivity (cocoercivity) of N; : ]_[?zle’é j — H#i with respect to
Aj: Hi — H;in theith argument (i =2,3,...,p).

3. A System of Set-Valued Variational Inclusions

In this section, we will introduce a new system of nonlinear variational inclusions in Hilbert
spaces. In what follows, unless other specified, for each i = 1,2,...,p, we always suppose
that <#; is a Hilbert space with norm denoted by || - ||;, Ai : Hi — Hi, Fi : H?zle@j — H;
are single-valued mappings, and M; : #; — 2% is a nonlinear mapping. We consider the
following problem of finding (x1,x2,...,x,) € Hleeléi such that foreachi=1,2,...,p,

06F,'(.X'1,X2,...,xp) +Ml-(x,-). (31)

Below are some special cases of (3.1).
If p = 2, then (3.1) becomes the following problem of finding (x1, xp) € H#1 x H, such
that

0 € F1(x1,x2) + M1(x1),
(32)
0 € Fy(x1,x2) + Ma(xy).

However, (3.2) is called a system of set-valued variational inclusions introduced and
researched by Fang and Huang [1, 9] and Verma [2, 6].

If p = 1, then (3.1) becomes the following variational inclusion with an A-monotone
operator, which is to find x; € #; such that

0e€ Fl(xl) + M, (xl), (33)

problem (3.3) is introduced and studied by Fang and Huang [8]. It is easy to see that the
mathematical model (2) studied by Verma [7] is a variant of (3.3).

4. Existence of Solutions and Convergence of an Iterative Algorithm

In this section, we will prove existence and uniqueness of solution for (3.1). For our main
results, we give a characterization of the solution of (3.1) as follows.

Lemma 4.1. Fori = 1,2,...,p, let A; : H; — H; be a strictly monotone operator and let M; :
H; — 2% be an A;-monotone operator. Then (x1,x2,...,Xp) € HLJ& is a solution of (3.1) if and
only if foreachi=1,2,...,p,

x; = R;\‘,}il)ﬁ (Ai(xi) = LiFi(x1,x2,...,%p)), (4.1)

where \; > 0 is a constant.
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Proof. Tt holds that (x1, x2,...,x,) € Hleeléi is a solution of (3.1)

(:)GieFi(xl,xz,...,xp)+M,~(xi), i=1,2,...,p,
& Ai(xi) = MiFi(x1,%2,...,xp) € (Ai + M) (%), i=1,2,...,p, (4.2)

= x; = Ry, | (Ailx) = MFi(x,x2,000,%)), i=12,..,p.

LetI'=1{1,2,...,p}. O

Theorem 4.2. For i = 1,2,...,p, let A; : #H;i — H; be yi-strongly monotone and let ;-
Lipschitz continuous, M; : H; — 2% be an A;-monotone operator with a constant m;, let
F; : H;’:le/(f]- — H; be a single-valued mapping such that F; is (0;,ri)-relaxed cocoercive monotone
with respect to A; and s;i-Lipschitz continuous in the ith argument, F; is lj-Lipschitz continuous in

the jth arguments for each j € I', j#1i. Suppose that there exist constants A; >0 (i=1,2,...,p) such
that

1 L Dk
w\/rf@f—%qu +2)L1915%+)L1 Z

Yl B k= 2Yk - mk.)tk
;\/72295 = 2Mory + 2/\2925% +Ao282 + ﬂ <1,
Y2 — M2y S [ Mk 43)
1 202 ’ p-1 lk Pf\k
- 5 5
Yo~ Mplp \/TPGP Ayt + 24,857 + ; Yk = M,

Then, (3.1) admits a unique solution.

