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Denote by o the sequence space defined by o = {(s,) : 32, n¥"!|a,|* < 0, a, = s, — 5,1) for
k > 1. In a recent paper by E. Savas and H. Sevli (2007), they proved every Cesaro matrix of order
a, for a > -1, (C,a) € B(4) for k > 1. In this paper, we consider a further extension of absolute
Cesaro summability.
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1. Introduction

Let >} a, denote a series with partial sums (s,). For an infinite matrix T, t,, the nth term of
the T-transform of (s,) is denoted by

ty = D tnoSo. (1.1)
=0

A series Y, a, is said to be absolutely T-summable if 3;, |At,_1| < oo, where A is the forward
difference operator defined by At,_; = t,_1 — t,. Papers dealing with absolute summability

date back at least as far as Fekete [1].

A sequence (s,,) is said to be of bounded variation (bv) if 3, |As,| < oo. Thus, to say
that a series is absolutely summable by a matrix T is equivalent to saying that the T-transform
the sequence is in bv. Necessary and sufficient conditions for a matrix T : bv — bwv are
known. (See, e.g., Stieglitz and Tietz [2]).

Let 0ff denote the nth terms of the transform of a Cesédro matrix (C,a) of a sequence
(sn). In 1957 Flett [3] made the following definition. A series >, a,, with partial sums (s,), is
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said to be absolutely (C, a) summable of order k > 1, written > a, is summable |C, a|, if

o]
N or - o2 < oo (12)
n=1

He then proved the following inclusion theorem.

Theorem 1.1 (see [3]). If a series 3, a, is summable |C, al, then it is summable |C, p|, for each
r>k>lLa>-1,p>a+1/k-1/r.

It then follows that if one chooses r = k, then a series >, a,, which is |C, |, summable,
is also |C, fi|, summable for k > 1, f > a > -1.

Absolute Abel summability, written as |A|, was defined by Whittaker [4] as follows. A
series Y. a, is said to be summable |A| if the series >, a,x™ is convergent for 0 < x < 1 and its
sum-function ¢(x) satisfies the condition:

1
foldf(x)ldx < . (1.3)

In the same paper, Flett extended this result to index k by replacing condition (1.3) by the
condition:

Jl(l - )5 ¢ ()] “dx < oo. (1.4)
0

Thus the series > a, is said to be summable |A|;, k > 1, if the series >, a,x™ is convergent
for 0 < x < 1 and its sum-function ¢(x) satisfies condition (1.4). He then showed that
summability |Al, is a weaker property than summability |C, af, for any a > 1.

2. The Space 4,

Let > a, be a series with partial sums (s,). Denote by <4 the sequence space defined by

Ak = {(Sn) : an_1|an|k <X, Ay = Sy — Sp-1 } (2.1)

n=1

If one sets a = 0 in the inclusion statement involving (C, a) and (C, 8), then one obtains
the fact that (C, p) € B(#x) for each > 0, where B(<#k) denotes the algebra of all matrices
that map i to .

Let A be a sequence to sequence transformation mapping, the sequence (s,) into
(tn). If whenever (s,) converges absolutely, (t,) converges absolutely, A is called absolutely
conservative. If the absolute convergence of (s,) implies the absolute convergence of (t,) to
the same limit, A is called absolutely regular.
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In 1970, using the same definition as Flett, Das [5] defined such a matrix to be
absolutely kth power conservative for k > 1, if T € B(<4); that is, if (s,) is a sequence
satisfying

an_l|5n ~ Sn-1 < 0, (2.2)
n=1

then
>ty = by < 0. (2.3)
n=1

For k = 1, condition (2.2) guarantees the convergence of (s,). Note that when k > 1, (2.2)
does not necessarily imply the convergence of (s,). For example, take

Z v log(v +1)° 24)

v=1

Then (2.2) holds but (s,) does not converge. Thus, since the limit of (s,) needs not to exist,
we cannot introduce the concept of absolute kth power regularity when k > 1.

In that same paper, Das proved that every conservative Hausdorff matrix H € B(<#x),
which contains as a special case the fact that (C, ) € B(+#x) for p > 0. We know that if § > 0,
then (C, B) is regular, and if g < 0, then (C, f§) is neither conservative nor regular. In [6], the
result of Flett and Das was extended by the following theorem.

Theorem 2.1 (see [6]). It holds that (C,a) € B(<H#y) for each a > —1.

Remark 2.2. In [6], when -1 < a < 0 it should be added the condition
>t a,* = O(D). (2.5)

in the statement of Theorem 2.1. Also, it should be added the absolute values of the binomial
coefficients in the proof of Theorem 2.1 for the case -1 < a < 0.

Since summability |A|, is a weaker property than summability |C, a|, for any a > -1,
from Theorem 2.1, we obtain the following theorem.

Theorem 2.3. If (s,,) € H# then Y, a, is summable |A|, k > 1.