Proof. For i = 1,2,...,p and for any given \; > 0, define a single-valued mapping T; ), :
[T, — Hiby

Ti,/h- (.X'1, X2,... ,xp) = Rﬁi’)‘i (Ai(x,-) - )LiFi(xl,Xz, ey xp)), (44)

for any (x1,x,...,xp) € HLJ&-.
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For any (x1,x2,... ,xp), (Y1, v2,... ,yp) € Hleﬂi, it follows from (4.4) and Lemma 2.5
thatfori=1,2,...,p,

1Tin, (1, 22, 2p) = Tin, (s v, ) ||

= || Ra 0 (AiCx) = MiFiGra, 2, 3)) = Ry (A (i) = iy, v, w)) |,

1

S Somih | Ai(xi) = Ai(yi) = Li(Fi(x1, X2, .., %) = Fi(y, vz, - ) |
1

< Yi— mik; ”Ai(xi) - Ai(yi)

_)‘i(Fi (xl/ X2, e s Xiz1, Xiy Xitly - - - /xp> - Fi (xll X2, s Xi-1, Yis Xitl, - - - /xp)) ”l

Ai

+ |Fi(x1, x2, ..., xjo1, %, X4, .., Xp)

Yi—mi./\i <]€§#l 1 7 7 Iadd ] rvgr ]+/ 74p
_Fi(xlzxZ/---/xj1/yj/xj+1/---/xp)”i>-

(4.5)

Fori =1,2,...,p, since A; is T-Lipschitz continuous, F; is (6;, r;)-relaxed cocoercive
with respected to A; and s;-Lipschitz continuous in the ith argument, we have

|| Ai (xi) — Ai(vi)

—Xi(Fi(x1, %2, ..., Xic1, Xi, Xis, -, Xp) — Fi (21, %2, .., Xic1, Vi, Xisa, - -, Xp) ) ”12

< [lAi) — A II;
= 2Xi(F; (21,2, . . ., Xic1, Xi, Xiz1, - - -, Xp)
i X X, Yo X %), A) — Ai()) (+0)
+ M| Fi(x1, 22, o, Xic, Xy X, -+, Xp) = Fi(X1, X0, 0+, Xit, Yi, Xists -+, Xp) ”12

<7\l = yill; = 20irillx = will7 + 20887 |xi = will 7 + ATl - il
< (72 - 20+ 20:0;52 + A2 [|xi - wil -

Fori=1,2,...,p, since F; is [;j-Lipschitz continuous in the jth arguments (j € I, j #1),
we have

”Fi(xlerr cees Xj-1,Xj, Xjtly - - -/xp) - Fi(xll X2,e0os Xj=-1,Yjr Xjsls- - - /xp) ”1 < ll]”x] - y]”]/
(4.7)
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It follows from (4.5)—(4.7) that foreachi=1,2,...,p,

| Tin, (x1, %2, -, xp) = Tin, (Y1, v2, - ) ||,

jeT,j#i

1 2 . 0.2 22| 4. ) i M )
<V -2+ 2008F syl e e (S il -l ).

(4.8)

Hence,
p
DlTi, Geryx2, e, 2p) = Tons (Y1, 2, yp) |l
i=1

S-zp:[}’i—

i=1

Ai
le - 2.)L,'T,' + 2)&1'61'51.2 + )L,'25i2||x,' — yi”i + Yio mi)Li < Z l,]”x] — ]/]||]>]

jel,j#i

1 S Mk
:(m\/ﬁeg_zmuwlsﬁm e Il

+

1 Lo
<Y2 VT30 -2 - 2005} - 1+ 3 L> llx2 = 321,

kel k2 1k~ MmicAr

1 — 5 o Dk
4+ .o+ <m\/’l'p9p —2)Lprp+2./\p6psp+.)t ;Yk mk)lk ”xp_yP”p

14
sg(kz;nxk—ykuk)

where

(4.9)

1 > & g
= max{ ———— /7202 — 2\17q + 211052 + \;°s
{Y1—mw\1\/1 ! . Rt kZzYk_mk)lk

1 5 lio Ak
/7202 = 20515 + 2020552 + AP + —_—,
Y2—m2)»2\/ 292 212 2U028; + 425, k€§¢2},k — M)y (4.10)

cey

1 5 2 Dk
————\/T20% - 2)\,r +21652+)L
Yp—mp)tp\/p p— #ApTp + 24pUpSp ;Yk_mk)tk
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Define | - [l on TT/,o; by |G, 22, xp)lly = lxally + w2l + -+ + [lx,l,, for all
(x1,%2,...,%p) € Hf’zlelfi. It is easy to see that Hleelé,- is a Banach space. For any given
A >0 (i eT), define Wr,,\llj\zp__,)tp : Hlee’éi — Hleelei by

Wr 0,0, (X1, %2, -+, Xp)

(4.11)
= <T1,)Ll (x1, %22, %), Top, (%1, %2, ., %), o, Ty, (X1, X2, ,xp)>,
forall (x1,x,...,x,) € [Th Hi.
By (4.3), we know that 0 < ¢ < 1, it follows from (4.9) that
” Wras g, (21,22, Xp) = Wy, 0, (X1, X2, -0, X)) ”
r (4.12)

<8l ez xp) = (Wi g2, ) [l

This shows that Wr, 1,,.1, is a contraction operator. Hence, there exists a unique
(x1,%2,...,%xp) € [17_ i, such that

WF,)Ll,)Lz,...,)Lp (.X'1,XZ, - ,xp) = (xl, X2, e /xp)/ (413)
thatis, fori=1,2,...,p,
X; = R?/im\i (Ai(xi) - )LiFi(xlr X2, . rxp))- (4'14)

By Lemma 4.1, (x1, x2, ..., Xp) is the unique solution of (3.1). This completes this proof.
O

Corollary 4.3. Fori = 1,2,...,p, let H; : H#; — H; be y;-strongly monotone and T;-Lipschitz
continuous, let M; : H; — 2% be an H;-monotone operator, let F; : H;;lele]’ — H; be a single-
valued mapping such that F; is r;-strongly monotone with respect to H; and s;-Lipschitz continuous
in the ith argument, F; is l;-Lipschitz continuous in the jth arguments for each j € I', j#1i. Suppose
that there exist constants \; >0 (i =1,2,...,p) such that

1 2 liad
—\JT2=20r + A%+ > K
n k= Tk
Lo A
l T22 - 2121"2 + ./\ZZS% + Z k27K <1,
12 kel kz2 Tk (4.15)
1 P,
— T,?—Z)Lprp+)tpzs§ +ZM <1.
YP k=1 Yk

Then, problem (3.1) admits a unique solution.
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Remark 4.4. Theorem 4.2 and Corollary 4.3 unify, extend, and generalize the main results in
[1,2,6-8].

5. Iterative Algorithm and Convergence

In this section, we will construct some multistep iterative algorithm for approximating the
unique solution of (3.1) and discuss the convergence analysis of these Algorithms.

Lemma 5.1 (see [8,9]). Let {c,} and {k,} be two real sequences of nonnegative numbers that satisfy
the following conditions:

1)0<k, <1, n=0,1,2,...and limsup k, <1,

n
(2) Cn+1 < kncn/ n= 01 1121 sy
then ¢, converges to 0 as n — oo.

Algorithm 5.2. Fori = 1,2,...,p, let A;, M;, F; be the same as in Theorem 4.2. For any given
(x],x3,...,x0) € Hlee’é j, define a multistep iterative sequence {(x{,x},...,x;)} by

= e (1) [Ryy | (i) = WFi(x, 3], (5.1)

where

0<a,<1, limsupa, <L (5.2)

n

Theorem 5.3. For i = 1,2,...,p, let A;, M;, F; be the same as in Theorem 4.2. Assume that all
the conditions of theorem 4.1 hold. Then {(x{,x3,...,x,)} generated by Algorithm 5.2 converges

strongly to the unique solution (x1,xa,...,xp) of (3.1).