3. The Main Results

In this paper we consider a further extension of absolute Cesaro summability. If one sets
a = 0 in Theorem 1.1, then one obtains the fact that (C, ) € (#k, #,) foreachr > k > 1,
p>1/k—1/r.Itis the purpose of this work to extend this result to the case p > —k/r.
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We will use the following Lemma.

Lemma 3.1 (see [7]). If 0 > -1 and 6 — ¢ > 0, then

iEZ—v _ 1 Eg _ F(G +n+ 1) ~ n® (3 1)
SnE] Lt " T T+ DI@+1)  TO+1) :

We now prove the following theorem.

Theorem 3.2. Letr > k> 1.

(i) It holds that (C, ) € (Hk, HAr) foreacha >1-k/r.
(i) If « = 1 - k/r and the condition 3% ,n* 1logn|a,|*
(Jkr 947‘)

(iii) If the condition 3% nk+/M0-0=2\g 1K = O(1) is satisfied then (C,a) € (Hx, H,) for
each—-k/r <a<1-k/r.

O(1) is satisfied then (C,a) €

Proof. Let o) denote the nth term of the Cesdro mean of order a of a sequence (s,); that is,

o 13 a-1
0% = E—Z;:;JEn_vsv. (3.2)
We will show that (0%) € &4,; that is,
S tor-ol,|" < co. (3.3)

Let 77 denote the nth term of the Cesdro mean of order a (a > —1) of the sequence (na,); that
is,

1

" = = ZE"‘ lv (3.4)

ny=1

Since 1,y = n(oy — o, _,) (see [8]), condition (3.3) can also be written as

= 1
> —lmsl" < co. (3.5)
n=1 n

It follows from Holder’s inequality that

1 n
ﬁZEzj,vav

ny=1

< 1n(Ea) {Z

n= v=1

Ms
=I>—\
39
II
Ms
Ry

S
1]
—_
5
1]
—_

(3.6)

8

a-1
E n-v

r/k " (k=1)r/k
vklav|k} X {Z E&L } .

v=1
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Since
n-1

ZEZ .

U=

n-1

a-11 _ a-1 a-1
E | =|Ey |+ E, .| =

n
v=1

E”‘1|+
=1

5}

— E(D)c—l Etx 1

ZEIX 1_Ea 1 Ea 1

a a-1
En—l - EO ’

and using the fact that

we obtain

n=1 n=1 n
-r/k r/k
< i(Eg " i Ex 1|1 k/r+k2/r|a |k2/r —(r—k)+k(r-k) /r|a |k(r k)/r
= LA
n= v=

Applying Holder’s inequality with indices r/k, r/ (r — k), we deduce that

a-1
En—v

'k n (r-k)/k
_ k - k
Uk 1+r/k|av| { § ’Uk 1|av| } )
v=1

Since (s;,) € #x, we have

r/k

0

Ea 1
75" = 0(1) Y oF a, [Fo"/* |
“I" = O( )Z | Z e

S|

n=1

From Lemma 3.1,if a > 1 — k/r, then
-1 T/k

> (E* -r/k
—( o k = O(’U ' )/
n=v n(EZ)”

therefore

- 1 ar_ N k-1 k _
2 '_O(l);f |a,[* = O(1).

n=1

(3.7)

(3.8)

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)
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If a =1-k/r, then (See Lemma 5 of [[9]]).

r/k
|Ea} -r/k
- 3.14
nzv WL =0(v " logv), (314)
and then

[ee] 1 [e'e]
ZE 2" = 0(1) > v¥ ! log vla,|* = O(1). (3.15)

n=1 v=1

If -k/r <a <1-k/r, then (See Lemma 5 of [[9]])

/k
|Ea-L| —a(r/k)-1
nzl n(Ea)r/k = (U >’ (316)
hence

[e'e] 1 0
D lmil" = 0() X oM a2 g, [ = O(1). (3.17)

n=1n v=1
]

Theorem 3.2 includes Theorem 2.1 with the special case r = k.
Theorem 3.3. If (s,) € Hx, then X, ay, is summable |A|,, r > k > 1.

Proof. Using the fact that the summability | A, is a weaker property than summability |C, a|,
for any a > -1, then the proof follows from Theorem 3.2. O

Now we give some negative results.
Corollary 3.4. Let k < r. Then (s,) € &4, does not imply that the series Y, a, is summable | A|.

Proof. Let p be any number such that k < p < r and let a, = 1/n(log n)"/?. Then, we
have (s,) € <#,. As in the proof of Flett, since fé(l - x)k’1|¢’(x)|kdx is divergent, >, a, is
not summable |A|. O

Corollary 3.5. Let k < r. Then (C,a) ¢ (A, Hx) for any a > —1.
Proof. The proof follows Theorem 3.3 and Corollary 3.4. O

Corollary 3.6. Let k < r. Then (C, ) & (HAx, H#,) forany -1 <a < —k/r.
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