Proof. By Theorem 4.2, problem (3.1) admits a unique solution (x1, x2, ..., xp), it follows from
Lemma 4.1 that foreachi =1,2,...,p,

Xi = R?/;M\i (Ai(xl-) - )L,'Fi(xl,.Xz, e ,xp)). (53)

It follows from (4.3), (5.1) and (5.3) that foreachi=1,2,...,p,

n+1 _
K= = |

ay (2 = xi) + (1 - ay) I:R;?/;i/)ti (Ai(x?) — \;F; <x{‘,x£’, ... ,xﬁ))

—Rﬁh)ﬁ (Al-(x,-) - .)LiFi (xl, X2,... ,x,,))] ||

i
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1
<ty || X} — x|, + (1 - an)m

(™) — A(xe) — L (F A noo.n o.n n
; .
x ”A,(x) Ai(x;) Al<Fl<x1,x2,...,xl 1,xl,xﬁl,...,xlg>

n o n n i »
_Fi<xllx2/-- ./xi—l’xi’xi-l-l"'.’xp>>||i

Ai
n n n n n n
+y-—m-/\- Z ||Fi<x1,x2,...,x]._l,x.,x].+1,...,xp>
1 (Ead) : 4]
jel,j#i

|i

n n n n n
—-F; (xl,xz,...,x]._l,x]-,x].+1,...,xp>

(5.4)

Fori =1,2,...,p, since A; is 7-Lipschitz continuous, F; is (6;, r;)-relaxed cocoercive
with respected to A;, and s;-Lipschitz is continuous in the ith argument, we have

||Ai(xin) - Ai(x;)
2

n n n n n n n n n n n
_)L,-<Fl~<x1,x2,...,xi_1,xi,xi+1,...,xp> —Pi<x1,x2,...,xi_l,xi,xi+1,...,xp>>||i

< (TIZ - 2)LiTi + 2)»1'91'5? + )LfS%) ||x:“ - xi||2.
(5.5)

Fori=1,2,...,p, since F; is [;j-Lipschitz continuous in the jth arguments (j € I, j #1),
we have

. n .n n n .n n\ _ r. n o .n n /] n
||Fl<x1,x2,...,xj_l,x].,xj+l,...,xp) Fl<x1,x2,...,xj_l,x,,x].H,...,xp)

it

(5.6)

It follows from (5.4)—(5.6) thatfori=1,2,...,p,

xl \/Tf - 2Mi7i + 20;0;s7 + AiZSfo? - xil|;

1
—xi”. <ty ||xf - x|, + (1 - ap) ———
1 Yi_

m;l;

A
+ (1 - an)m Z li]'

X} - x]-”. .
jeT,j#i J

(5.7)
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:
i.
3
||M

1
[ nllxf = x|, + (1 - a")—m.)y\/Tl?- — 20 + 24,0382 + A7 ||« — x|
1741

+(1 - an)— ll - x|l
e (21|
14 P
an<z||x¢ —xi||i> va- an>§<zux¢ _ xz-nl-)
i=1 i=1

P
= (g + (1 - g)“n) <Z”x:1 - xi”i>/
i=1

(5.8)
where
1 202 5 P lkl)tk
=maXy ——— T6_2J\T+2)L95+A
g {Yl_ml)tl\/l 1 . T kZ2Yk_mk)Lk
1
—\/’T2292 201 + 2)&26252 + J\2 SZ ﬂ,
Y2 — m2-f\2 kEl",k#ZYk — Mk (59)

ceoy

1 5 o I
———\/720% - 20,1 +2/\9$2+)L P .
Yp—mp)tp\/p P~ 2ApTp + 2Ap0pSp ;Yk—mklk

It follows from hypothesis (4.3) that 0 < ¢ < 1.
Leta, = Zp N = xill;, & = §+(1=¢)an. Then, (5.8) can be rewritten as an41 < &nan, n =
0,1,2,.... By (5.2), we know that limsup, ¢, < 1, it follows from Lemma 5.1 that

4
an = D ||x! - x|, converges to 0 as 1 — oo. (5.10)
i-1

Therefore, {(x,x7,.. .,x;’)} converges to the unique solution (x1,x,...,x,) of (3.1).
This completes the proof. O
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